ON THE EXISTENCE OF
SPATIALLY TEMPERED NULL SOLUTIONS TO
LINEAR CONSTANT COEFFICIENT PDES

AMOL SASANE

ABSTRACT. Given a linear, constant coefficient partial differential equation in RZ+!,
where one independent variable plays the role of ‘time’, a distributional solution
is called a null solution if its past is zero. Motivated by physical considerations,
distributional solutions that are tempered in the spatial directions alone (with no
restriction in the time direction) are considered. An algebraic-geometric characteri-
zation is given, in terms of the polynomial describing the PDE, for the null solution
space to be trivial (that is, consisting only of the zero distribution).

1. INTRODUCTION

Given a polynomial p € C[ X1, -, Xy, T] =: C[X,T], we associate with it the linear
constant coefficient differential operator D, by making the replacements Xj ~ %,
k=1,---,d, T ~ %. A solution space is a subspace S of the space of distri-
butions D'(R4F1). Unless otherwise indicated, we will use the standard distribu-
tion theory notation from Schwartz [11] or Tréves [12]. Fixing a solution space S,
p € C[X,T] gives rise to the differential operator D, : S — D'(R%*1), defined by
Dyu = p(a—gl,--- ,%, %)u, ue S. Let p e C[X,T], and S be a solution space. A
null solution in S associated with p is a distribution v € S such that Dpu = 0 and
u)t<o = 0. We denote by Ng(p) the subspace of S consisting of all null solutions in S
associated with p: Ng(p) := {u € S : Dyu = 0 and u|;<o = 0}. The notion of a null
solution was considered in [4] and [5].

We are interested in giving an algebraic-geometric characterisation of the polyno-
mials p for which Ng(p) is the subspace {0}, consisting of only the zero distribution 0.
Such a characterization is expected to depend on the solution space S, as illustrated
by Propositions 1.1 and 1.2 below. In the following, £&'(R%*!) denotes the space of
compactly supported distributions.

Proposition 1.1. Let S=&'(R¥Y) or S = D(R1). Let pe C[X,T]. Then Ns(p) =
{0} if and only if p # 0.

Proof. (‘If” part): Let Dyu = 0 and p # 0. By the Payley-Wiener-Schwartz theorem
[12, Prop. 29.1,p. 307], the Fourier transform Fu of u (with respect to all the variables)
can be extended to an entire function on C?*'. So Dyu = 0 yields p(iz) - (Fu)(z) = 0,
z € C¥1. But the ring A(C?*!) of entire functions in d + 1 complex variables is an
integral domain. As p(i-) # 0 in A(C?*!), Fu = 0, and so u = 0. Thus Ng(p) = {0}.
(‘Only if’): Suppose that p = 0. Then clearly Ng(p) = S # {0}. O
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2 EXISTENCE OF NULL SOLUTIONS

When S = C*(R4*1) or D/(R¥*1), using [7, Thm. 8.6.7, 8.6.8], one can show the result
below. Here, deg(+) is used to denote the total degree.

Proposition 1.2. Let S = D'(R™1) or § = CP(RYY). Let p € C[X,T]. Then
Ns(p) = {0} if and only if deg(p(X,T')) = deg(p(0,T)).

Proof. [7, Thm. 8.6.7] says that for a characteristic plane with normal n, there exists a
solution in C* whose support is {y : {y,n)ga+1 < 0}. The hyperplane with the normal
n := (0,1) € R is characteristic for D, if and only if deg(p) # deg(p(0,7)). This
gives the ‘only if” part.

For the ‘if’ part, we use [7, Theorem 8.6.8], which says that if X;, X are open
convex sets such that Xy c X, then the following are equivalent:
o If u € D'(X3) satisfies Dyu = 0 in X5 and u|x, = 0, then u = 0 in X».
e Every characteristic hyperplane which intersects X5 also intersects Xj.
Taking X; = {(x,t) : {(x,t),n)ga+1 = t < 0}, where n := (0,1) € R¥! and with

X5 := R4 the above yields the ‘if’ part of the proposition. O
Example 1.3. The diffusion equation is (% A)u = 0, that is, Dyu = 0, Where
p(X,T) :T_(X12++X§) As deg(p(X7T)) =2, but deg( ( )) de ( )

Proposition 1.2 implies that Np/ga+1)(p) # {0} and Ngeo(ga+1)(p) # {0} <>

In this example, the outcome is physically unexpected, for example while considering
matter diffusion and u is the density of matter: then zero density up to time ¢ = 0
should mean that the density stays zero in the future as well. However, the above ex-
ample shows that there are ‘pathological’ null solutions in C* or in D’ that are nonzero
in the future. Choosing a different, physically motivated solution space, namely where
at each time instant the spatial profile belongs to Ll(Rd), the associated null solution
space is then trivial, as expected. It is well-known that the reason that the null solution
space is nontrivial in the above example when S = C*(R4*1) or D/(R¥*1) is that there
is no growth restriction on the spatial profiles of the solutions at each time instant,
and ‘rapid’ growth (roughly, faster than el [3, Theorem, p.44]) is allowed. Indeed,
in most physical situations, we expect that at each time instant, the spatial profile is
typically in some LP space or at most polynomially growing, etc. This motivates the
following solution space we consider. Below, &’ (]Rd) denotes the space of tempered
distributions.

