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VERAART

L WILEY
1 | INTRODUCTION

Portfolio compression is a mechanism in which multiple offsetting contracts are replaced by
fewer contracts to reduce the gross exposure of each institution while keeping its net exposure
unchanged. Reducing gross exposure is beneficial for a wide range of reasons including comply-
ing with regulatory requirements such as the minimum leverage ratio introduced under the Basel
IIT regulation and margin requirements (Duffie, 2017). The new contracts that replace the old con-
tracts, however, lead to a new network structure of exposures between the market participants. It
is not clear, a priori, what the consequences for systemic risk are—this is what we analyze here.

The main contribution of this paper is to derive general theoretical results on the consequences
of portfolio compression for systemic risk. To the best of our knowledge, these considerations have
been absent from the literature so far. The European Securities and Markets Authority (ESMA) has
published a consultation paper in 2020, see European Securities and Market Authority (2020), on
post-trade risk reduction services (PTRR) of which portfolio compression is an important exam-
ple. They ask: “Would you agree with the description of the benefits (i.e., reduced risks) derived
from PTRR services? Are there any missing? Could PTRR services instead increase any of those
risks? Are there any other risks you see involved in using PTRR services?” Hence, there remains
uncertainty about the risks of PTRR services such as portfolio compression.

In this paper, we derive structural conditions for portfolio compression to be harmful or to
reduce systemic risk in a sense that we will formally define in Definition 3.11. First, we show
that portfolio compression cannot cause new fundamental defaults (Proposition 4.6). Hence,
any potential harmfulness of portfolio compression arises from contagion effects. Theorem 4.7
contains the main results. It establishes a relationship between systemic risk and the financial
resilience of those nodes taking part in compression, the proportion of debt that they can repay
and recovery rates in case of default. In particular, it states that as long as only nodes that would
not default in the non-compressed system conduct portfolio compression, portfolio compression
always reduce systemic risk. Furthermore, if every node that defaults in the compressed network,
can still repay at least the same proportion of its debt in the compressed network as in the non-
compressed network, then portfolio compression reduces systemic risk. Furthermore, under zero
recovery rates portfolio compression always reduces systemic risk. We derive and discuss more
fine-tuned results as well. We also show both theoretically and in numerical case studies that
there are situations under which portfolio compression can indeed be harmful.

‘We will proceed as follows. In Section 2, we introduce the theoretical model for the financial
market and formally define what we refer to as portfolio compression (Definitions 2.1 and 2.3)
building on D’Errico and Roukny (2021). We only consider portfolio compression that (potentially
repeatedly) removes one cycle from a network and also consider an optimization framework for
portfolio compression in this context. In Section 3, we explain how we measure systemic risk.
We use the framework by Veraart (2020), which generalizes the approaches by Eisenberg and
Noe (2001) and Rogers and Veraart (2013). We assess how different types of payments obligations
associated with derivative positions arise and might lead to loss cascades if a node fails to satisfy
their payment obligations. Our analysis includes variation margins becoming due building on the
models by Paddrik et al. (2020) and Ghamami et al. (2021). Section 4 contains all results on the
consequences of portfolio compression for systemic risk. Theorem 4.7 is the main result, providing
structural conditions that are necessary for portfolio compression to be harmful. We discuss these
conditions in detail, derive some additional results that contribute to our understanding of the
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consequences of portfolio compression and use them to discuss policy implications. In Section 4.6,
we illustrate the results using some example networks. Section 5 concludes.

1.1 | Policy framework and related literature

Understanding the consequences of portfolio compression for systemic risk is of fundamental
importance since it is used both in Europe under the European Market Infrastructure Regulation
on derivatives, central counterparties and trade repositories (EMIR), and in the United States
under the Dodd-Frank Wall Street Reform and Consumer Protection Act (Dodd-Frank Act).
Under EMIR, portfolio compression is one of the risk mitigation mechanisms for non-centrally
cleared OTC derivative contracts (European Union, 2012). In the United States, portfolio com-
pression is used as a risk management tool in the swap market (Commodities Futures Trading
Commission, 2012).

