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Abstract

Diagnostic classification models have recently gained prominence in educa-
tional assessment, psychiatric evaluation, and many other disciplines. Central
to the model specification is the so-called @-matrix that provides a qualitative
specification of the item-attribute relationship. In this paper, we develop the-
ories on the identifiability for the @-matrix under the DINA and the DINO
models. We further propose an estimation procedure for the (-matrix through
the regularized maximum likelihood. The applicability of this procedure is not
limited to the DINA or the DINO model and it can be applied to essentially all
(-matrix based diagnostic classification models. Simulation studies show that
the proposed method admits high probability recovering the true Q-matrix.
Furthermore, two case studies are presented. The first case is a data set on
fraction subtraction (educational application) and the second case is a subsam-
ple of the National Epidemiological Survey on Alcohol and Related Conditions

concerning the social anxiety disorder (psychiatric application).
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1 Introduction

Cognitive diagnosis has recently gained prominence in educational assessment, psy-
chiatric evaluation, and many other disciplines (Rupp and Templin, 2008b; Rupp
et al., 2010). A cognitive diagnostic test, consisting of a set of items, provides each
subject with a profile detailing the concepts and skills (often called “attributes”) that
he/she masters. For instance, teachers identify students’ mastery of different skills
(attributes) based on their solutions (responses) to exam questions (items); psychi-
atrists/psychologists learn patients’ presence/absence of disorders (attributes) based
on their responses to diagnostic questions (items). Various diagnostic classification
models (DCM) have been developed in the literature. A short list includes the con-
junctive DINA and NIDA models (Junker and Sijtsma, 2001; Tatsuoka, 2002; de la
Torre and Douglas, 2004; de la Torre, 2011), the reparameterized unified /fusion model
(RUM) (DiBello et al., 1995), the compensatory DINO and NIDO models (Templin
and Henson, 2006), the rule space method (Tatsuoka, 1985, 2009), the attribute hi-
erarchy method (Leighton et al., 2004), and Generalized DINA models (de la Torre,
2011); see also Henson et al. (2009); Rupp et al. (2010) for more developments and
approaches to cognitive diagnosis. The general diagnostic model (von Davier, 2005,
2008; von Davier and Yamamoto, 2004) provides a framework for the development of
diagnostic models.

A common feature of these models is that the probabilistic distribution of subjects’
responses to items is governed by their latent attribute profiles. Upon observing the
responses, one can make inferences on the latent attribute profiles. The key compo-
nent in the model specification is the relationship between the observed item responses
and the latent attribute profiles. A central quantity in this specification is the so-
called @-matrix. Suppose that there are J items measuring K attributes. Then, the
@-matrix is a J by K matrix with zero-one entries each of which indicates whether

an item is associated to an attribute. In the statistical analysis of diagnostic classifi-



cation models, it is customary to work with a prespecified ()-matrix; for instance, an
exam maker specifies the set of skills tested by each exam problem (Tatsuoka, 1990).
However, such a specification is usually subjective and may not be accurate. The
misspeficiation of the ()-matrix could possibly lead to serious lack of fit and further
inaccurate inferences on the latent attribute profiles.

In this paper, we consider an objective construction of the ()-matrix, that is, es-
timating it based on the data. This estimation problem becomes easy or even trivial
if the item responses and the attribute profiles are both observed. However, sub-
jects” attribute profiles are not directly observed and their information can only be
extracted from item responses. The estimation of the ()-matrix should be solely based
on the dependence structure among item responses. Due to the latent nature of the
attribute profiles, when and whether the ()-matrix and other models parameters can
be estimated consistently by the observed data under various models specifications
is a challenging problem. Furthermore, theoretical results on the identifiability usu-
ally do not imply practically feasible estimation procedures. The construction of an
implementable estimation procedure is the second objective of this paper.

Following the above discussion, the main contribution of this paper is two-fold.
First, we provide identifiability results for the @-matrix. As we will specify in the sub-
sequent sections, the ()-matrix estimation is equivalent to a latent variable selection
problem. Nontrivial conditions are necessary to guarantee the consistent identifica-
tion of @-matrix. We present the results for both the DINA and the DINO models
that are two important diagnostic classification models. The theoretical results pro-
vide the possibility of estimating the @-matrix, in particular, the consistency of the
maximum likelihood estimator (MLE). However, due to the discrete nature of the
@-matrix, MLE requires a substantial computational overhead and it is practically
infeasible. The second contribution of this paper is the proposal of a computation-

ally affordable estimator. Formulating ()-matrix estimation into a latent variable



selection problem, we propose an estimation procedure via the regularized maximum
likelihood. This regularized estimator can be computed by means of a combination of
the expectation-maximization algorithm and the coordinate descent algorithm. We
emphasize that the applicability of this estimator is not limited to the DINA or the
DINO model for which the theoretical results are developed. It can be applied to a
large class of diagnostic classification models.

Statistical inference of -matrix has been largely an unexplored area in the cogni-
tive assessment literature. Nevertheless, there are a few works related to the current
one. Identifiability of the )-matrix for the DINA model under a specific situation is
discussed by Liu et al. (2013). The results require a complete knowledge of the guess-
ing parameter. The theoretical results in the current paper are a natural extension
of Liu et al. (2013) to generally all DINA models and further to the DINO model.
Furthermore, various diagnosis tools and testing procedures have been developed in
the literature (de la Torre and Douglas, 2004; Liu et al., 2007; Rupp and Templin,
2008a; de la Torre, 2008), none of which, however, addresses the estimation problem.
In addition to the estimation of the (Q-matrix, we discuss the estimation of other
model parameters. Although there have been results on estimation (Junker, 1999;
Rupp and Templin, 2008b; de la Torre, 2009; Rupp et al., 2010), formal statistical
analysis, including rigorous results on identifiability and asymptotic properties, has
not been developed.

The rest of the paper is organized as follows. We present the theoretical results for
the Q-matrix and other model parameters under DINA and DINO models in Section
2. Section 3 presents a computationally affordable estimation procedure based on
regularized maximum likelihood. Simulation studies and real data illustrations are
presented in Sections 4 and 5. Detailed proofs are provided in the supplemental

material.



2 The identifiability results

2.1 Diagnostic classification models

We consider that there are N subjects, each of whom responds to J items. To
simplify the discussion, we assume that the responses are all binary. The analysis
of other types of responses can be easily adapted. Diagnostic classification models
assume that subject’s responses to items are governed by his/her latent (unobserved)
attribute profile that is a K-dimensional vector, each entry of which takes values
in {0,1}, that is, & = (ay,...,ax) and a; € {0,1}. In the context of educational
testing, a; indicates the mastery of skill k. Let R = (R!,..., R’) denote the vector
of responses to the J items. Both a and R are subject-specific and we will later use
subscript to indicate different subjects, that is, a; and R; are the latent attribute
profile and response vector of subject ¢ for i =1, ..., N.

The -matrix provides a link between the responses to items and the attributes.
In particular, @ = (gjx)sxkx is a J x K matrix with binary entries. For each j
and k, ¢;r = 1 means that the response to item j is associated to the presence of
attribute & and g, = 0 otherwise. The precise relationship depends on the model
parameterization.

We use 0 as a generic notation for the unknown item parameters additional to
the Q-matrix. Given a specific subject’s profile o, the response R’ to item j follows

a Bernoulli distribution
P(RI|Q, . 0) = (cja)™ (1 — cja)' ", (1)

where ¢; o is the probability for subjects with attribute profile o to provide a positive

response to item 7, i.e.,

Cjoa = P(R =1|Q,a,0).



The specific form of ¢;, additionally depends on the @-matrix, the item parame-
ter vector @, and the model parameterization. Conditional on «, (R!,...,R’) are
jointly independent. We further assume that the attribute profiles are i.i.d. following

distribution

Let p = (pa : @ € {0,1}F). In what follows, we present a few examples.

Example 1 (DINA model, Junker and Sijtsma (2001)) For each item j and

attribute vector o, we define the ideal response

K
inale, Q) =[] ()™ = I(ax > g for all k) (2)
k=1

that is, whether a has all the attributes required by item j. For each item, there
are two additional parameters s; and g; that are known as the slipping and guessing

parameters. The response probability c; o takes the form

£J[‘)INA(a7Q)

l_gj (an)
; DINA . (3)

Cja = (1= 55) g

If §{)INA(04,Q) = 1 (the subject is capable of solving a problem), then the positive
response probability is 1 — s;; otherwise, the probability is g;. The item parameter
vector is @ = {s;,g;: j=1,---,J}.

The DINA model assumes a conjunctive (non-compensatory) relationship among
attributes. It is necessary to possess all the attributes indicated by the QQ-matriz to be
capable of providing a positive response. In addition, having additional unnecessary
attributes does not compensate for the lack of necessary attributes. The DINA model
18 popular in the educational testing applications and is often employed for modeling

exam problem solving processes.



Example 2 (NIDA model) The NIDA model admits the following form

K

Cia = [ JI1 = si) gl ],

k=1

The problem solving involves multiple skills indicated by the Q-matriz. For each skill,
the student has a certain probability of implementing it: 1 — s; for mastery and g;
for non-mastery. The problem is solved correctly if all required skills have been imple-

mented correctly by the student, which leads to the above positive response probability.

The following reduced RUM model is also a conjunctive model, and it generalizes
the DINA and the NIDA models by allowing the item parameters to vary among

attributes.

Example 3 (Reduced NC-RUM model) Under the reduced noncompensatory repa-
rameterized unified model (NC-RUM), we have

K

= 3 | J (1), ()

k=1

where m; 1is the correct response probability for subjects who possess all required at-
tributes and 15, 0 < 1, < 1, is the penalty parameter for not possessing the kth
attribute. The corresponding item parameters are @ = {mj,rjp :j =1,---,J k =

1, K}

In contrast to the DINA, NIDA, and Reduced NC-RUM models, the follow-
ing DINO and C-RUM models assume compensatory (non-conjunctive) relationship
among attributes, that is, one only needs to possess one of the required attributes to

be capable of providing a positive response.