The space of distributions on Rt tempered in the spatial directions, is the space
L(D(R), S’ (R?)) of all continuous linear maps from D(R) to S’'(RY), where D(R) is
endowed with its inductive limit topology and &'(R9) is equipped with the weak dual
topology o(S’,S). L(D(R),S’(R?)) has the topology L,(D(R),S'(R%)) of pointwise

convergence. For u € L(D(R),S(R?)), ;;—“k,%—? e L(D(R),S'(RY) are defined by

<amk( ),y = —Culp), 5y and (G (), vy = —(u(), ¥y for 9 D(R), e S(RY), k =

,d. For ue L(D(R), S’(Rd)), its ‘spatial’ Fourier transform 4 € £(D(R),S'(R%))
is given by (G(¢), ) = (u(y), ¥). L(D(R),S'(R?)) is a subspace of D'(RH1) as fol-
lows: For u € L(D(R),S'(RY)), define U by (U, o ® ) = {u(y), 1)) for ¢ € D(R) and
Y € D(RY) < S(R?). By the Schwartz kernel theorem [7, Thm. 5.2.1, p.128], there is
a unique such distribution U € D'(R¥1). L(D(R),S'(R?)) is also isomorphic to the
completed projective- (or epsilon-)tensor product D' (R)®,S’(R%) of D'(R) and S’(R%).
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We will study the set of null solutions with respect to the space of distributions
tempered in the spatial directions, and give an algebraic-geometric characterization of
those polynomials p for which the corresponding null solution space consists of just
the zero solution.

Given a set I of polynomials from C[X1,---,Xy4], we denote its variety in C¢ by
V(I). We make the following two observations, used later.

o If p e C[X], u e S'(R?) satisfy Dyu = 0, then p(i€)d = 0, and so we have that

supp() < {€ e R? : p(i&) = 0}. Thus, V(p) niR? = & implies u = 0.

o If p eC[T], ueD'(R) satisfy D,u=0, then uespan{tfe’:\eC, k € Z,}. Thus

t|t<o = 0 implies u = 0. Here Z, ={0,1,2,3,---}.

As our solution space £(D(R),S'(R%)) ~ D'(R)®,S'(R?), we expect our algebraic-
geometric characterisation to reduce to above extreme cases when the polynomial
belongs either to C[X] or to C[T']. For formulating this algebraic-geometric condition,
we give the following definition. For p = ap + a1 + - - - + a, 7" € C[X, T| = C[X][T],
where ag,--- ,a, € C[X], the X-content Cx(p) of p is the ideal in C[X] generated
by ag,--- ,a,. We show that if V(Cx(p)) meets iR?, then the null solution space is
nontrivial.

Theorem 1.4. Let peC[X, T]. If Npipw),sray (p)=1{0}, then V(Cx(p)) n iRY= (7.

Proof. Let V(Cx(p)) niR? # ¢, and & € R? be such that i& € V(Cx(p)). Let
u = X80t @ O, where O € C*(R) is nonzero and has a zero past, e.g. eVt if
t > 0 and 0 otherwise. Then u € L(D(R), S’ (R?)) and ul<o=0. If p=ag+---+a,T",
with the a; € C[X], then ar € Cx(p), and ai(i&) = 0 for all k. Consequently,
we have that Dpu = ag(i€p)e" ™€ @ © + - + a, (i&)e’ ™ 2¢ @ O™ = 0. Hence
u € Nﬁ(D(R),S’(Rd)) (p) But u # 0, and so NE(D(R),S’(R))(p) ta {0} ]

Our main result (Thm. 4.1) is to show the sufficiency of V(Cx(p)) n iR? = & for
Neoom),sray) (p) = {0}. Thus, Theorems 1.4 and 4.1 together give:

Theorem 1.5. Let p € C[X,T]. Then we have Nppw) s (rdy)(p) = {0} if and only if
V(Cx(p)) niR?! = .