Portfolio compression plays an important role in today’s financial markets. It is performed by
private providers—a well-known one is the company TriOptima. It states that “OTC derivative
market participants have eliminated more than $973 trillion in notional principal through April
2017” (TriOptima, 2017). Portfolio compression is currently available for “cleared and uncleared
interest rate swaps in 28 currencies, cross currency swaps, credit default swaps (CDS), FX for-
wards, and commodity swaps,” (TriOptima, 2017). Its compression service triReduce is currently
used by over 260 institutions worldwide.

Regulatory reforms such as the Basel III minimum leverage ratio provide strong incentives
for market participants to engage in compression activities, see, for example, Duffie (2017). The
Basel III leverage ratio is defined as tier 1 capital divided by the total exposure. Since compression
reduces the exposure, compression increases the leverage ratio making it easier to satisfy the lower
bound, see also Haynes and McPhail (2021) for further discussions and Remark A.1.

The introduction of margin requirements (also for non-centrally cleared derivatives, see BCBS
IOSCO (2015, 2020)) provides incentives for market participants to engage in portfolio compres-
sion since lower total exposures are associated with both lower initial margin and also lower
variation margin requirements (Duffie, 2017). Despite margin requirements, risk of contagion in
derivative markets remains as demonstrated empirically in Paddrik et al. (2020) and Bardoscia
et al. (2019).

The literature on regulatory reforms and their consequences for systemic risk in the derivatives
markets has mainly focused on the role of central counterparties, see, for example, Duffie and Zhu
(2011); Cont and Kokholm (2014). Amini et al. (2016b) analyzed different netting mechanisms but
not in the context of portfolio compression in centrally cleared markets.

The literature on portfolio compression is still in its infancy. In particular, it mainly focuses on
the actual algorithms to perform the portfolio compression rather than the potential consequences
of portfolio compression. O’ Kane (2017) proposes and analyzes different multilateral netting algo-
rithms. He shows that an algorithm based on the L;-norm is particularly beneficial for eliminating
a high fraction of bilateral connections and for retaining the greatest common divisor of existing
positions.

D’Errico and Roukny (2021) introduce different types of portfolio compression mechanisms to
show theoretically how the size of over-the-counter markets can be reduced without affecting the
net positions of the market participants. In addition, they show empirically the large potential for
compression to reduce exposure size using a transaction-level data set for CDS derivatives. They
do not use any risk measures to study the effect of compression on systemic risk.
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Schuldenzucker et al. (2018) provide one example that shows that portfolio compression can be
harmful for the system but they do not provide any general results.

Duffie (2018) used ideas from portfolio compression in his new auction mechanism (compres-
sion auctions) that convert centrally cleared contracts on the London Interbank Offer Rate to con-
tracts on the Secured Overnight Financing Rate.

Building on the work presented here, Amini and Feinstein (2021) recently introduced an opti-
mization problem for portfolio compression that uses a systemic risk measure in the objective
function. They analyzed the related computational complexity and showed that such an opti-
mization problem is generically NP-hard.

2 | PORTFOLIO COMPRESSION
2.1 | The network of liabilities

We consider a financial network consisting of N financial institutions with indices in N =
{1,2, ..., N} representing the nodes. We denote by X;; the nominal liability of financial institu-
tion i to financial institution j and write X = (X;;) € [0, c0)M*N for the corresponding liabilities
matrix. Furthermore, we assume that X;; = 0 for alli € W/, that is, nodes do not have liabilities to
themselves. The set of edges is given by € = {(i, j) € N'* | X;; > 0}

The liabilities can arise due to entering into derivative contracts such as interest rate swaps
or CDS, see, for example, Schuldenzucker et al. (2018) 1. We assume that all these positions are
fungible. Our framework would also apply to other types of liabilities such as interbank lending.

We assume that all contracts are established at time ¢ = 0 and have the same maturity date
t =T > 0. A generalization to the situation with multiple maturities in the spirit of Kusnetsov
and Veraart (2019) would also be possible.

We denote by EEX) = E]J.Vzl X;; the total nominal liabilities of node i and write L*) € [0, co)¥

for the vector of total liabilities arising within the network. Similarly, we write Agx) = Z;\Izl Xii

for the total assets of financial institution i from within the network and write A% & [0, co)N for
the vector of these total assets. Then we refer to AX) + LX) as gross positions in the network and
ton = AX — L&) e RN as net positions in the network.