Example 4 (DINO model) The ideal response of the DINO model is given by

K
Einvola, @) =1—[J(1 — aw)¥ = I(ax > qsi for at least one k). (5)
k=1



Similar to the DINA model, the positive response probability is

Cj7a = (1 — S])ngINO(an)g]l_EJDINo(a’Q)
The DINO model is the dual model of the DINA model. The DINO model is often
employed in the application of psychiatric assessment, for which the positive response
to a diagnostic question (item) could be due to the presence of one disorder (attributes)

among several.

Example 5 (C-RUM model) The GLM-type parametrization with a logistic link
function is used for the compensatory reparameterized unified model (C-RUM), that

18
. K
_ exp(B) + D ey Braincu)
1+ exp(f5 + Z;{;l 51193%0%)

(6)

j7a

The corresponding item parameter vector is 0 = {B,i cj=1-- Jk=0,--- K}
The C-RUM model is a compensatory model and one can recognize (6) as a structure

i multidimensional item response theory model or in factor analysis.

2.2 Some concepts of identifiability

We consider two matrices ) and @’ that are identical if we appropriately rearrange
the orders of their columns. Each column in the (-matrix corresponds to an at-
tribute. Reordering the columns corresponds to relabeling the attributes and it does
not change the model. Upon estimating the ()-matrix, the data does not contain
information about the specific meaning of each attribute. Therefore, one cannot
differentiate () and @’ solely based on data if there are identical up to a column

permutation. For this sake, we present the following equivalent relation.

Definition 1 We write Q ~ Q' if and only if Q and Q" have identical column vectors

that could be arranged in different orders; otherwise, we write Q ~ @'.



Definition 2 We say that Q) is identifiable if there exilts an estimator Q such that

lim P(Q ~Q)=1.

N—oo

Given a response vector R = (R, -+, R%)T, the likelihood function of a diagnostic

classification model can be written as

L0p.D = Y s [[PUF = 160007 (1 - P(R = 110, 0. 0.
ac{0,1}X Jj=1
Definition 3 (Definition 11.2.2 in Casella and Berger (2001)) For a given (),
we say that the model parameters @ and p are identifiable if distinct values of (6, p)
yield different distributions of R, i.e., there is no (é, p) # (0,p) such that L(0,p, Q) =
L(6,p,Q) for all R € {0,1}7.

Let Q be a consistent estimator. Notice that the Q-matrix is a discrete parameter.
The uncertainty of Q in estimating @ is not captured by its standard deviation or
confidence interval type of statistics. It is more natural to consider the probability
P(Q ~ Q) that is usually very difficult to compute. Nonetheless, it is believed that
P(Q ~ ()) decays exponentially fast as the sample size (total number of subjects)
approaches infinity. We do not pursue along this direction in this paper. The param-
eters @ and p are both continuous parameters. As long as they are identifiable, the
analysis falls into routine inference framework. That is, the maximum likelihood is
asymptotically normal centered around the true value and its covariance matrix is the
inverse of the Fisher information matrix. In what follows, we present some technical

conditions that will be referred to in the subsequent sections.

Al aj,...,ay are independently and identically distributed random vectors follow-
ing distribution P(a; = &) = po. The population is fully diversified meaning

that po > 0 for all a.



A2 All items have discriminating power meaning that 1 — s; > g; for all j.

A3 The true matrix @)y is complete meaning that {e; : i =1, ..., k} C R, where R
is the set of row vectors of () and e; is a row vector such that the i-th element

is one and the rest are zero.

A4 Each attribute is required by at least two items, that is, Z‘j]:l ¢;jr > 2 for all k.

The completeness of the @)-matrix requires that for each attribute there exists at
least one item requiring only that attribute. If @) is complete, then we can rearrange
row and column orders (corresponding to reordering the items and attributes) such

that it takes the following form

Q = ) (7)

where matrix Zy is the K x K identity matrix. Completeness is an important assump-
tion throughout the subsequent discussion. Without loss of generality, we assume that
the rows and columns of the ()-matrix have been rearranged such that it takes the

above form.

Remark 1 One of the main objectives of cognitive diagnosis is to identify subjects’
attribute profiles. It has been established that completeness is a sufficient and neces-
sary condition for a set of items to consistently identify all types of attribute profiles
for the DINA model when the slipping and the guessing parameters are both zero. It
1s usually recommended to use a complete QQ-matrix. More discussions regarding this

issue can be found in Chiu et al. (2009) and Liu et al. (2013).

10



2.3 Identifiability of ()-matrix for the DINA and the DINO

model

We consider the models in Examples 1 and 4 and start the discussion by citing the

main result of Liu et al. (2013).

Theorem 1 (Theorem 4.2, Liu et al. (2013)) For the DINA model, if the guess-
ing parameters g;’s are known, under Conditions A1, A2, and A3, the Q-matriz is

identifiable.

The first result in this paper generalizes Theorem 1 to the DINO model with a
known slipping parameter. In addition, we provide sufficient and necessary conditions

for the identifiability of the slipping and guessing parameters.

Theorem 2 For the DINO model with known slipping parameters, under Conditions

Al, A2, and A3, the Q-matrixz is identifiable; the guessing parameters g; and the

attribute population p are identifiable if and only if Condition A/ holds.
Furthermore, under the setting of Theorem 1, the slipping parameters s; and the

attribute population parameter p are identifiable if and only if Condition A4 holds.

Theorems 1 and 2 require the knowledge of the guessing parameter (the DINA
model) or the slipping parameter (the DINO model). They are applicable under
certain situations. In the educational testing context, some testing problems are
difficult to guess, for instance, the guessing probability of “879 x 234 =7” is basically
zero; for multiple choice problems, if all the choices look “equally correct,” then the
guessing probability may be set to one over the number of choices.

We further extend the results to the situation when neither the slipping nor the

guessing parameters is known, for which additional conditions are required.

A5 Each attribute of the (Q-matrix is associated to at least three items, that is,

Z}Izl gjr > 3 for all k.

11



A6 @ has two complete submatrices, that is, for each attribute, there exists at least
two items requiring only that attribute. If so, we can appropriately arrange the

columns and rows such that

@1

Theorem 3 Under the DINA and DINO models with (s,g,p) unknown, if Condi-
tions A1, 2, 5, and 6 hold, then Q) is identifiable, i.e., one can construct an estimator

Q such that for all (s,g,p)

~

lim P(Q ~ Q) = 1.

N—oo

Theorem 4 Suppose that Conditions A1, 2, 5, and 6 hold. Then s, g, and p are all
identifiable.

Theorems 3 and 4 state the identifiability results of () and other model parameters.
They are nontrivial generalizations of Theorems 1 and 2. As we mentioned in the
previous section, given that s, g, and p are identifiable, their estimation falls into
routine analysis. The asymptotic distribution of the maximum likelihood estimator
and generalized estimating equation estimators are all asymptotically multivariate
normal centered around the true values and their variances can be estimated either
by the Fisher information inverse or by the sandwich variance estimators.

The identifiability results for () only state the existence of a consistent estimator.
We present the following corollary that the maximum likelihood estimator is consis-
tent under the conditions required by the above theorems. The maximum likelihood

estimator (MLE) takes the following form

QMLE = argsup sup LN<Sa g, P, Q)v (9)
Q s.gp

12



where i
Ln(s,g,p,Q) = H Z paH Cjox) 1—cja)1*Rz.

Corollary 1 Under the conditions of Theorem 3, QMLE 15 consistent. Moreover, the

mazimum likelihood estimator of s, g, p

(évg?f)> = arg sup LN(SagapaQMLE> (1())
S’g7p

are asymptotically normal with mean centered at the true parameters and variance

being the inverse Fisher information matrizx.

Proof of Corollary 1. Based on the results and proofs of Theorems 3 and 4, this
corollary is straightforward to develop by means of Taylor expansion of the likelihood.
We therefore omit the details. m

To compute the maximum likelihood estimator Q MLE, one needs to evaluate the
profile likelihood, supg . ,, Ln (S, g, P, @), for all possible J by K matrices with binary
entries. The computation of Q mre induces a substantial overhead and is practically
impossible to carry out. In the following section, we present a computationally feasible

estimator via the regularized maximum likelihood estimator.

Remark 2 The identifiability results are developed under the situation when there is
no information about Q) at all. In practice, partial information about the Q-matriz is
usually available. For instance, a submatriz for some items (rows) is known and the
rest needs to be estimated. This happens when new items are to be calibrated based on
existing ones. Sometimes, a submatriz is known for some attributes (columns) and
that corresponding to other attributes needs to be learned. This happens when some
attributes are concrete and easily recognizable in a given item and the others are subtle
and not obvious. Under such circumstances, the QQ-matrix is easier to estimate and
the identifiability conditions are weaker than those in Theorem 3. We do not pursue

the partial information situation in this paper.

13



Remark 3 The equivalent relation “~7 defines the finest equivalent classes, up to
which @ can be estimated based on the data without assist of prior knowledge. In
this sense, Theorem 4 provides the strongest type of identifiability and in turn it also
requires some restrictive conditions. For instance, Condition A6 sometimes is difficult
to satisfy in practice and it usually leads to some over simplified items especially when
the number of attributes K 1is large. In that case, the Q-matriz can only be identified

up to some weaker equivalence classes. We leave this investigation for future study.

3 (-matrix estimation via a regularized likelihood

3.1 Alternative representation of diagnostic classification mod-

els via generalized linear models

We first formulate the Q-matrix estimation as a latent variable selection problem and
then construct a computationally feasible estimator via the regularized maximum
likelihood, for which there is a large body of literature (Tibshirani, 1996, 1997; Fan
and Li, 2001). The applicability of this estimator is not limited to the DINA or
the DINO models and it can be applied to basically all )-matrix based diagnostic
classification models in use. A short list of such models includes DINA-type models
(such as the DINA and HO-DINA models), RUM-type models (like the NC-RUM,
reduced NC-RUM, and C-RUM), and the saturated models, the log linear cognitive
diagnosis models (LCDM) and generalized DINA (Henson et al., 2009; Rupp et al.,
2010; de la Torre, 2011).