We will also consider distributions which have spatial profiles at each time instant
lying in certain Besov spaces. Summarising we have the following results:

‘ ‘ Solution space S ‘ Test on p for Ng(p) = {0} ‘ Result reference
1 C* (R4 deg(p) = deg(p(0,T)) Prop. 1.2
2 D'(RI+1) deg(p) = deg(p(0,T)) Prop. 1.2
3 D(RIF1) p#0 Prop. 1.1
4 E'(R4+Y) p#0 Prop. 1.1
5 L(D(R), S’ (RY)) V(Cx(p)) niR? = & Thm. 1.4, 4.1
6. | L(D(R), B, ,(R%)) p#0 Thm. 5.1
7. | L(D(R), Hy(RY)) p#0 Cor. 5.2
8 L(D(R),S(RY)) p#0 Cor. 5.2
9. | L(DR),&(RY)) p#0 Thm. 5.3
10. D), (RI+1) Vv e A7127Z% It e C: p(iv,t)#0. Thm. 6.1
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The key idea used in proving the sufficiency part of (5) above is as follows. By taking
Fourier transform, the partial derivatives d,, with respect to the spatial variables xy,
are converted into i, and so p(i€,d;)d = 0, a family (parameterised by & e R?)
of equations involving 0 with the polynomial coefficients ay(i€). One would like to
‘freeze’ a € € R?, to get an ODE for (7(-))(€) € D'(R), where for such a solution to
an ODE we can indeed say that zero past implies zero future, and so the proof can
be completed easily by varying the arbitrarily fixed &. This is possible if the spatial
Fourier transform is a function, so that the evaluation at £ is allowed, and this is
essentially how one shows the results in the second half of the table above.

For showing our main result for £(D(R),S'(R%)), where spatial Fourier transform
will not result in a function of €, but rather a distribution, the idea is as follows. Using
Holmgren’s uniqueness principle, the support of @ is contained in V' x [0, 00), where V' is
the real zero set of the leading coefficient a,,. If d = 1, so that a,, were a polynomial of
just one variable, then the real zeroes are isolated points, and we can complete the proof
using a structure theorem of Schwartz, which says that distributions supported on a
line must be essentially the Dirac delta and its derivatives, tensored with distributions
Ty of one variable (time). We can then boil down p(i€, d;)u = 0 to give an ODE for
these distributions T}, of time, and since each T} can be shown to have zero past, we
can conclude that the T;s must be zero. So this is how the proof works when d = 1 and
when a,, was a polynomial of just one variable. In the general case, to handle the case
when a,, may be a polynomial of d variables, we proceed inductively on the number of
spatial dimensions d. It is too much to hope that at each inductive step we end up with
polynomials as coefficients of dF, since polynomial parametrisations of the zero sets of
the polynomial a,, may not be possible (e.g. {(X,Y): X24+Y2—1 = 0} does not possess
a polynomial parametrisation). But the d = 1 case just relied on the discreteness of
the zero set of a,, which is also guaranteed if a, were real analytic instead of being a
polynomial. So to carry out the induction, we use the set up where we make sure that
the coefficients of oF obtained at each inductive step are real analytic functions. To
begin with, polynomials are real analytic, real analytic varieties do possess locally real
analytic parametrisations (Lojaciewicz structure theorem for real analytic varieties),
and composition of real analytic functions is real analytic. This allows us to complete
the induction step, by again appealing to a structure theorem of Schwartz, now for
distributions with support in a smooth manifold. The technical details are carried out
in Lemma 3.1. The organisation of the article is as follows.

e In Section 2, we recall some preliminaries needed for the proofs.

e In Section 3, we will prove the central technical result in Lemma 3.1,
which will lead to the proof of Theorem 4.1 on the sufficiency.

e In Section 4, we will prove Theorem 4.1.

e In Section 5, we consider distributions which have spatial profiles at each
time instant lying in certain Besov spaces.

e In Section 6 we consider spatially periodic distributions.

e Finally, a class of open problems on the null solution theme is mentioned.
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2. PRELIMINARIES

Here we recall three results used in proving Lemma 3.1: Holmgren’s uniqueness the-
orem, Schwartz structure theorem for distributions supported on a manifold, and
Lojaciewicz structure theorem for real analytic varieties.

2.1. Holmgren’s uniqueness theorem. Let Q — R¢ be open, and P be a differ-
ential operator of order N with coefficients a,, that are real analytic functions in €:

P(2,0) =X <N an(x)aax% . ;msdd. For n= (ny,--- ,ng4), In|=n1 + -+ + ng. Recall
the uniqueness theorem of Holmgren [6, Lemma 5.3.2, p.125]:

o . an a’!L
Proposition 2.1. In an open Q < R?, let P(x,0) = 2ln|<N an(x)ﬁ e ax;fld be a

differential operator having coefficients real analytic on Q2. Assume that the coefficient
N

of aax—jj never vanishes in Q. If ue D'(Q) and P(x,0)u =0 in Q. :={xeQ: x4y <c}

for some ¢, then uw = 0 in Q. provided that Q. n (supp(u)) is relatively compact in Q.

We will use the following consequence of this.

Lemma 2.2. Let U < R? be an open set, cg,--- ,cn be real analytic functions in U,
ueD'(U x R), ulio = 0, and co(§)u +c1(§) % + - + cN(E)%j—]f,‘ = 0. Then we have
that supp(u) < {(€,t) e U x R : en (&) = 0}.