2.2 | Defining portfolio compression

Portfolio compression is a mechanisms that nets trades between two or more counterparties such
that the net positions stay the same for all nodes but the gross positions decrease for all market
participants. We only consider a method of compression that would be referred to as conservative
portfolio compression in D’Errico and Roukny (2021). Intuitively, conservative compression is a
mechanism that eliminates cycles in networks.

Figure 1 provides an example of a network consisting of four nodes in which three perform
multilateral portfolio compression by reducing their exposures along a cycle.

Definition 2.1 (Portfolio compression). Consider a liabilities matrix X € [0, co)N*N with corre-
sponding nodes A" = {1,..., N} and edges € = {(i, j)) € N | X;; > 0}.
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FIGURE 1 Example of compressing a
cycle in a network: the cycle in red with solid
lines is replaced by the cycle in blue with
dashed lines where u € (0, 2] [Color figure can
be viewed at wileyonlinelibrary.com]

1. A cycle is a sequence of distinct vertices Cyogqes = {i1,---»in} € N Withn < N with (i), i,,,) € €
forallv € {1,...,n — 1} and (i, i;) € £. We denote the corresponding set of edges by Cegges =

{(ila i2)’ e (in—l’ in)’ (in’ ll)} and write C = (Cnodes’ Cedges)-
2. Let Cyodes be a cycle and let Ceqqes be the corresponding set of edges such that

U = min X;; > 0. (1)
(Lj)ecedges Y

We then refer to C = (Chodess Cedgess # 1) a8 a conservative compression network cycle of X with
maximal capacity p™.

3. Let C = (Cpodes> Cedges, ™) be a conservative compression network cycle of X with maximal
capacity ™., For any 0 < u < u™®, we refer to the matrix X©# with

2)

XC,M — Xij —u if(Q,j) € Cedges:
ij X otherwise,

ij

as the u-compressed liabilities matrix (using cycle C). We refer to EgX)’C’” = Zj N ij’” as the
total u-compressed nominal obligations of node i (using cycle C).

Conservative compression network cycles may or may not exist for a given liability matrix.
Throughout this paper, we assume that for any liabilities matrix that we analyze, there exists at
least one conservative compression network cycle.

We show in Lemma B.1 in the Appendix that conservative compression does indeed reduce
gross positions while keeping net positions fixed. Portfolio compression reduces the size of the
balance sheet of a participating node by reducing its total assets and its total liabilities by u. The
resulting net worth, that is, the difference between total assets and total liabilities, remains the
same.

Remark 2.2 (Compression tolerances). In practice firms provide so-called compression tolerances
to the compression provider (D’Errico and Roukny, 2021). These are restrictions on the changes
that can be made to the original positions. Mathematically, they can be characterized by requiring
that any new position X lcj” that might replace the original position X;; needs to satisty

C,
aijinj‘usbijs (3)
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for some 0 < a;; < b;j, see (D’Errico and Roukny, 2021, Definition 3). For example, if a firm does
not want to change a particular position it could set a;; = b;; = X;;. In such a case, we could just
set the corresponding u™#* = 0.

Since we only consider conservative compression in this paper, we will assume that b;; = X;; for
all i, j € N. This in particular implies that no new edges can be created as part of a compression
exercise (since if X;; = 0 then under this assumption X;; = b;; = 0). It might be the case that a
node does not want to remove an edge completely but only wants to reduce the weight of an edge,
that is, this would correspond to setting a;; > 0 as lower bound for the weight of this particular
edge. It is clear from the definition of u™?* that if one sets u = u™®* in a compression exercise
then at least one edge (and possibly more) would be removed. To avoid this, one could change the
definition of u™ by setting umax = M j)eChpes (Xij — a;j) > 0. Obviously, UM < M Since
all our results will hold for all choices of u € (0, u™#*] they in particular hold for all u € (0, u™a].
Therefore, there is no need for us to explicitly add such constraints in our analysis.