In the model specification, the key element is mapping a latent attribute a to
a positive response probability, ¢;«, that additionally depends on the ()-matrix and
other model parameters. To motivate the general alternative representation with the

DINA model, we consider the following equivalent representation of the DINA model

14



Cja — P<R] = 1|aa16])

K
= logitfl{ﬂg) + Z %ak + Z 5i1k2aklak2 + Z Bilk2k3aklak2ak3
k=1

1<k <ko<K 1<k1<ko<ks<K

K
o Bl [T on s (11)
k=1

where logit(p) = log ﬁ for p € (0,1). On the right-hand side, inside the logit-inverse
function is a function of @ = (v, ..., i) with all the interactions. Notice that the
response to item j is determined by the underlying attribute a. Thus, the above
generalized linear representation of ¢; o is a saturated model, that is, all diagnostic
classification models admitting a K-dimensional attribute profile is a special case of
(11).

In what follows, we explain the adaptation of (11) to the DINA model and further
to a ()-matrix. The response distribution to each item under the DINA model could
be either Bernoulli (1 — s;) or Bernoulli (g;) depending on the ideal responses &.
Suppose that item j requires attributes 1, 2,..., and Kj, that is, ¢jz = 1 for all
1 < k < K; and 0 otherwise. Then, the positive response probability (3) can be

written as

K;
Cja = logitil{ﬁ(]) +Bla. ik, H ak}'
k=1

Thus, if g =1 forall 1 <k < Kj, then¢jo=1—35; = eﬁng’B{Q"‘Kf/(l + eﬁng’B{Q“‘KJ');
otherwise, ¢j o = g; = % / (1+655). Generally speaking, if an item requires attributes
ki,...,kj, the coefficients Bg and B,f;l.__k,j are non-zero and all other coefficients are
zero. Therefore, each row vector of the (Q-matrix, corresponding to the attribute
requirement of one item, maps to two non-zero [-coefficients. Omne of these two

coefficients is the intercept ﬁg and the other one is the coefficient for the product of

all the required attributes suggested by the Q)-matrix.

15



Therefore, each ()-matrix corresponds to a non-zero pattern of the regression
coefficients in (11). Estimating the @-matrix is equivalent to identifying the non-zero
regression coefficients. There is a vast literature on variable and model selection, most
of which are developed for linear and generalized linear models. Technically speaking,
(11) is a generalized linear mixed model with oy, ..., ax and their interactions being
the random covariates and [ being the regression coefficients. We would employ
variable selection methods for the ()-matrix estimation.

Notice that the current setup is different from the regular regression setting in that
the covariates «;’s are not directly observed. Therefore the variables to be selected
are all latent. The results in the previous section establish sufficient conditions under
which the latent variables can be consistently selected. The validity of the methods
proposed in this section stands on those theoretical results. We propose the usage
of the regularized maximum likelihood estimator. In doing so, we first present the
general form of diagnostic classification models. For each item j, the positive response
probability given the latent attribute profile admits the following generalized linear

form

Cja =9 ([B] h(e)) (12)

where 3 is a 2% -dimensional parameter (column) vector and h(c) is a 2% -dimensional
covariate (column) vector including all the necessary interaction terms. For instance,
in representation (11), h(a) is the vector containing 1, oy, ag,..., ak, and their
interactions of all orders ayas, ajas, ... For different diagnostic classification models,
we may choose different h(a) so that their coefficients correspond directly to a @-
matrix. Examples will be given in the sequel. The likelihood function upon observing

a; for each subject is

LB, .. B Ry i = 1, N) = [[(.0) B (L = cjan) ™ (13)

i3
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where ¢; o, is given by (12). Notice that o are i.i.d. following distribution p,. Then,

the observed data likelihood is

N J ) )
LB .. B Rei = 1, . N) = [[ Y [paiH(cm)Riu — o). (14)

i=1 oy j=1

To simplify the notation, we use L to denote both the observed and the complete
data likelihood (with different arguments) when there is no ambiguity. A regularized

maximum likelihood estimator of the [-coefficients is given by

~1 ~J

J
(/8 7'-'516 ) = argﬂ{na)g‘] lOg[L(,617 "'7ﬁJ;Ri7i = 17 7N)] o sz)\](/gj) (15)
..... =

where py; is some penalty function and A; is the regularization parameter. In this
paper, we choose py to be either the Ly penalty or the SCAD penalty (Fan and Li,

2001). In particular, to apply the L; penalty, we let

k
pA(B) =2 [5il
k=1

where 8 = (1, ..., Bk); to apply the SCAD penalty, we let
K
pA(B) =D 1R (Br)-

k=1

The function pf(z) is defined as p3(0) = 0 and

9 4y = » {ro<n+

max(0, a\ — x)
dx

(a—1)A

for # > 0; for z < 0, the function is p5(z) = pY(—x). There is an additional “a”

parameter that is chosen to be a = 3.7 as suggested by Fan and Li (2001).

17



On the consistency of the regularized estimator. A natural issue is whether
the consistency results developed in the previous section can be applied to the regu-
larized estimator. The consistency results for the regularized estimator can be estab-
lished by means of the techniques developed in the literature (Yu and Zhao, 2006; Fan
and Lv, 2011; Fan and Li, 2001). Therefore, we only provide an outline and omit the
details. First of all, the parameter dimension is fixed and the sample size becomes
large. The regularization parameter is chosen such that A\; — 0 and VN Aj — 00
as N — oo. For the DINA (or DINO) model, let 1 and (2 be two matrices. If
Q1 ~ (s, the consistency results in the previous section ensure that the two families
of distributions under different @)’s are separated. Thus, with probability tending
to one, the true matrix () is the global maximizer of the profiled likelihood. Since
A;j = o(1) and the penalty term is of order o(/N), the results in the previous sec-
tion suggests that the maximized regularized likelihood has to be obtained within e
distance from the true value, that is, the consistency results localize the regularized
estimator to a small neighborhood of their true values. The oracle properties of the
L, regularized estimator and SCAD regularized estimator are developed for maximiz-
ing the penalized likelihood function locally around the true model parameters (Yu
and Zhao, 2006; Fan and Lv, 2011; Fan and Li, 2001). Thus, combining the global
results (Q-matrix identifiability) and the local results (oracle condition for the local
penalized likelihood maximizer), we obtain that the regularized estimators admit the
oracle property in estimating the ()-matrix under the identifiability conditions in the
previous section. We mention that for the L; regularized estimator irrepresentable
condition is needed concerning the Fisher information matrix to ensure the oracle
condition (Yu and Zhao, 2006).

For other DCM’s, such as NIDA, reduced NC-RUM, and C-RUM, whose repre-
sentation will be presented immediately, the families of response distributions may

be nested among different ()’s. Then, the consistency results of the regularized esti-
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mator could be developed similarly as those of generalized linear models or generic
likelihood functions given that () is identifiable and the regularization parameter A,
is chosen carefully such that A\; — 0 and VN Aj = 00 as N — oo. Further discussion

on the choice of A\; will be provided later in the discussion section.

3.2 Reparameterization for other diagnostic classification mod-

els

We present a few more examples mentioned previously. For each of them, we present
the link function g, h(e), and the non-zero pattern of the S-coefficients corresponding

to each (Q-matrix.

DINO model. For the DINO model, we write the positive response probability as

K
Cja = logit*l{ﬁé B -+ Y Bl —ak) (1 — )
k=1

1<k <ko<K

+ Z i1k2k3<1—ak1)<1—04k2)<1—04k3)

1<k1<ko<ks<K

K
k=1

Similar to the DINA model, each row of the ()-matrix, corresponding to one item,
maps to two non-zero coefficients. One is the ﬁg and the other one corresponds the

interactions of all the required attributes by the @-matrix.

NIDA model. The positive response probability can be written as

K
logcja = B) + Z Bla.

k=1

Then, the corresponding ()-matrix entries are given by gz = I (,82 # 0). Unlike the

DINA and the DINO model, the number of non-zero coefficients for each item is
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unknown.

Reduced NC-RUM. This model is very similar to the NIDA model. The positive

probability can written as

K
log ¢ja = 3 + Zﬁgj@(l — )

k=1
and gj, = 1(8] # 0).

C-RUM. The positive probability can written as
logit(cja) = B + Y Bhou
k=1

and g = 1(3] # 0).

As a summary, all the diagnostic classification models in the literature admit the
generalized linear form as in (12). Furthermore, each @-matrix corresponds a non-
zero pattern of the regression coefficients and the regularized estimator has a wide

applicability.

3.3 Computation via EM algorithm

The advantage of the regularized maximum likelihood estimation for the ()-matrix lies
in computation. As mentioned previously, the computation of Qg in (9) requires
evaluation of the profiled likelihood for all possible Q-matrices and there are 27*%
such matrices. This is computationally impossible even for some practically small
J and K. The computation of (15) can be done by combining the expectation-

maximization (EM) algorithm and the coordinate descent algorithm. In particular,

we view a as the missing data following the prior distribution p,. The EM algorithm
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consists of two steps. The E-step computes function

H(BL,....Bl1B" ... 87, pa)
= EllogL(BL,...8:Ri,a;,i=1,...,N)|R;,i=1,...N,8", ..., 87, pa]

where the above expectation is taken with respect to a;, ¢ = 1,..., N, under the
posterior distribution P( - |Ryi = 1,..., N, B, ..., 8”7, pa). The E-step is a closed

form computation. First, the complete data log-likelihood function is additive

J

log L(B', ... B/; Riy i, i = 1,..., N) = > > [Rllog ¢, + (1 — R) log(1 = ¢ja,)]-
i=1 j=1

Furthermore, under the posterior distribution ay,..., ay are jointly independent.

Therefore, one only needs to evaluate

E[Rlog¢ja, + (1 — R)1og(l = ¢ja,)Riyi=1,... N, B, ..., 87, pa)

for each ¢ = 1,...,N and j = 1,...,J. Notice that « is a discrete random variable
taking values in {0,1}*. Therefore, the posterior distribution of each «; can be
computed exactly and the complexity of the above conditional expectation is 2%
that is manageable for K as large as 10 that is a very high dimension for diagnostic
classification models in practice. Therefore the overall computational complexity of
the E-step is O(NJ2F).

The M-step consists of maximizing the H-function with the penalty term

J

max H(BL,...B8/1B", .8 . pa) = N> px(B).