Proof. Let & € U be such that cy(&) # 0. Let » > 0 be such that the open ball
B(&p,2r) < U and ¢y (&) # 01in B(&o, 2r). We will use Holmgren’s uniqueness theorem
with Qg, 1= B(£o,2r) x R and P((&,1),0) := co(§) + c1(§)2 + - + cN(E)gt—]]v\,. The
coefficient ¢y (&) of gt—jj\:, never vanishes in Q¢,. Let % be the restriction of u to the set
Q¢, = B(&o,2r) xR < U xR. We know supp(u) < B(&p,2r) x [0, 0) since @9 = 0 (as
ult<o = 0). For ¢ > 0, with Q. := {(&,t) : £ € B(&o,7), t < c}, we have Q. N supp(u)
is relatively compact in ¢,. Hence & = 0 in Q.. As ¢ > 0 was arbitrary, 7 = 0 in
B(&p,r) x R. By varying the &y having the property that cy(&p) # 0, we obtain that
the restriction of u to the set V := {€ € U : e¢n(€) # 0} x R is the zero distribution
0€D'(V). So supp(u) < {(&,t) e U x R: ey (&) = 0}. O

2.2. Schwartz structure theorem for distributions with support in a sub-
manifold of R?. We will need a local structure result [11, Thm. XXXVII, p. 102],
for distributions with support contained in a smooth submanifold of R%. Here, for a

multi-index k = (kg 41, -+ , kq) of nonnegative integers, we define |k| = kg1 +---+kq,
k _ 0 kg 0 \k
and ay_(m) d+1...(@) d.

Proposition 2.3. Suppose that M is a submanifold of R% of dimension d', & € M,
and y are coordinates in B(€g,R) = {€ € R? : |€ — &2 < R} in RY, such that
B(&,R)n M = {£& € B(&, R) : ya+1(&) = -+ = yq4(&) = 0}. Then a distribution T
on R with support in M can be locally decomposed as T = Zlk\sK 81;Tk, for some
distributions Ty on M.

2.3. Lojasiewicz structure theorem for real analytic varieties. We now give
Lemma 2.4, which is a consequence of a more elaborate structure theorem for real an-
alytic varieties due to S. Lojaciewicz [10] (see also [1]). We will not recall this theorem
here, but refer the reader to the exposition given in [9, Theorem 6.3.3, p.168], and we
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use the same terminology and notation here. This result given in [9, Theorem 6.3.3,
p.168] is stronger than what we need. We only require the following decomposition
into lower dimensional real analytic varieties and the local analytic parametrisation.

Lemma 2.4. Let V = {x € R?: f(x) = 0} be the variety of a real analytic function
f :R* - R. Then for each point xo of V, there exists a neighbourhood Q such that
VnQ=Mgqu-- UMy where some of the Mys may be empty, and where the
My are real analytic varieties which are analytic submanifolds of R¢ of dimension d',
admitting real analytic parametrisations as follows: For every xg € My, there exists a
neighbourhood U of xg€R?® and a neighbourhood W of 0eR?, with a homeomorphism
@ : W — U which is real analytic, RY x R&=4 5 W 3 (1,0) — ¢(7,0) € U, such that
My nU = {¢(1,0) : 7 € RY such that (T,0) € W}.

Proof. This follows immediately from [9, Theorem 6.3.3, p.168], since its part (2)
guarantees the local decomposition, and the real analytic parametrisation, namely

(.Z'l,“‘ 7‘Tk) g (xla"' 7xkaxn£+1<x17”’ 7‘Tk)7”' 7X77§<x17'” 7‘Tk)) Corresponds to the
one we need in our lemma if we take 7 = (21, -+ ,2%), 0 = (Tgi1, - ,2q), and
&(r,0) = (T’an l(xl,--- J k) — Thi1,: ,an(xl,--- , ) — zq). Then we note that

the differential of & has the form

. Iy 0
d€ o |: * _Id—d’ ]
which is clearly invertible. Here I denotes the k x k identity matrix. O

3. THE MAIN TECHNICAL LEMMA

In this section, we will show the main technical result in Lemma 3.1, which will enable
us to show our result on sufficiency, namely Theorem 4.1.

Lemma 3.1. Let U < R? be open, 0 # p = co(€) + -+ + ¢, (€)T™ € C¥(U)[T], ¢n # 0,
Vcg,c1, -+ yen) nU =@, weD'(U xR), wli<g =0, and

ol€) + er(€) S+ ca(€)

mn

2 w=o. 1
=0 (1)

Then w = 0.

Proof. We prove this inductively on the number of spatial dimensions d.

Step 1. Let d = 1. Holmgren’s uniqueness theorem (Lemma 2.2) implies that
supp(w) < {(§,t) e U x R : ¢,(§) = 0, t = 0}. If ¢, is constant (which must nec-
essarily be # 0, since ¢, was nonzero), then w = 0, and we are done.