These compression tolerances are not considered to be functions of any other parameters of the
network and are restrictions on the individual positions. Neither D’Errico and Roukny (2021) nor
O’ Kane (2017) indicate any global constraints when considering the actual compression mecha-
nism. We will come back to this when we discuss systemic risk in compressed networks.

2.3 | Portfolio compression as an optimization problem

Next, we consider conservative portfolio compression as an optimization problem as described
in D’Errico and Roukny (2021). Its objective is to minimize the total gross exposures of all nodes
participating in the compression exercise while satisfying some constraints.

Definition 2.3 (Conservative compression optimization problem). Let X € [0, c0)V*N be a lia-
bility matrix. We refer to the following optimization problem as the conservative compression opti-
mization problem. 1t is given by

N N
_min X, 4)
le,l,jeN;j; H
subject to
N N
Z(in_Xij):Z(Xﬁ—Xij) VieN, (5)
j=1 j=1

This is a linear programming problem and can be solved using standard methods. Since X = X
satisfies both constraints ((5) and (6)), a feasible solution to these constraints exists. Furthermore,
since the constraint set is bounded, it is clear that a solution exists.
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Constraint (5) says that the net exposures of the nodes are not allowed to change by compres-
sion. Constraint (6) ensures that the compression is indeed conservative. Since in the new net-
work, the value of any edge is between 0 and its original value, this means that this type of com-
pression can only reduce liabilities along existing edges but cannot create new edges. As pointed
out in D’Errico and Roukny (2021), the resulting network is therefore a subnetwork of the origi-
nal one.

One could replace the condition (6) by a condition representing the compression tolerance of
the market participants by, for example, requiring that

al-j Slesbl] Vl,]EN,fOIOSalJSle (7)

Setting, for example a;; = 0 and b;; = +oco0 would correspond to nonconservative compression,
see D’Errico and Roukny (2021), which would in principle allow for the underlying network to
be rewired. Therefore new trading relationships could be established, which is not possible under
conservative compression. As argued in D’Errico and Roukny (2021, Section 3.1.2), setting a;; = 0
and b;; = X;; for all i, j € N, is “arguably close to the way most compression cycles take place in
derivatives markets. The authors thank Per Sjoberg, founder and former CEO of TriOptima, for
fruitful discussion on these particular points.” We will therefore focus on this setting.

Remark 2.4 (Relationship of solution to optimization problem and compressing one cycle). As
shown in D’Errico and Roukny (2021, Proposition 7), a solution to the optimization problem in
Definition 2.3 is a directed acyclic graph, that is a graph that does not contain any cycles. In partic-
ular, one can obtain a solution by repeatedly compressing along one compression network cycle,
see D’Errico and Roukny (2021, EC.5., e-companion). As discussed there it will matter in which
order this is done, since it is possible that some edges are part of several cycles. An algorithm for
choosing the ordering is given in D’Errico and Roukny (2021, Algorithm 2, e-companion). They
always choose 4 = u™* in each compression step.

3 | MEASURING SYSTEMIC RISK

We consider different types of payment obligations that arise from the network of liabilities X and
describe how we measure the systemic risk associated with them.

3.1 | Payment obligations, margins, and liquidity buffer

We assume that all payment obligations that arise from the original liabilities matrix X can be
expressed by using a suitable function f that maps the original liabilities matrix X into payment
obligations L = fV(X).

Definition 3.1 (Payment function and payment obligation matrix). Let X € [0, 0c0)V*N be a liabil-

ities matrix. Consider a function fV : [0, 0)¥*N — [0, c0)¥*N where f"(x) = Vx forV € [0, o),
x € [0, 00)V*N, We refer to fV as payment function.
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We define a matrix L = (L;;) € [0, 00)V*N where each element L; i=f };(X ) = VX;; represents
the payments that are due from i to j, i, j € N at a given point in time. We refer to L as payment
obligation matrix. We refer to L € [0, 0)", where L; = 27:1 L;j, as the total payment obligations.

Payment obligations can in principle arise throughout the lifetime of the contract. We restrict
our analysis to only one point in time at which payments are due. In principle, our analysis could
be extended to allow for multiple points in times at which payments are due.