1 J
ﬁ*v"'w@* ]:1

Before applying the coordinate descent algorithm, we further reduce the dimension.
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The objective function can be written as

N

> 2 ElRIog e+ (1~ ) log(1c0)

j=1 4=l

Rivi = 17 "'7Na /617 "'HBJapa]_p)\j(/Bi)}‘

For each j, the term

N

Z E[Rg log Cj o + (1 - Rf) 10g<1 - Cj:ai)

=1

Riai = 17 e N7 ﬁ17 ~-‘7:6J7pa] _p)\](ﬁi)

consists only of 37. Thus, the M-step can be done by maximizing each 3’ indepen-
dently. Each 37 has 2% coordinate and we apply the coordinate descent algorithm
(developed for generalized linear models) to maximize the above function for each
j. For details about this algorithm, see Friedman et al. (2010). Furthermore, p, is
updated by 3N P(a; = a|R, B, ..., 87, pa)/N.

The EM algorithm guarantees a monotone increasing objective function. How-
ever, there is no guarantee that the algorithm converges to the global maximum. We
empirically found that the algorithm sometimes does stop at a local maximum, es-
pecially when A is large. Therefore, we suggest applying the algorithm with different

starting points and select the best.

3.4 Further discussions

It is suggested by the theories that the regularization parameter A\ be chosen such
that A — 0 and V/NX — oo that is a wide range. For specific diagnostic classifica-
tion models, we may have more specific choices of X\. For the DINA and the DINO
model, each row of the ()-matrix, corresponding to the attribute requirement of one
item, maps to two non-zero coefficients. Therefore, we may choose A; for each item
differently such that the resulted coefficients 3’ has exactly two non-zero elements.
The NIDA, NC-RUM, and C-RUM models do not admit a fixed number of co-

efficients for each item. To simplify the problem, instead of using item-specific reg-
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ularization parameters, we choose a single regularization parameter for all items.
Furthermore, we build a solution path for different A\. Thus, instead of providing one
estimate of the ()-matrix, a set of estimated ()-matrices corresponding to different A
is obtained. We may further investigate these matrices for further validation based on
our knowledge of the item-attribute relationship. In case one does not have enough
knowledge, one may choose X via standard information criteria. For instance, we may

choose A such that the resulted selection of latent variables admits the smallest BIC.

4 Simulation study

In this section, simulation studies are conducted to illustrate the performance of
the proposed method. The DINO model is mathematically equivalent to the DINA
model (Proposition 1) and thus we only provide results for the DINA model. The
data from the DINA model are generated under different settings and then the es-
timated @)-matrix and the true @)-matrix are compared. Two simulation studies are
conducted when the attributes aq, ..., ax are independent and dependent. The re-
sults are presented assuming all the model parameters are unknown including the

(Q-matrix, attribute distribution, slipping and guessing parameters.

4.1 Study 1: independent attributes

Attribute profiles are generated from the uniform distribution

Pa = 2K,

We consider the cases that K = 3 and 4 and J = 18 items. The following ()-matrices
are adopted
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Table 1: Numbers of correctly estimated (-matrices among 100 simulations with
sample size 500, 1000, 2000, and 4000 for the L; penalty.

N =500 N =1000 N =2000 N = 4000
=3 98.1% 99.6% 100.0% 100.0%
4 97.7% 98.9% 99.6% 100.0%

Table 2: Proportion of entries correctly specified by Q for the L, regularized estimator
averaging over all independent replications.

Q1=

_ R R O 0O O, Rk P OOORF O o O

_ = = O B O RFR R OO FOOFKOO
e = e =T e == N e i e B = S e B e S S )
— = 2 2 2 O R Rk O R, OO0, OO F~,OO
_ O = = O = = O OO =, OO = O oo O = O

_ O = = O = O B O O = O O O = O O
= = 2 O R B Ok OO0 +FH OO0 O K, OOO

o
—

These two matrices are chosen such that the identifiability conditions are satisfied.
The slipping and guessing parameters are set to be 0.2, but treated as unknown when
estimating (). All other conditions are also satisfied. For each (), we consider sample
sizes N = 500, 1000, 2000, and 4000. For each particular ¢ and N, 100 independent

data sets are generated to evaluate the performance.
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Q1 Q2
Sample size 500 1000 2000 4000 500 1000 2000 4000

Q115 = Q15 1000 100 100 100  Qraa=Qiaa 98 100 100 100
Q15 # Qs 0 0 0 0 Q14 # Quiaa 2 0 0 0
Qie1s = Qies 38 81 98 100 Qisas = Qisas 20 48 77 99
Q1615 # Qrens 62 19 2 0 Q1518 # Q1518 80 52 23 1

Table 3: Numbers of correctly estimated (Q1.15 and Q14.18 for @)1 and numbers of
correctly estimated (Q1.14 and @Q15.15 for ()2 among 100 simulations with solutions for
the L, regularized estimator

L, regularized estimator. The simulation results of the L; regularized estimator
are summarized in Tables 1, 2, and 3. According to Table 1, for both K = 3 and 4,
our method estimates the ()-matrix almost without error when the sample size is as
large as 4000. In addition, the higher the dimension is the more difficult the problem
is. Furthermore, for the cases when the estimator misses the ()-matrix, Q differs from
the true by only one or two rows. We look closer into the estimators in Table 2 that

reports the proportion of entries correctly specified by Q

(Q) = {LK Z Z {qj,k—q}k}} :

=1 k=1

We empirically found that the row vectors of (); and ()2 that require three at-
tributes or four attributes (rows 15 to 18 in )7 and rows 16 to 18 in @)2) are much
more difficult to estimate than others. This phenomenon is reflected by Table 3, in
which the notation @)y,.;, represents the submatrix of () containing row I; to row Is.
In fact, for all simulations in this study, most misspecifications are due to the mis-
specification of the submatrices of (); and (), that the corresponding items require

three attributes or more.

SCAD estimator. Under the same setting, we investigate the SCAD estimator.
The results are summarized in Tables 4 and 5. The SCAD estimator performs better

than the L, regularized estimator upon comparing Table 1 and Table 4.
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Q=0 Q#Q Q=Q Q#Q Q=Q Q#Q Q=Q Q#Q
K=3 98 2 100 0 100 0 100 0
K=4 30 70 96 4 100 0 100 0

Table 4: Numbers of correctly estimated (-matrices among 100 simulations with
sample size 500, 1000, 2000, and 4000 for the SCAD estimator.

N =500 N =1000 N =2000 N = 4000
=3 99.9% 100% 100.0% 100.0%
4 97.6% 99.9% 100.0% 100.0%

Table 5: Proportion of entries correctly specified by Q (C’R(Q)) for the SCAD esti-
mator averaging over all independent replications.

4.2 Study 2: dependent attributes

For each subject, we generate 8 = (61, - ,0k) that is a multivariate normal distri-
bution N(0, ), where the covariance matrix ¥ has unit variance and has a common
correlation p, that is,

Y= (1-p)Ig+pll’

where 1 is the vector of ones and I is the K by K identity matrix. We consider the

situations that p = 0.05, 0.15 and 0.25. Then the attribute profile « is given by

1 if6,>0
A =

0 otherwise.

We consider K = 3 and ); be the Q-matrix. Table 6 shows the probability distribu-
tion po. The slipping and the guessing parameters remain 0.2. The rest of the setting

is the same as that of Study 1.

Ly regularized estimator. The simulation results of the L, regularized estimator
are summarized in Tables 7 and 8. Based on Table 7, the estimation accuracy is
improved when the sample size increases. We also observe that the proposed algorithm

performs better when p increases. A heuristic interpretation is as follows. The row
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Class (0,00) (1,000 (0,1,0) (1,1,0) (0,0,1) (1,0,1) (0,1,1) (1,1,1)
p=0.05 0137 0121 0121 0.121 0.121 0.121 0.121 0.137
p=0.15 0161 0113 0.113 0.113 0.113 0.113 0.113  0.161
p=0.25 0185  0.105 0.105 0.105 0.105 0.105 0.105  0.185

Table 6: The distribution of the latent attributes of the three-dimensional DINA
model for p = 0.05,0.15 and 0.25

N =500 N = 1000 N = 2000 N = 4000

Q=0Q Q#Q Q=Q Q#Q Q=Q Q#Q Q=Q Q#Q
p=0.05 54 46 87 13 99 1 100 0
p=0.15 67 33 93 7 100 0 100 0
p=0.25 76 24 95 5 100 0 100 0

Table 7: Numbers of correctly estimated ()-matrices among 100 simulations for sample
sizes 500, 1000, 2000, and 4000 for the L, regularized estimator.

vector of () tends to be more difficult to estimate when the numbers of subjects who
are capable and who are not capable to answer are not balanced. The row vector
(1,1,1) is the most difficult to estimate because only subjects with attribute profile
(1,1,1) are able to solve them and all other subjects are not. According to Table 6, as
p increases, the proportion of subjects with attribute profile (1,1, 1) increases, which
explains the improvement of the performance. In fact, similar to the situation that
;’s are independent, for most simulations in which the Q misses the true, Q differs

from the true at the row vectors whose true value is (1,1, 1).

SCAD estimator. Under the same simulation setting, the results of the SCAD
estimator are summarized in Tables 9 and 10. Its performance is empirically better
than that of the Ly regularized estimator. When the sample size is as small as 500,

it has a very high probability estimating all the entries of the )-matrix correctly.

N =500 N =1000 N =2000 N = 4000
p=0.05 98.5% 99.7% 100.0% 100.0%
p=0.15 99.2% 99.8% 100.0% 100.0%
p=0.25 99.4% 99.9% 100.0% 100.0%

Table 8: Proportion of entries correctly specified by Q for the L; regularized estimator
averaging over all independent replications.
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Q=0Q Q#Q Q=Q Q#Q Q=Q Q#Q Q=Q Q#Q
p=0.05 97 3 100 0 100 0 100 0
p=0.15 98 2 100 0 100 0 100 0
p=10.25 99 1 100 0 100 0 100 0

Table 9: Numbers of correctly estimated ()-matrices among 100 simulations for sample
sizes 500, 1000, 2000, and 4000 under the SCAD penalty

N =500 N =1000 N =2000 N =4000
p=0.05 99.7% 100.0% 100.0% 100.0%
p=0.15 100.0% 100.0% 100.0% 100.0%
p=0.25 100.0% 100.0% 100.0% 100.0%

Table 10: Proportion of entries correctly specified by Q (CR(Q)) under the SCAD
penalty averaging over all independent replications.