Let ¢, be not a constant. Let w # 0. Let ({x)ren be the real zeros of ¢, in U. Then
each & is isolated in U. We have supp(w) < ey {€k} * [0, 4+00). Each of the half
lines above carries a solution of the equation ¢y(€) + ¢1 (5)%10 +oe cn(é)%w =0,
and w is a sum of these.

Let T € (0,00). Take a &, € {£1,&2,- -}, U a neighbourhood of &, not containing the
other &s, and an « € D(R) which is identically 1 in a neighbourhood of [T, T] such
that the distribution cw € D'(U x R) is nonzero. Then aw has compact support, and
by the structure theorem for distributions (e.g. [7, Theorem 2.3.5, p.47] or the result
from Subsection 2.2), it follows that there exist distributions Ty, -- ,Tx € D'(R) (‘of
the time variable’), with Tk # 0, such that aw = Ziio((a—af)kdg*) ® T},. Here d¢, is
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the Dirac delta of the spatial variable &, supported at .. From the above, it can be
shown that also w = ZkK:o((a_ag)k5£*) ® T}, in the strip U x (=T, 7).

We claim that T |70y = 0. For if not, then there is a ¢ € D(R) with support in
(=T,0) such that (T, ) # 0. Hence the sum 25:0<Tk, <p>(a—6£)k(5§* is a nonzero distri-

bution in D’(U). Otherwise, we get the contradiction that d¢,, - - -, 525) are linearly de-

pendent in D'(U). So there exists a ¢ € D(U) such that (31 (T}, go}(a—af)k5§*,1,b> # 0,
that is, {(w, ¥ ® ¢) # 0. But the support of ¥ ® ¢ is in U x (=T,0), and so we have
arrived at a contradiction to w|i<o = 0. This proves TK|(_T70) = 0.

Using 0 = >, c@(ﬁ)(g)ew we have, for (¢ — &,)% € C®(U) and ¢ € D(R), that

n K
2 %)§GD%®%@€H >

;i <(at> T, >(—1)’“ <5£*7 (a—i)k (Ce(&)(&—ﬁ*)K)>. (2)

&Mw<mm—m%=zﬁx)w £0)5)™ (£ ey €), and if k < K,

0

then for all m = 0,--- ,k, the mth derivative of (£ — &)X will be zero at ¢ = &, as
K-m>K-k>1. So (a_g) (ce(€)(€ — &) )|¢=e, = 0 for k < K. Hence the sum
over k =0,---, K in (2) collapses to one over k = K, giving

0

e
S N )

Aspe D(R) was arbitrary, (co(&x)+c1(€x) % +- +cn(£*)( 4Tk = 0. Owing to our
condition that V(cg,c1, -+ ,cn) nU = &, we know that at least one of the coefficients
co(&x), -+ yen(&x) is nonzero (we know that ¢, (&) = 0 since & was one of the roots
of ¢;). Thus we now have a solution Tk to an ODE with constant coefficients. But
then Ty is a classical smooth solution expressible as a linear combination of analytic
functions of the type t*e for some nonnegative integers k and some complex numbers
A. The zero past condition Tik|_7 = 0, furthermore implies that this analytic
function must in fact be identically zero, that is Tx = 0 in (—7,T'), a contradiction.
Hence our assumption that w is nonzero can’t be true. Consequently, w = 0. This
completes the proof of the lemma when d = 1.

Step 2. Suppose now that d > 1, and that the statement of the lemma holds for all
spatial dimensions strictly less than d. We wish to prove the induction step that then
the result holds for d-many spatial dimensions too. Let w be a solution to

mn

0
co(€) + Cl(E)atw +eet Cn(E)%

with zero past. Suppose that w is nonzero. Holmgren’s uniqueness theorem (Lemma 2.2)
implies that supp(w) < {(§,t) € U x R : ¢,(€) = 0, t = 0}. If ¢, is constant (which
must necessarily be nonzero, since ¢, is nonzero), then w = 0, a contradiction, and so
we are done.

w =0, (3)
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Suppose ¢, is not a constant. Then V(¢,) := My_qu-- UMy, where My, is the union
of k-dimensional real analytic varieties, each possessing an analytic parametrisation.