If we set V = 1 in the definition of fV, then L = X and hence the payments due are the original
liabilities.” In practice, this does not need to be the case. Payment obligations can for example
arise from variation margins becoming due (BCBS IOSCO, 2015; Paddrik et al., 2020). One distin-
guishes between variation and initial margins. Variation margins reflect current exposures and
are settled regularly, initial margins reflect potential future exposures and are usually required
at the outset of a derivatives transaction. By choosing an appropriate payment function f", our
payment obligation matrix can represent variation margins that are due on a given day.

Consider, for example, a situation in which the original network X represents CDS contracts.
In particular, X;; represents the amount of protection sold from i to j in case of a credit event
occurring to the underlying reference entity over a given time period. If there is shock to this ref-
erence entity that increases its probability of default, for example, variation margins will be due
from the seller of the CDS protection to the buyer of the protection since the value of the CDS
contracts becomes more valuable to the protection buyer and increases the liabilities of the pro-
tection seller. This change is reflected in the variation margin that is then due from the protection
seller to the protection buyer, see Paddrik et al. (2020) who discussed such a situation in detail.
As in their model, we will also allow for the existence of initial margins.

Definition 3.2 (Initial margins). Let X be a liabilities matrix and letJ € [0, c0). The initial margin
that node i sets aside to protect its liabilities to node j is given by JX;;, where i, j € N

Setting J = 0, would imply that there are no initial margins available, and for J > 0 initial mar-
gins are available, which are proportional to the notional size of the contract. This proportionality
assumption is referred to as the standard schedule and was introduced in BCBS IOSCO (2015).
There have been alternative proposals since then, see, for example, Cont (2018) who highlighted
that the standard schedule typically overestimates margin requirements. For tractability purposes,
we will still consider the proportional case.’

To complete our modeling framework, we assume that at the time when payment obligations
become due each node is equipped with external assets, that is, assets from outside the network,
only a part of which, the liquidity buffer, is available to satisfy any payment obligations.

Definition 3.3 (External assets and liquidity buffer). We denote by A & [0, o)V the vector of
external assets and by b € [0, A®] the liquidity buffer.

We analyze how portfolio compression affects payment obligations and liquidity buffers.
Definition 3.4 (Payment obligations, initial margins, liquidity buffer under compression). Let

X be a liabilities matrix for which there exists a conservative compression network cycle C =
(Crodess Cedges) Of X with maximal capacity u™**. Let 0 < u < u™ and let XCH be the u-



VERAART

Wi LEYJ—9

compressed liabilities matrix. Let L = fV(X) = VX be the payment obligation matrix, where
V € [0, ).

1. We refer to the matrix LE* with

(8)

Licj# _ fg;(XC’M) _ {VXij —Vu it (0, J) € Ceqgess _ {Lij —Vu if (@0, ) € Ceqgess

VXij otherwise, Lij otherwise,

as the u-compressed payment obligation matrix (using cycle C). We refer to I'Lic’“ =
Zj env S l.‘;(X Chy=v Z}. N Xicj’“ as the total p-compressed payment obligations of node i € N
(using cycle C).

2. The u-compressed initial margins are given by JX¢*, where

C.u JXU —J,u lf(ly]) € Cedges’
JX" = ; o
ij { JXij otherwise. ®

3. The u-compressed liquidity buffer b“*7 € [0, )N, where y € [0, 1], is given by
C.uy b +yJu ifi € Cpodess

b, = . 10
L { bi’ ifi e J\f \ Cnodes- ( )

Hence, we see that portfolio compression reduces the payment obligations, and therefore vari-
ation margins, since the payment function f" is nondecreasing. Furthermore, portfolio compres-
sion also reduces the initial margins. Therefore there are strong incentives for market participants
to engage in portfolio compression. This is particularly relevant for initial margins, which can
never be netted.

Regarding the liquidity buffer we allow for different effects of compression. If y = 0, then the
liquidity buffer is not affected by portfolio compression, which can be interpreted as the corre-
sponding assets that are no longer tied up in initial margins are considered as illiquid assets. If
y = 1, then we assume that the liquidity buffer of those nodes taking part in portfolio compression
increases by exactly the amount that is no longer required as initial margins since the position was
reduced. For y € (0, 1), we have some increase of the liquidity buffer for those nodes taking part
in portfolio compression but this is less than the corresponding reduction in initial margins. In
particular, the u-compressed liquidity buffer is monotonically nondecreasing in y.