Remark 4 Once an estimate of the Q-matrix has been obtained, other model param-
eters such as the slipping and the guessing parameters and the attribute population
can be estimated via the mazimum likelihood estimator (10). Simulation studies show
that these parameters can be estimated accurately given that the Q-matrix is recovered
with a high chance. As the main focus of this paper is on the Q-matriz, we do not

report detailed simulation results for these parameters.

5 Real data analysis

5.1 Example 1: fraction subtraction data

The data set contains 536 middle school students’ responses to 17 fraction subtraction
problems. The responses are binary: correct or incorrect solution to the problem.
The data were originally described by Tatsuoka (1990) and later by Tatsuoka (2002);
de la Torre and Douglas (2004) and many other studies of diagnostic classification
models. In these works, the DINA model is fitted with a (Q-matrix pre-specified. We
fit the DINA model to the data and estimate the ()-matrix for K = 3 and 4. Then

we validate the estimated (Q-matrix by our knowledge of the cognitive processes of
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K =3 K=4

ID  Content Q S g Q 5 g

1 3-3 1 0 0 012 0031 0 0 0 012 003
2 2-3 1 0 0 005 004[{1 0 0 0 0.04 003
3 2-4¢ 1 0 0 013 000[1 0 0 0 012 0.00
4 34-22 1o 1 0 013 0170 1 1 0 013 021
5 1i-3% 0 0 1 007 028{0 0 1 0 007 024
6 33-32 |0 0 1 004 020(0 0 1 0 0.04 013
7 42-12 |0 0 1 008 0200 0O 1 1 005 0.27
8 43-3:%5 |1 0 1 018 0311 0 1 0 019 031
9 3-2% 1 0 1 032 0060 1 1 1 023 011
10 2—3 1 0 1 023 007[0 1 1 1 015 0.14
11 445 -2510 1 1 023 003/0 1 1 0 024 0.03
12 43-22 |0 1 1 007 007[0 1 0 0 009 0.06
13 13-4 0 1 1 013 005(0 1 1 0 015 0.04
14 4% -2%10 1 1 015 013[0 1 1 0 016 0.12
15 4-13 0 1 1 037 002{0 1 0 1 032 0.02
16 4;—12 |0 1 1 018 0010 1 1 0 020 001
17 33-23 |1 1 1 033 0011 1 1 1 031 001

Table 11: The estimated ()-matrix based on L, regularization and the corresponding
slipping and guessing parameters for the three and four dimensional DINA model for
the fraction subtraction data

problem solving.

Table 11 presents the estimated ()-matrix along with the slipping and the guess-
ing parameters for K = 3 based on L; regularization. The slipping and the guessing
parameter are estimated by (10). According to our knowledge of the cognitive pro-
cesses, the items are clustered according to Q reasonably. Roughly speaking, the three
attributes can be interpreted as “finding common denominator”, “writing integer as
fraction”, and “subtraction of two fraction numbers when there are integers involved”
respectively.

We further fit a four dimensional DINA model and the results are also summarized
in Table 11. The first attribute can be interpreted as “finding common denominator”,
the second as “borrowing from the whole number part”, and the third and fourth
attributes can be interpreted as “subtraction of two fraction numbers when there are

integers involved”. However, it seems difficult to interpret the third and the fourth
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ID Content | Al A2 A3 A4 A5 A6 A7 A8
1 2-3 o 0 0 1 0 1 1 0
2 3-3 o 0 0 1 0 0 1 0
32— o 0 0 1 0 0 1 0
4 3;-22 |0 1 1 0 1 0 1 0
5 1z;—1% o 0 0 0 0 0 1 1
6 32-3 |0 1 0 0 0 0 1 0
7 43-13 |0 1 0 0 1 1 1 0
8§ 44-35]0 1 0 1 0 0 1 1
9 3-2 1 1.0 0 0 0 1 0
10 2-1 o 1 0 0 1 0 1 0
1 45-2%510 1 0 0 1 0 1 1
12 43—-23 |0 1 0 0 1 0 1 0
13 73-3 o 1 0 0 1 0 1 0
4 45-2510 1 0 0 1 1 1 0
15 4-13 1 11 0 1 0 1 0
16 4;—12 |0 1 1 0 1 0 1 0
17 33-22 |0 1 0 1 1 0 1 0
Table 12: The @Q-matrix specified in de la Torre and Douglas (2004)

attributes separately.

This data set has been studied intensively. A Q-matrix (with a little bit variation

from study to study) is also prespecified based on understandings of each test problem.

Table 12 presents the @-matrix used in de la Torre and Douglas (2004) that contains

eight attributes (K

fractions:

Al:

A2:

A3:

A4:

Ab:

8).

Each attribute corresponds one type of manipulation of

Convert a whole number to a fraction

Separate a whole number from a fraction

Simplify before subtracting

Find a common denominator

Borrow from whole number part
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A6: Column borrow to subtract the second numerator from the first
A'7: Subtract numerators
A8: Reduce answers to simplest form

We believe that K is overspecified given that there are only 17 items. Nevertheless,
we are able to find some approximate matching between this prespecified matrix and
ours. Attributes one in Table 11 roughly corresponds to attribute four in Table 12,
attribute two in Table 11 to attribute five in Table 12, and attribute three in Table
11 to attribute two in Table 12.

We also estimate the (Q-matrix using SCAD. The estimated @)-matrices are given
in Tables 13 for K = 3 and 4. The estimates are not as interpretable as those
by the Ly penalty, although SCAD has better performance in the simulation study.
We believe that this is mostly due to the lack of fit of the DINA model. This is
an illustration of the difficulties in the analysis of cognitive diagnosis. Most models
impose restrictive parametric assumptions such that the lack of fit may affect the
quality of the inferences. Thus, the performance in simulations does not extrapolate
to real data analysis. We also emphasize that the estimated Q-matrix only serves as
a guide of the item-attribute association and strongly recommend that researchers

verify or even modify the estimates based on their understanding of the items.

5.2 Example 2: Social anxiety disorder data

The social anxiety disorder data is a subset of the National Epidemiological Survey
on Alcohol and Related Conditions (NESARC) (Grant et al., 2003). We consider
participants’ binary responses (Yes/No) to thirteen diagnostic questions for social
anxiety disorder. The questions are designed by the Diagnostic and Statistical Manual
of Mental Disorders, 4th ed and are displayed in Table 14. Incomplete cases are

removed from the data set. The sample size is 5226. To understand the latent
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K=3 K=4
ID Content Q 5 § Q $ i
1 -3 1 00 013 003/1 1 1 1 012 024
2 33 1 0 0 006 004{1 0 0 0 005 0.04
3 -4 1 0 0 014 0001 0 0 0 0.14 0.01
4 31-22 11 1 1 013 0261 1 1 1 014 025
5 13—% [0 0 1 005 0521 1 1 1 0.04 0.54
6 3:-32 |0 0 1 004 049/0 1 1 0 0.03 0.50
7 42-12 |1 1 1 005 0501 1 0 1 0.06 0.49
8§ 42-3% |1 1 1 017 0391 1 1 1 017 0.38
9 3-2f 1 1 1 024 012|1 1 1 1 025 0.11
10 2—-1 1 11 016 0141 1 1 1 017 0.14
11 45-25/0 0 1 025 003[0 1 1 1 023 0.03
12 43-23 [0 0 1 010 007[0 1 0 0 012 0.07
13 72-2 10 0 1 016 004[0 1 0 0 0.17 0.04
14 45-2510 0 1 016 0110 1 0 1 0.15 0.10
15 4-13 1 11 032 002{1 1 1 1 034 0.02
16 4;—12 |0 0 1 021 0010 1 0 0 0.22 0.01
17 33-22 |1 1 1 033 000{1 1 1 1 035 0.00

Table 13: The estimated ()-matrix based on SCAD regularization and the correspond-
ing slipping and guessing parameters for the three and four dimensional DINA model
for the fraction subtraction data

structure of social phobia, we fit the compensatory DINO model for K = 2, 3, and 4.

We first consider the L; penalty and fit the two-dimensional DINO model. The
estimates Q, S, and g are summarized as Case K = 2 of Table 15. In addition, the
correlation between the two attributes is 0.47. We further explore the latent structure
by considering the three-dimensional DINO model. For the result, Q, 8, and g are
summarized as Case K = 3 of Table 15. A similar latent structure as Q in Case
K = 3 of Table 15 is considered in an item response theory model based confirmatory
factor analysis (Iza et al., 2014), where the item-attribute structure is prespecified. In
their study, the three (continuous) factors are interpreted as “public performance”,
“close scrutiny”, and “interaction”, which correspond roughly to those in Case K = 3

of Table 15. Finally, the four-dimensional DINO model is considered. The results
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S

Have you ever had a strong fear or avoidance of

speaking in front of other people?
taking part/ speaking in class?
taking part/ speaking at a meeting?
performing in front of other people?
being interviewed?

writing when someone watches?
taking an important exam?

speaking to an authority figure?

© 00 N O U W N

eating/drinking in front of other people?

—
o

having conversations with people you don’t know well?

—_
—_

going to parties/social gatherings?

—
[\)

dating?
13 being in a small group situation?

Table 14: The content of 13 items for the social anxiety disorder data.

are summarized as Case K = 4 in Table 15. According to the corresponding Q, the
third group (items 9 - 13) based on three-dimensional model splits into two attributes.
Furthermore, item 6 “writing when someone watches” becomes associated with at-
tribute three. Furthermore, we estimate the (Q-matrix via SCAD. The estimates are
summarized in Tables 16 that are similar to those of the L; penalty.

We observe that the estimated slipping parameters are relatively large for some
items (such as items 6, 9, 12 and 13) and their guessing parameters are small. These
are the low prevalence items that are unlikely to be present even among the abnormal
populations. On the other hand, if someone responds positively to that item, he/she
is very likely to possess the corresponding disorder (attribute). This is reflected by

the small guessing parameters.