Xat\ V(f)
My
.M,
d—1
o +
Mgy X,
w I3 0
o -~ @ &vU
Mg

Suppose that &, € My, where 0 < d’ < d—1. Then there exists an open neighbourhood
Q of &, an open neighbourhood W of 0 € R, and also a homeomorphism, namely
RY x R 5 W 5 (1,0) — &(1,0) : W — Q, with 7 — £(7,0) € C¥(€2), where
Q:={reR”: (r,0) e W}, and My_,nQ={&(7,0): (7,0) € W}. Suppose that w
is nonzero in 2 x R. Then there is a large enough T > 0 such that w is nonzero on
Q x (=T,T). By the Schwartz structure theorem (§2.2), we can decompose w locally
in a neighbourhood Q x (=T, T) of (£,0) € R4 as w = Zlk\sK KTy, for some
distributions Tk on (Mg N Q) x (=T, T), such that not all Tix = 0 when |k| = K. Also,
as Wlg<o = 0, Tx|t<o = O for all k. For ad—d' tuple k = (kg 11, ,kq) of nonnegative

integers, with |k| = K, let ¢x be the smooth function given by vy := J]fd'H . dkd g
Then we have that 0¥ wk’a’:O = kg kgl 6kd’+17kd/+1 5kd K> where 0y ¢ is equal

to 1 if £ = ¢, and 0 otherwise. Using co(€) + c1(§) 2w + -+ + co(€) rw = 0, it
follows that for all ¢ € D(Q x (—T,T)), where €2 is as defined above, we have with
k= (=D)Fkg 1! kg that

> Y alEra) (%)ea};’m¢k®¢>=§<w<e<r,o»(§)%k,w>.

=0 |K/|<K

As 7 — £(7,0) € C¥(2), and each ¢; € C¥(U), their (well-defined) composition,
namely 7 — ¢;(&(7,0)) is real analytlc S As V(ep,c1,- -+ ,cn)nU = J, we obtain that
with Eg( ) = Cg(E( ,0)) {=0,---,n, and with pg := Z?:O 55(5(7-70))T£ € Cw<§~2)[T]7
we have V (¢, ¢1,--+,¢p) N R?Y = ¢, and D, Tx = 0. We also recall from the above
that Tk|;<o = 0. By the induction hypothesis, we conclude that Ty = 0. Repeating
this argument for each k satisfying |k| = K, gives Tx = 0 whenever k| = K, a
contradiction. So My n supp(w) = . As d’ such that 0 < d’ < d — 1 was arbitrary,
we conclude that supp(w) < Mj. But now we repeat the same argument above from
Step 1, when w was supported on isolated lines, to conclude that supp(w) = ¢J, that
is, w = 0. This completes the induction step. O
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4. PROOF OF SUFFICIENCY

Theorem 1.4 says V(Cx (p)) niR?=(F is necessary for N (p(r),s'(rd)) (P) ={0}. We now
show sufficiency.

Theorem 4.1. Suppose that p = ag(X) +a1(X)T +---+a,(X)T™ € C[X][T] and that
an # 0 € C[X]. If V(Cx(p)) niR? = &, then Ny pr) s1wray(p) = {0}.

Proof. Suppose that V(Cx(p)) niR? = . Let u € L(D(R),S'(R%)) be such that
ult<o = 0, Dpu = 0 and such that u # 0. Fourier transformation with respect to the
spatial variables in Dpu = 0 yields ao(i€)ad + a1(i€) 50 + - - + a,(i€)(%)"@ = 0. By
Lemma 3.1, u = 0. Taking the inverse Fourier transform gives u = 0. O

Example 4.2. Consider again the diffusion equation (% —A)u = 0, that is, Dyu = 0,
where p(X,T) = T — (X} + -++ + X2). The constant polynomial a; = 1 is nonzero,
and so V(Cx(p)) niR? = ¢#. Theorem 4.1 implies that Neoom),s/ray (p) = {0}, in
conformity with our physical intuition. <&

Modern physics rejects the diffusion equation as an accurate model of physical reality
since it is not ‘Lorentz invariant’, admitting infinite propagation speeds. This can
already be seen in the case of classical solutions to the initial value problem to the
diffusion equation, where the solution is given by a (spatial) convolution of the initial
data f with the Gaussian kernel, and so for arbitrarily small time instants ¢ > 0 and
at x = 0, even arbitrarily far away initial data has an influence, which violates the
special relativistic tenet that nothing travels faster than the speed of light. With this
in mind, we illustrate our theorem with the Lorentz-invariant Klein-Gordon equation.

Example 4.3. For m € R, consider (66722 — A +m?)u = 0, that is, D,u = 0, where
p(X,T) = T? — (X} + -+ + X%) + m?. The constant polynomial as = 1 is nonzero,
and so V(COx(p)) niR? = . Theorem 4.1 implies that Neom),s iy (p) = {0}

We remark that Proposition 1.2 also gives a sensible result here, since we have
deg(p) = deg(T? — (X? + -+ X2) + m?) = 2 = deg(T? + m?) = deg(p(0,T)), and so
Npi(ga+1)(p) = {0} and Neeo (ga+1y(p) = {0}