We now formally define a payment system in which we will analyze systemic risk.*

Definition 3.5 (Payment system). Let X be a liabilities matrix for which there exists a conserva-
tive compression network cycle C = (Chodess Cedges) 0f X with maximal capacity u™*. Let 0 < u <
u™3 and let X be the u-compressed liabilities matrix. Let V € [0,0) and let L = fV(X) = VX
be the corresponding payment obligation matrix and b the liquidity buffer. We will refer to (L, b)
as payment system and to (L, b©#7) as u-compressed payment system, where L and b&*7 are
defined in Equations (8) and (10), respectively, and u € [0, u™#*].
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3.2 | Clearing the payment obligations

To measure systemic risk, we consider a suitable extension of the Eisenberg and Noe (2001) frame-
work for clearing payments in financial networks. In particular, we incorporate ideas developed
by Paddrik et al. (2020) and Ghamami et al. (2021) for clearing with collateral (i.e., initial margins)
into the the framework developed by Veraart (2020) to measure systemic risk.

In the following, we define the notion of equity revaluation, which is a slightly modified version
of Veraart (2020, Definition 2.4), which is related to the approach developed in Barucca et al.
(2020).

Definition 3.6 (Re-evaluated equity). Consider a payment system (L, b) and let (L, b“*7) be
the corresponding u-compressed payment system where u € (0, u™#].

1. Avaluation function is a function V : R — [0, 1], given by

_ 1, ify>1+k,

where k > 0andr : (—o0,1 + k) — [0,1] is a nondecreasing and right-continuous function.
2. Consider a valuation function V. We define a function ® = ®(-;V) : ¢ - G where

Ej+Lj\
®,(E) = ®,(E;V) = b+2Lﬂ\/< - >—L,-, (12)

JEM J

M={ieN|L>0,G=[b-Lb+A-L, A =% Ly L=Y LjVi€N. The re

evaluated equity in the non-compressed network is a Vector E € G satisfying
E = ®(E). 13)

3. Consider a valuation function V. We define a function ®#? = &(-;V) : ¢¢ — ¢ where

E; I
OET(E) = B M (B V) = b+ ) LY - |- I, (14)
jeMC Lj,

. 7C, 7 T C, C
C={ie N|L* >0} € =[bOHrr —LOK bOrY 4 AC—LOH], Af = ZJ Lt L =

le\]zl Ll.cj’“ Vi € N. The re-evaluated equity in the compressed network is a vector E € G© sat-
isfying

E = @“H7(E). (15)
Since r is nondecreasing and right-continuous, V is also nondecreasing and right-continuous.

Therefore, Veraart (2020, Theorem 2.5) guarantees the existence of the re-evaluated equities in
Equations (13) and (15) as fixed points of ® and ®“*7, respectively.
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Similar to Veraart (2020), for a given node i € N, the function ®; models the difference between

. Ei+L;
the liquid assets b; + ZJ.GM L V( jL,- .

consist of the liquidity buffer b; and the payments received from the other financial institutions

. Ei+L;
given by Z}.eM L V( jij J
the full amount of payment obligations is paid by j to i, which reduces the liquid assets that i has.
The interpretation for the terms appearing in ®“#7 is the same as for ® with the only exceptions
that the compressed network is considered.

IfL = X and A® = b, then the positive part of the re-evaluated equity would correspond to the
equity of the node, as in Eisenberg and Noe (2001).

In this re-evaluation approach, all payment obligations are treated equally. In particular, no net-
ting takes place prior to clearing. Any type of netting (such as bilateral netting, compression, etc.)
would effectively introduce a seniority structure, where liabilities that are netted have implicitly
a higher seniority than those that are not netted, see Elsinger (2009) for a clearing approach with
different seniorities of debt.

As described earlier, we refer to a tuple (L, b) as a payment system, where L is a payment obli-
gation matrix and b is a vector of liquidity buffers. If we use such a system to make any statements
about its associated systemic risk based on a valuation function V, we write (L, b; V) and also refer
to it as a payment system.