6 Concluding remarks

This paper considers the estimation of ()-matrix that is a key quantity in the specifi-
cation of diagnostic classification models. The results are two-fold. First, we present

theoretical identifiability results of the ()-matrix for two stylized diagnostic classifica-
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K =2 K=3 K=14

D| Q@ s g Q i g Q 5§

1 1 0 005 0541 0 O 005 0491 O O O 0.05 049
2 1 0 009 0271 O O 011 0211 O O O 011 o0.21
3 1 0 013 01511 O O 016 0091 O O O 0.16 0.09
4 1 0 012 0301 O O 015 02511 O O O 014 025
5 1 0 046 007|0 1 O 029 009|0 1 0 O 0.29 o0.08
6 0 1 066 007|0 1 O 068 006|0 O 1 O 056 0.08
7 1 0 042 0220 1 0 026 021210 1 O O 0.27 0.20
8 0 1 034 0160 1 0 030 009|0 1 0 O 030 0.08
9 0O 1 068 00210 O 1 068 0020 0 1 0 0.58 0.02
10/0 1 013 021|{0 O 1 013 02010 O 1 1 0.14 o0.16
1110 1 020 012|{0 O 1 017 01010 O O 1 0.21 0.08
1210 1 059 0050 O 1 059 0050 O 1 0 047 0.06
1310 1 067 001]0 O 1 068 00110 O 1 0 0.5b7 0.01

Table 15: The estimated ()-matrix based on L; regularization and the slipping and
guessing parameters for the two, three and four dimensional DINO model for the
social anxiety disorder data.
tion models, the DINA model and the DINO model. A set of sufficient conditions is
provided, under which it is theoretically possible to reconstruct the matrix based on
only the dependence of the response patterns. The development of the theory is by
means of the maximum likelihood estimation (MLE). Unfortunately, MLE, though
consistent (under conditions), is not practically implementable due to the unaffordable
computational overhead. Thus, the second objective is to present a computationally
feasible estimator for ). We formulate the ()-matrix estimation to a latent variable
selection problem and employ the regularized maximum likelihood as the main tool.
The L, penalty and the SCAD penalty are considered. For the optimization, we com-
bine the expectation-maximization algorithm and the coordinate decent algorithm.
Both are well studied numerical methods for optimization. The estimation procedure
is applicable to most diagnostic classification models and is not limited to the DINA
or the DINO model.

The performances of the two penalty functions are compared via simulation stud-

ies, in which SCAD penalty yields better results. However, in the analysis of the
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K =2 K=3 K=14

Dl Q s g Q i g Q 5§

1 1 0 005 0541 0 O 005 0491 O O O 0.05 049
2 1 0 009 0271 O O 011 0211 O O O 011 o0.21
3 1 0 013 0141 O O 016 0091 0 O 0 0.16 o0.09
4 1 0 012 0301 0O O 015 02511 O O O 0.15 0.25
5 1 0 046 007|0 1 O 029 009|0 1 0 O 030 0.08
6 0 1 065 007|0 1 O 068 0060 O 1 O 055 0.07
7 1 1 043 0200 1 O 026 021210 1 O O 0.27 0.20
8 0 1 033 0160 1 0 030 009|0 1 0 O 031 0.08
9 0O 1 068 00210 O 1 068 0020 0 0 1 0.68 0.02
10|10 1 013 021{0 O 1 013 02010 O O 1 0.11 0.19
1110 1 020 013|{0 O 1 017 01010 O O 1 0.16 0.09
1210 1 059 0050 O 1 059 0050 O 1 0 044 0.05
1310 1 067 001]0 O 1 068 00110 O 1 0 0.55 0.01

Table 16: The estimated @-matrix based on SCAD regularization and the slipping
and guessing parameters for the two, three and four dimensional DINO model for the
social anxiety disorder data.
fraction subtraction data, SCAD vyields results that are difficult to interpret, while
the L penalty produces more interpretable ()-matrices. We believe that this is mostly
due to the lack of fit of the DINA model. This data set in part illustrates the com-
plications in the real data analysis for diagnostic classification models. Although the
theory and estimation procedure do not require a prior knowledge of (), we strongly
recommend researchers should try to combine their knowledge in the subject matter
and our inference tools. That is, our estimated ()-matrix serves as a guideline for the
item-attribute association. Further refinement (such as choosing the regularization
parameter or the penalty function) should rely on understanding of the items.
Throughout the discussion, the number of attributes (K) is assumed to be known.
A natural extension is to estimate K simultaneously with other parameters. This
can be done by introducing an additional penalty function added to the likelihood

function. We leave this topic for future study.
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A The duality between the DINA and the DINO
model and some technical constructions

We establish the duality between the DINA and the DINO model.

Proposition 1 Consider a response vector R = (R', ..., R7) following a DINA model with
latent attribute a and R’ = (R, ..., R'Y) following the DINO model with latent attribute
o'. Their slipping and guessing parameters are denoted by s;, gj, S;-, and g}, respectively.
Ifl1—sj=g; g5=1-5; and aj =1—a}, then R and R’ are identically distributed.

The above proposition is straightforward to verify through the ideal response indicators
in (2) and (5). Thus, we omit the detailed proof. The above proposition suggests that
the DINA and the DINO model are mathematically the same but with different parame-
terizations. Therefore, all the theoretical results we developed for the DINA model can be
directly translated to the DINO model based on the above proposition. Therefore, the rest
of the technical proofs are all for the DINA model. In the rest of this subsection, we present
some technical construction for the subsequent proof.

T-matrix for the DINA model. For notational convenience, we will write
c=1-s

that is the correct response probability for capable students (“c” for correct). Then,
c=1-s

is the corresponding parameter vector.

The T-matrix serves as a connection between the observed response distribution and the
model structure. We first specify each row vector of the T-matrix for a general conjunctive
diagnostic model.

For each item j, we have

P(R' =11Q,p,0) = Y Patia = D paP(R) = 1Q.a,0), (16)

We create a row vector By g(j) of length 2K containing the probabilities ¢j,a for all a’s and
arrange those elements in an appropriate order, then we write (16) in the form of a matrix
product

Z Palja = BB,Q(j)p,
«a

where p is the column vector containing the probabilities p,. For each pair of items, we
may establish that the probability of responding positively to both items j; and js is

P(R" =1,R” =1Q,p,0) = Y pactj.alia = Ba,q,(j1,j2)p.
«

where Bg g(j1,72) is defined as a row vector containing the probabilities ¢, ac¢j,,o for each
a. Note that each element of By g(ji1,j2) is the product of the corresponding elements of
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Bo.g(j1) and Bg (j2). With a completely analogous construction, for items ji,--- , ji, we
can write the probability of responding positively to all items as

P(R" =1,...,R" =1|Q,p,0) = By (1, -, 5)p,

Note that Bg g(j1,---,/i) is the element-by-element product of Bg g(j1),- - -,Be,q(j1)-

The T-matrix for the DINA model has 2% columns and 27 rows. Each of the first
27 — 1 row vectors of the T-matrix is one of the vectors Bg o(j1, .-, j1). The last row of the
T-matrix is taken as 1T. The T-matrix can be written as

B (1)

Bo,o(J)

Tee(Q) = Bgg(1,2) . (17)

Boo(1,...,J)
1T

Response ~-vector. We further define v to be the vector containing the probabilities of
the empirical distribution corresponding to those in Tp(Q)p, e.g., the first element of = is
+ Zf\il I(R} = 1) and the (J + 1)-th element is + Efil I(R} =1 and R? =1), i.e.,

%sz\il I<Ri1 - 1)

% Zf\il I(R%] =1)
vy = LSV IR =1and R? = 1) . (18)

%Ei]ilj(Rilzla R?IL'--, andR{:l)
1

An objective function. Under the true Q-matrix @, let (8, p) be the true model param-
eters. By the the law of large number, we have that

XN IR =1) P(R} =1|Q,0,p)
V= ¥ IR =1) - P(R] =1(Q,6.p) = Tp(Q)p
LS N I(R} =1and R? = 1) P(R! =1 and R? =1|Q, 6, p)

almost surely as N — oo. For each Q, we define

S(Q) = inf |Teg(Q)p — I (19)

c7g’p
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where the minimization is subject to the natural constraints that c;, g;,pe € (0,1) and
Y aPa = 1. Here |- | means the Euclidian norm. Thanks to the law of large numbers,
S(Q) — 0 as N — oo. The estimator

Q = argmin S(Q)

is consistent meaning that
PQ~Q)—1
if and only if the vector Tc g(Q)p # Te g (Q')p’ for Q' ~ @ and all possible ¢/, g’ and p'.

B Proof of Theorems

The following proposition provides a connection between the likelihood function and the
T-matrix, which makes it possible to the T-matrix to show the model identifiability.

Proposition 2 Under the DINA and DINO models, for two sets of parameters (€,&,p)
and (¢, g,p),
L(é7 g? IA)v Q) = L(E, g, b, Q)

for all R if and only if the following equation holds:

Te(Q)P = Teg(Q)p. (20)

The following proposition provides a relationship between T-matrices of different model
parameters.

Proposition 3 There exists an invertible matriz Dg- depending only on g* = (g7, ..., 97),
such that

Dg*ng(Q) =Teg g—g* (Q)

Thus, (20) is equivalent to Te_g+g—g+(Q)P = To—g- g—g-(Q)P for some g*. This is a
very important technique that will be used repeatedly in the subsequent development. We
now cite a proposition.

Proposition 4 (Proposition 6.6 in Liu et al. (2013)) For the DINA model, under Con-
dition A1-3, Tc g(Q)p is not in the column space of Te g(Q') for all ¢, that is, Te g(Q)p #
Te g(Q)P for all ¢ and p’. In addition, Tcg(Q) is of full column rank.

The following proposition provides the first step result.

Proposition 5 Under the DINA and DINO models, with Q, s, and g being known, the
population proportion parameter p is identifiable if and only if Q) is complete.

Proof of Proposition 5. When @ is complete, the matrix T g(Q) has full column rank
from Proposition 4. Thus, p is identifiable by Proposition 2.

Consider the case where the @) is incomplete. Without loss of generality, we assume
e; = (1,0,---,0) is not in the set of row vectors of (). Then in the T-matrix T¢ g(Q),
the columns corresponding to attribute profiles 0 and e; are the same. Therefore, by
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Proposition 2, we can always find two different set of estimates of pg and pe, such that
equation (20) holds and therefore p = (pa, @ € {0, 1}¥) is nonidentifiable. m

Proof of Theorem 2. The identifiability of the @Q-matrix for the DINO model is an
application of Theorem 1 and Proposition 1. In what follows, we focus on the identifiability
of the model parameters ¢ and p under the DINA model.