If 9y (n,v = 0,1,2,3) are the Minkowski metric tensor components in the Carte-
sian/inertial coordinates, then the only Lorentz-invariant scalar linear constant co-
efficient differential operator one can build has the form ZnN:o cn(n*” 0,0,)", where
[7*"] denotes the inverse of the metric matrix [7,,], and ¢, € C. Then we have that
p= 2520 en(T? — (X3 + -+ X2))", and so deg(p) = deg(p(0,7)) is always satisfied
for such Lorentz invariant partial differential operators. Thus Hérmander’s Proposi-
tion 1.2 is physically sound from the spacetime perspective of special relativity. &

5. SPATIAL PROFILE IN BESOV SPACES

Besides the space £(D(R),S'(R%)), one may consider also other natural solution spaces
with some growth restriction in the spatial directions. As an example, we consider
L(D(R), B, x(R)), where B, ;(R?), defined below, is a subspace of S'(R%). We follow
[8, §10.1]. A function k : R? — (0,0) is a temperate weight function if there exist
C, N > 0 such that for all &, n e RY, k(€ +n) < (1+C|€&|2)Vk(n), where |- |2 denotes
the Euclidean norm on R%. The set of all such functions is denoted by K. If k € K and
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1 < p < o0, then the Besov space B, is the set of all distributions u € S’ (Rd) such
that the Fourier transform 4 is a function and ||uf,r = ({z k(&)a(€)|Pd?e)Vr < 0.
When p = o, |u,x := ess.sup |k(-)u(-)|. Then B, is a Banach space with the above
norm. The scale of Sobolev spaces H S(Rd), parameterised by s € R, corresponds to
Kson := {ks : s € R} < K, where ky(€) := (1 + [€]?)*/2. The space L(D(R), B, x(R%))
is a subspace of D'(R%*1): if u € L(D(R), By x(R?)), then we define U € D'(R4*1) by
U ® )y = S]Rd ((u, <p>)(£)1/1(£)dd£ for p € D(R), ¥ € D(R?). We prove the following
result. Despite again using the Fourier transform as the main tool, akin to the proof of
Lemma 3.1, the proof is markedly simpler, thanks to the possibility of ‘evaluation’ at
€ (as for each ‘time’ test function peD(R), G(¢) is a function of the variable £eR?).

Theorem 5.1. Let p € C[X,T]. Then Npipw),B, (v () = {0} if and only if p # 0.

Proof. (‘Only if’ part:) Let p = 0. Take any nonzero ¢ € B, j, e.g. any nonzero 1 €
D(R?). Let © € C*(R) be the nonzero function with zero past as in the proof of Theo-
rem. 1.4. Define u by u(z,t) := 1(2)0(t) (v € R%, t € R). Then u € L(D(R), B, x(RY)),
ult<o = 0 and Dpu = 0. But u # 0, and so Ny(pw), 5, , &) (P) # {0}.

(‘If) Let p # 0, and u € L(D(R), B, x(R?) satisfy uli<o = 0, Dyu = 0. Let
p=ay+aT+ -+ a,T" € C[X][T], where ag,aq,--- ,a, € C[X] and a,, # 0 in
C[X]. Fourier transformation with respect to the spatial variables in D,u = 0 gives
ao(i€)t + a1(i€) 50 + -+ + an(i€)(5)"4 = 0. Let & € R? be such that a,(i€) # 0.
Then (u(p))(&) = 0 for all ¢ € D(R). Since the Lebesgue measure of the set of
zeros of the polynomial a,,(i€) is zero, it follows that for each ¢ € D(R), the function
RY 5 &€ — ((p))(€) is 0 almost everywhere, and so () = 0. But then 4 = 0 too,
and so u = 0. O

As the Hg(R?) are special instances of the spaces B, ,(R?) [8, Example 10.1.2, p.5],
and also S(R?) < B, ;(R?) [8, Thm. 10.1.7, p.7], we have:

Corollary 5.2. Let pe C[X,T] and S = L(D(R), Hs(R?)) or L(D(R), S(R?)). Then
Ng(p) = {0} if and only if p # 0.

By the Payley-Wiener-Schwartz theorem [12, Prop. 29.1, p. 307], the Fourier transform
of elements of £'(R%) can be extended to entire functions on C?. Thus the same proof,
mutatis mutandis, as of Thm. 5.1 gives:

Theorem 5.3. Let p € C[X,T]. Then Nppm)eray)(p) = {0} if and only if p # 0.