We only need to show that when g is known, for two sets of parameters (¢, g, p) and
(c,g,p), L(¢,g,p,Q) = L(c,g,p,Q) holds if and only if A4 satisfied. By Propositions 2
and 3, two sets of parameters (¢,g,p) and (¢, g, p) yield identical likelihood if and only if

Te—g,0(Q)P = DgTtg(Q)P = DgTeg(Q)P = To—g,0(Q)D. (21)
Thus under the assumption that c¢; > g;, we only need to consider that g = 0.
Sufficiency of A4. For notational convenience, we write Bg(j1, ..., ji) = Be,g,@(J1s - j1)

when ¢ = 1 and g = 0. For each item j € 1,--- | J, condition A4 implies that there exist
items ji, ..., j; (different from j) such that

BQ(jajla "'7jl) = BQ(]lv "'7jl)>

that is, the attributes required by item j are a subset of the attributes required by items
j17 M) jl'

Let a and a, be the row vectors in Dg corresponding to item combinations ji, ..., j; and
JsJ1s -, Ji; see (21) for the definition of Dg. If (€¢,p) and (c, p) satisfy by (21), then

CL*TTég(Q)f) _ CL*TTé,g(Q)f)
a'Teg(Q)p  a'Teg(Q)P '

On the other hand, we have that

~—

ax Teg(Q)P  Bego.(j,jiy i
a'Teg(@Q)P  Beego:(fi, i
CL*TTE,g(Q)I_) . Béfg,O;Q(j,jl,.--,jz
aTTé:g(Q)f) B Bé—g,O;Q(jl, e Ji

A~

~ = Cj — g5,

~—

P
p

=Cj —9j-

N NN

Therefore, ¢; = ¢; for all j = 1,---,J, which gives the identifiability of the slipping pa-
rameter. According to Proposition 5, the completeness of the (Q-matrix ensures that the
identifiability of p, therefore we have the sufficiency of A4.

Necessity of A4. We reach the conclusion by contradiction. (21) suggests that it is
sufficient to show the necessity for g = 0. Without loss of generality, suppose that the first
attribute only appears once in the first column of the ()-matrix, i.e., the Q)-matrix takes
the following form:

1 of
Q=0 Zg1 |- (22)
0



We construct ¢ and p different from ¢ and p such that T o(Q)p = T¢,0(Q)p. We write
¢= (e, -, ¢y) and p = {Prpa) : b € {0,1},a € {0,1}F~1}. For some x close to 1, define

Cc = (51,52,"' ,EJ) = (1'61,62,"' ,CJ)
and

p= {ﬁ(b,a) : ﬁ(l,a) = ﬁ(l,a)/x and p(O,a) = ﬁ(O,a) +]5(1,a)(1 - 1/1‘), for all a € {Oa 1}K_1}'

Notice that the parameters related to the first item have been changed. Consider the rows
in the T-matrix related to the first item. Keeping in mind that g = 0, we have that

¢ Z P(1,a) T 01 Z P(0,0) = C1 Z P(1,a) T 01 Z P.a)-  (23)

ae{0,1}K-1 ae{0,1}K-1 ae{0,1}K-1 ac{0,1}K-1

This corresponds to P(R! = 1). Similar identities can be established for P(R! = R/t = ... =

R7* = 1). Therefore, we have constructed (¢,p) # (¢, p) such that Teo(Q)p = Te,0(Q)D.
Thus, ¢ and p are not identifiable if A4 does not hold. =

Proof of Theorem 3. Consider the true @ and a candidate Q" = Q. According to the
discussion at the end of Section A, it is sufficient to show that it is impossible to have two
sets of parameters (¢, g, p) and (¢, g, p) such that ¢; > g;, ¢; > gj, Pa > 0, Do > 0, and

Tes(Q)D = Te g(Q')P. (24)

We prove this first assuming that there exist two such sets of parameters and then reach
a contradiction. The true matrix @ is arranged as in (8) such that the first 2K rows form
two identity matrices. We try to reach a contradiction under the following two cases.

Case 1: either Q). or Q% ..k is incomplete. We only focus on the case when
Q). is not Zrz. We borrow an intermediate result in the proof of Proposition 6.4 in Liu et al.
(2013): we can identify an item 1 < h < K and an item set H C {1,--- , K} (h ¢ H) such
that under @', H requires all attributes required by item h, that is, if someone is capable
of solving all problems in # then he/she is able to solve problem h. We say someone “is
able to” or “can” solve a problem or a set of problems if his/her ideal responses to the set
of problems are all one.

For items K + 1, -+ ,2K, since Qx+1.2x = Zk, there exists an item set B C {K +
1,...,2K} such that under @ it requires the same attributes as H, that is, if a person is
capable of solving all items in B if and only if they can solving all problems in H. Since
Q1.xk = Ik, under @, the attributes required by H and B are different from those of item

h. Define
g = (glv e 7§K7§K+17 e 7gJ)'
Assumption (24) and Proposition 3 suggests Ts_5 s—5(Q)P = Te—g,.5—5(Q")P-
Under Q' if h requires strictly fewer attributes than #H, there are three types of attributes
profiles: unable to answer h (denoted by 0404 ), unable to answer H but able to answer h
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(denoted by 0y41},), and able to answer H (denoted by 17/). We have

0n0721  Oxlp 1y
BegggoM=( 0 0 ILen(@ — 3)) )
Be—gg-gq(h) = ( 0 (ch— n) (eh — gn) ),

Begg-gq@(H.h)=( 0 0 (@ = an) [Ljen (@ = 35) ),

If h and H require the same attributes, Ox1; case does not exist and the above equations
do not have the 041, column. Under both situations, we have

Begg-g (H, NP Be-gggq(H,h,K+1,--- 2K)p

Ch — Gh = — = —. 25
Begg-zq(H)P Begg-go (M, K+1,--- ,2K)p (25)
Under @), we have
a#1 a=1
K s 4
Begg-g+1,--- 2K)=( 0 [Tk (6 — ) )
~ _ K A~ ~

BegggoMK+1,--- 2K)=( 0 [en (& — ) T2k 41 (& — 3) ),

BegggoM. . K+1,+- 2K)=( 0 (&n—0) [Len(& — ) T ki (E = 35) )
This gives
& 7 Besg-soH,h, K+1,--- 2K)p
h 9k Besg-soH,K+1,--- 2K)p '
Te—gs-5(Q)P = Te—g,g—a(Q")P allows to equate the right-hand sides of (25) and (26) which
yields

(26)

Cp = Cp. (27)

Now under @', with a similarly argument, we have

Begg-g.q ("1, B)p.
Be-gg-g.0 (H,B)p

(28)

Under @, consider three types of attributes profiles: unable to answer H (denoted by 0% ),
able to answer H but unable to answer h (denoted by 013 ), and able to answer both H
and h (denoted by 141). We have

Oy Oply Inlp
Be-gg-go(H,B)=(0 [Ten (& — 95) L en(é — 95) [Ten(& = 3) TLies(é — G5);
Be-gg-g.(H, 1, B) = (0 (9n — 9n) [L;en (& — ) IL;en(& — G5)  (En — gn) [Lien (&5 — 95) 1 e8(85 — 95))-

Since gy — gn < ¢, — gn, and po > 0 for all a, we have that

Be-gg-gq(H,h, B)p _ Begg-g0(H,h, B)f)'
Bé_~7g_g7Q (H7 B)IA) Bé—g,g—g,Q/ (’H, B)f)

(29)

Te—gs-5(Q)P =Te—gg—5(Q)p allows use to equate the right-hand sides of (28) and (29),
which yields é, > ¢,. This contradicts (27).
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Thus, under this case, we have that Ts_5 s 5(Q)P # Te—sg-5(Q)P if ¢ > §;, ¢; > g5,
Pa > 0, po > 0. Furthermore, if the conditions in the theorem are satisfied and Q.
or Q’( K+41):2K is incomplete, then we cannot find parameters ¢, g, and p that yields the
same response distribution as @ and thus ) can be differentiated from @’ by the maximum
likelihood.

Case 2: both Q)}.; and Q' .., are complete, but ) ~ )’. In this case, we can
always arrange the columns of Q" such that either Q. = Zx. Redefine

g:(ch"' 7EK76K+17”' 762K707”' 70)

and assumption (24) suggests that Te_z 5 5(Q)Pp = Te—g,g-5(Q')P-
The row vectors of T-matrices corresponding to items 1,..., 2K are

K 2K
Be-gg-ge(l,- 2K) = (szl(gk — e[ [ 00— Ck),0T>
and
K 2K
Be-gg-gaq (1, ,2K) = <Hk1(§k - Ek)Hk:K+1(§k — &), OT)

where only the element corresponding to zero attribute is non-zero. Therefore, for any
j > 2K + 1, we have

g = Bega-goll, - 2K, j
’ Begg-goll, - 2K)

Once again, we redefine g = (g1, - ,Jx,0,--+,0,925+1, - ,Gs). By Condition A5, we
have for K +1 < j < 2K

o Begggoll- - K j QK +1),---, J)p
7" Begggo(l,-  K,2K+1),---,J)p
Bé_g7g_g7Q/(17.“ 7K’ j? (2K+ 1)"' ' 7J)13

BE*Q»E*QQ'(L"‘ 7K7(2K+1)7"' )J)I_) ].

Similarly take g = (0,-" 0,9k 41, » 02K, 02K +1, 5 G7). We have ¢j = ¢Cj for1 <j<K.
Now take g = (¢1,- - ,¢k,0,-+-,0), we have for K +1 < j < 2K

gj = = : )
7 Begggo(l,- K)p Begggq(l,---,K)p 7

Similarly, for g; = g; for j = 1,..., K. Thus, we have g; = g; for j = 1,...,J. Therefore,
assumption (24) becomes
Teg(Q)P = Te g(Q")P. (30)

This contradicts Proposition 4. Thus, we have reached the conclusion that

Tes(Q)P # Teg(Q')P.
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for all ¢; > g;, ¢ > Gj, Pa > 0, Ppa > 0 and Q' ~ Q. Thus, by maximizing the profiled
likelihood, @ can be consistently estimated. m

Proof of Theorem 4. Suppose there are two sets of parameters (¢, g, p) and (¢, g, p) such
that L(¢,g,p) = L(c, g, p), equivalently, Ts s(Q)p = Te,g(Q)p- We show that (¢,g,p) =
(c,8,p) if & > g5, Pa > 0, ¢j > gj, and po > 0. Condition A5 allows us to consider the
following three cases.

Case 1. There exit at least three items with @Q-matrix row vector e;. Without loss of
generality, we write the Q-matrix as (with reordering of the rows)

1 of
1 of
Q=11 o7 (31)
0 Ik
0 Q

In what follows, we show that ¢; = ¢; and g; = g; for j = 1,2,3. By Proposition 3,
Tes(Q)Pp = Tog(Q)p suggests that Te_5o(Q)Pp = Te—gg—s(Q)P. Together with the fact
that

B:_s00(1,2,3)p BC . 1,3 SO
epoall, 290 PegoaldP _; g (32)
c—g,O;Q( ’ )p c g,0; Q( )p
we have that
Bc gg gQ(l ) Bé—g,g—g;Q(l,2,3)p (33)
Bz gg-g:(1)P Bz gg-g:0(1,2)P
Expanding the above identity, we have
(91 = 91)(3 — 93) 2oaeqoayx—1 P0,a) + (€1 — 91)(€3 = 93) Xogeqoy—1 P(1,0)
(91 = 91) Daeqo1yx-1 Po,a) T (€1 = G1) Xopeqo 1351 P(1,a)
3 _ ~ ~ _
_ Hj:l(gj - 9;) Zae{() 1}x-1 P(0,a) T HJ 1(G = 95) Zae{OJ}K—l P(1,a) (34)
(91 = 91)(2 = 92) Xaeqo,1yx—1 Po,a) + (€1 = §1)(C2 = §2) Xocqo, 1351 P(1a)

which can be simplified to (g1 —§1)(¢1 — §1)(¢2 — g2)(¢3 — g3) = 0. Then under the constraint
that ¢; > gj, we have g1 = g1 or ¢; = g1. A similar argument yields

g2 = g2 OT C2 = g2 . _ R _
and g2 = g2 Or C2 = g2

. . g1 =giLorc =g
{§3:§301"53:§3

g3 = g3 or 3 = §3

For j =1, 2, or 3, if §; # g; we have ¢; = g; and ¢; = g;. This contradict the condition that
¢; > gj and ¢; > g;. Thus we have g; = g; for j = 1,2, 3. Repeating the proof of Theorem
2, we have ¢; = ¢ for i = 1,2,3.
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Case 2. There exit two items with row vector e;. Without loss of generality, we write
the @-matrix as

1 of
L oT 1 0 of
.
e=|1 v | Qu=""" (35)
; 1:4 1 V*T )
0 T
. g/l 01 o

where v is a non-zero vector. Without loss of generality we assume v' = (1,v, ). Consider
the sub-matrix containing the first four items. i.e., Q1.4 in (35). Similar to the proof of
Case 1, for (¢,g,p) and (c,g, p) such that T 4(Q)p = Tcg(Q)P, we will show

{éjzéj j=124 (36)

A similar argument as in Case 1 yields

Be-goq(L3P _ . . _ Be-goq(l43)p
Be-g0:Q(3)P Be_g.0.(4,3)p

Together with the fact that Te_g g 5(Q)P = Te—g,0(Q)P, We have

Be gg-8:0(1,3)D Bé—g,g—g;Q(17473)f)
B: g5-5:Q(3)P Be gg-8:0(4,3)P

This implies

919493P0,0 + €194G3P1,0 + §1€493P0,1 + C1C4C3P1,1
§493P0,0 + §493P1,0 + €493P0,1 + C4C3P1,1
9193P0,0 + ¢193P1,0 + 9193P0,1 + ¢1C3P1,1
g3Po,0 + g3P1,0 + g3Po,1 + C3P1,1

where g; = g; — gj for j = 1,3,4, ¢; = ¢; — g; for j = 1,4,

(€3 —93) Zv*jae{m}mz P(1,1,a) T (93 — 93) Zv*ﬁae{o,uk—z D(1,1,0)

53: ’

Zae{O,l}K*Q P(1,1,0)

and p;; = Zae{o 1y-2 Dija) for 4,5 € {0,1}. Here v, < a means that each element of v,
is less than or equals to the corresponding element of a, and v, A a means that v, < a
does not hold.

Simplifying (37), we obtain po,oP1,193¢3(91—¢1) = P1,0P0,19393(g1—¢1). Since g1 —¢; # 0,
we have

g3 =0 or PooP1,1¢3 = P1,0P0,193- (38)

We show that g3 has to be zero. Otherwise, we have

Po,0P1,1(€3 — §3) = P1,0P0,1(93 — §3), (39)
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where ~ ~ ~ ~
€3 z:v*jae{o,l}"(—2 P(1,1,0) + 93 X:U*ﬁae{o,l}“—2 P,1,a)

C3=C3+G3 = —
s ZQG{O,I}K*Z P@,1,0)

A similar argument gives that

Po,0P1,1(¢3 — 93) = P1,0P0,1(93 — 93), (40)

where

&= Cs Zv*jae{O,l}K’z P(1,1,0) + 3 Zv*ﬁae{o,l}’”’ P(1,1.0)
= .

ZGE{O,I}K72 ﬁ(lvl’a)

Equations (39) and (40) imply that ¢ > g3 > ¢; > g3 or &5 > g3 > ¢ > g3, which conflicts
with the equation that Bgs.0(3)p = Beg:(3)p, i.e.,

33(Po,0 + P1,0 + Po,1) + E3P1,1 = g3(Po,o + P1,0 + Po,1) + C3P11-

To see this, notice that poo + P1,0 + Po,1 = 1 — P11, Poo + P1,o + Po1 = 1 — Pp1,1, and
P11,P1,1 € (0,1). By simple algebra, the above identity cannot be achieved if either ¢ >
g3 > C3 > gz or 3 > gz > C3 > g3 is true. Therefore, we have g3 = g3 — g3 = 0. Let
g=(0,0,43,0,,0). To_gg g(Q)P = To_gg g(Q)D viclds

Gy — Begg-g0(2,43)p  Beggg0(2,43)Dp .
Beggg@43)D  Begg gq(4,3)p ’

Gy — Be gg-ga(l,4, 317 _ Begg-g:(1,4,3)p o
Begg-g:(1,3)P Be gggo(1,3)P

g1 = — = ~— — 9L,
Be—cg—c:0(2)P B cg-c:0(2)P

G = Becg-co(1,2)P _ Becg—cio(1,2)p = &
Bcfc7gfch(1)f) Bé_c7g_C7Q(1)IS

Therefore, (36) is true.

Now combining the results in Cases 1 and 2, we have that for the Q-matrix taking the
form of (8), the following holds:

{éjzéj Jj=1-- 2K . (41)

Let g* = (¢1,-++ ,¢K, K41, ,9s). For each j € {(2K +1),---,J}, let A; be the set of
items {(K +1),---,J}\{j}, i.e., the set of all items from K + 1 to J except the jth one.
For the sub-matrix Qg +1.7, condition A5 implies that each attribute appears at least twice.
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Therefore, we have

A A Bé—g*,é—g*;Q(Ajvj)f) _ Bé—g*,g—g*;Q(-Ajaj)f’ — & — §;
= — =G Ve
i) P

Ci—3g; = -
/ ! Béfg*,gfg*;Q(Aj)p Bé—g*,g—g*Q (‘AJ)

This gives ¢; = ¢; for j = 2K +1,---,J. Together with (41), ¢; =¢; forall j=1,---,J.
This further yields p = p due to the full column rank of the matrix T¢ &(Q).

Therefore, for two sets of parameters (¢,g,p) and (c,g,p) such that Tz s(Q)p =
Teg(Q)p, we have (€,8,p) = (¢, g, p). This finishes the proof of Theorem 4. m

C Proof of Propositions

Proof of Proposition 2. Notice that the column vector T¢ ¢(Q)p contains the probabil-
ities P(Rj, = 1,..., Rj, = 1) for all possible distinct combinations ji,...,j;. Thus, T¢ g(Q)p
completely characterizes the distribution of R. Two sets of parameters T 4 (Q)p = Te g(Q)P
if and only if they correspond to the same distribution of R. This concludes the proof. =

Proof of the Proposition 3. In what follows, we construct a D matrix satisfying the
condition in the proposition. We show that there exists a matrix D only depending on g*
so that DT g(Q) = Te—g+g—g+(Q). Note that each row of DT o(Q) is just a row linear
transform of T¢ g(Q). Then, it is sufficient to show that each row vector of Te_g g—g+(Q)
is a linear transform of rows of T¢ ¢(Q)) with coefficients only depending on g*. We prove
this by induction.
First, note that
Be-g-g-gQ(J) = Begi(i) — Qj‘le

where 17 is a row vector with all elements being 1. Then all row vectors of T, c—gg—g- (@) of
the form Be_g+ g_g+ o(J) are inside the row space of T¢ ¢(Q) with coefficients only depending
on g*. Suppose that all the vectors of the form

Be_g- g—g+:Q(J15 -+ 1)

for all 1 <1 < ¢ can be written linear combinations of the row vectors of T¢ ¢(Q) with
coefficients only depending on g*. Then, we consider

Bc%;Q(jla "'7jb+1) = T;:;11 (Bcfg*,gfg*;Q(jh) + g;h ]-T) )

where “Y” refers to element by element multiplication. The left hand side is just a row
vector of T¢ g(Q). We expand the right hand side of the above display. Note that the last
term is precisely

Bc—g*,g—g*;Q(jly "'7jL+1) = T2111Bc—g*,g—g*;Q(jh)~

The rest terms are all of the form Be_g+g—g+.0(j1,...,71) for 1 < I < ¢ multiplied by
coefficients only depending on g*. Therefore, according to the induction assumption, we
have that Be_g+ g—g=:Q(j1, .-, Juit1) can be written as linear combinations of rows of T¢ ¢(Q)
with coefficients only depending on g*. =
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