6. SPATIALLY PERIODIC DISTRIBUTIONS

In this section, we consider the space DA(R‘[“), which is, roughly speaking, the set
of all distributions on R%*! that are periodic in the spatial directions with a discrete
set A of periods. We now give the definition of D"&(Rdﬂ). For a € R%, the translation
operation S, on distributions in D'(RY) is defined by (Sa(T),¢) = (T, ¢(- + a)) for
all p € D(RY). T e D'(R?) is said to be periodic with a period a € R? if T = S,(T).
Let A := {aj,--- ,aq} be an independent set vectors in R%. We define D (R?) to be
the set of all distributions T' that satisfy S, (7)) = T, k = 1,--- ,d. From [2, §34],
T is a tempered distribution, and taking Fourier transforms, (1 — eiak'g)f = 0 for
k=1, ,d. It can be seen that T = D ved-togzd Qv (T)dy, for some scalars oy € C,
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and where A is the matrix with its rows equal to the transposes of the column vectors
ay, - ,aq: Al = [ a; -+ ag ] By the Schwartz Kernel Theorem [7, p. 128,
Thm. 5.2.1], D'(R%*1) is isomorphic as a topological space to L(D(R),D’(R%)), the
space of all continuous linear maps from D(R) to D'(R?), thought of as vector-valued
distributions. In this section, we indicate this isomorphism by putting an arrow on
top of elements of D'(R¥*1!). Thus for u € D'(RY), we set @ € L(D(R),D'(R?)) to
be the vector valued distribution defined by {@(p), ) = {u, 1 ® ) for ¢ € D(R) and
¥ € D(RY). We define D) (R¥1) = {u e D'(R¥1) : for all p € D(R), ii(yp) € D) (RY)}.
Then for u € D) (R¥*Y), -2y e D) (R¥Y) for k=1, ,d, and Zu e D) (RH1). Also,

? 6gck
for u € D) (R¥1), we define 4 € D'(R¥H1) by (4,9 ® ¢) = (ii(p), ¥, for ¢ € D(R) and
Y € D(RY). We have the following characterisation for the space of null solutions to
be trivial.

Theorem 6.1. Suppose that A={ay,--- ,aq} is a linearly independent set of vectors
in RY. Let S = D (R¥Y) and p € C[X,T]. Then Ns(p) = {0} if and only if for all
v e A7127Z, there exists a t € C such that p(iv,t) # 0.

Proof. (‘Only if’ part:) Let vo € A7'27Z? be such that for all t € C, p(ivg,t) = 0.
Then p(ive,T) = 0 € C[T']. Let © € C*(R) be any nonzero smooth function such that
O|t<g = 0. Define u := e™V°*®O. Here vq-x is the usual real Euclidean inner product
of vo,x € R%. Then u € D) (R!), as Sy u = Vo :+a) @ @ = VodkeVox @ @ = y.
We have uli<g = 0, because O|;<o = 0. Also, u € ND‘/&(Rdﬁ»l)(p)\{O} since © # 0 and
p(%v e 7%7 %)u = eivo-xp(,iv()’ %)6 = eiVO.x -0=0.

(‘If’:) Suppose that for each v e A71277Z%, there exists a t € C such that p(iv,t) # 0.
Then p(iv,T) # 0 € C[T]. So Npi(w) (p(iv,T)) = {0}. Thus for each v € VA
whenever T' € D'(R) is such that T'|;<o = 0 and satisfies p(iv, )T = 0, there holds that
T = 0. Suppose that u € DA(RdH) satisfies uli<g = 0 and p(%, . ,%, %)u = 0.
Taking Fourier transformation with respect to the spatial variables, p(i€, %)ﬁ = 0. For
each fixed ¢ € D(R), i(p) € D} (R?), and so ?(E) = Y ved-19.7d Ov 0y (T, ), for appro-
priate coefficients a (4, ¢) € C. So the support of 4 is contained in A~127Z% x [0, +0).
Thus each of the half lines in A~127Z¢ x [0, +00) carries a solution of p(i€, %)ﬁ =0,
and u is a sum of these. We show that each of these summands is zero. The map
© — ay (U, ) : D(R) — C defines a distribution 7) in D’(R). Moreover, the support
of T™) is contained in [0, +00). For a small enough neighbourhood N of v e A~127Z¢
in R%, we have 6y ® p(iv, %)T(") =0 in N x R. But our algebraic hypothesis implies
that the set Np/(g)(p(iv,T')) of null solutions is trivial, i.e. Npg)(p(iv,T)) = {0},
and so T™) = 0. As this happens with each v € A~127Z%, we conclude that 7 = 0
and hence also v = 0. Consequently, NDMRdH)(p) = {0}. O

7. OPEN QUESTION: FOR WHICH p IS THE SET OF FUTURES OF NULL SOLUTIONS
DENSE IN THE SET OF FUTURES OF ALL SOLUTIONS?

It follows from [5], that the set {ul¢=0 : u € Ngwoga+1)(p)} of futures of smooth null

solutions, is dense in the set {u|;~o : u € C*(R4"!) and Dyu = 0} of futures of all
smooth solutions, if each irreducible factor p’ of p satisfies deg(p’) # deg(p’(0,T)). In
our alternative solution spaces, one could ask a similar question, that is, if it is possible



12

to
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give a characterisation in terms of the polynomial p so that the set of futures of null

solutions is dense in the set of futures of all solutions. We leave this class of an open

qu

estions for future investigation.
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