We consider special choices of valuation functions next to give some intuition on what they
can represent. All results we derive, however, will hold for general valuation functions defined in
Equation (11).

) and the total payment obligations L;. The liquid assets

). If the function value of V is strictly less than 1, this implies that not

Remark 3.7 (Special choices for V from the literature).
1. The Eisenberg and Noe (2001) model can be recovered® by setting k = 0 and
VEN(y) = min{1, y*}. (16)

2. The special case of the model by Rogers and Veraart (2013) with bankruptcy costs parameters
a = f € [0,1] can be recovered by setting k = 0 and

1 ify>1,
VRV(y) = { oyt ifi -y (17)

3. In Veraart (2020)and Glasserman and Young (2015), it was argued that contagion can be trig-
gered prior to the point where the equity of an institution is zero and it was proposed to consider

4. The zero recovery rate valuation function is defined by
VZI0(y) = lgy>14k), where k > 0. (18)

All special choices of valuation functions mentioned so far do not account for initial margins.
In the following, we define valuation functions that incorporate initial margins.
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First, we consider a valuation function that extends the zero recovery rate valuation function
to a situation with initial margins, by setting

V2 () = Iy s g + Ty <141y Where k > 0,7 € [0,1]. (19)

Hence, this function captures the effects that a proportion J € [0, 1] of the position will always
be guaranteed by initial margins. Note that V270 = V¢, Throughout this paper, we will also
refer to VZ¢1%%/ as zero recovery rate valuation function even though the function returns J and not
necessarily 0 in the case of default. The reason for this is that the parameter J captures the effect
that some payments are guaranteed because initial margins were posted and not because they
were recovered from any payments from other nodes in the system.

Second, we consider the situation where we can have both initial margins and non-negative
recovery rates. To do so, we generalize the definition of VRV to include initial margins.

Definition 3.8 (Valuation function accounting for initial margins). LetJ € [0, 00) and 8 € [0, 1].
We define the initial margin valuation function by VInitialMargin - @ _, 10, 1], where Vy € R

1, ify>1,

min{l,J + By*}, ify<1. (20)

\/InitialMargin(y) — {

One can easily check that VmitialMargin jq 5 yaluation function. If we set the bankruptcy costs
parameter to 8 = 0 in VitalMargin “then this captures exactly the situation of zero recovery rates
and VnitialMargin — yzeroif for k = 0, Using Veraart (2020, Theorem 2.11), we conclude that higher
values of initial margins lead to a better outcome for the system in the following sense: let 0 <
J1 £ J, be two possible parameters for J in Equation (20), then the greatest re-evaluated equity
corresponding to parameter J, would be greater or equal than the greatest re-evaluated equity
corresponding to J;. In particular, a system with initial margins has better outcomes than a system
without initial margins.

The choice of VIMitialMargin jg motivated by the approaches developed in Paddrik et al. (2020)
and Ghamami et al. (2021) for clearing in collateralised networks. We are essentially using these
ideas but rewrite them to fit a slightly different mathematical framework that is more tractable
for the purpose of our analysis. The first difference between Paddrik et al. (2020) and Ghamami
et al. (2021) and our formulation here is that we express the clearing problem in terms of the re-
evaluated equity, that is, within the framework of Veraart (2020), and not in terms of the clearing
payments, since this makes the analysis in the compression context more tractable.® The sec-
ond difference is that we include bankruptcy costs modeled in terms of the parameter § € [0, 1],
whereas the other approaches mainly focuson § = 0 and § = 1.

We provide some intuition for the choice of VIMitialMargin pext If we set J = 0, VInitialMargin
Ei+L;

reduces to VRV, We therefore consider for now. Let E* be a fixed point of ®. Suppose y = ’L— <1

)
fora j € N. Then, the payment that node j makes to node i is given by

(B4 i Er+Lp\"
Lﬁ\/lnmalMargln 5 = min Lj;,JLj; + B Lj; 5 =: (%). (21)
J J
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Now ifJ < 1, then (x) > JL ji implying that node j will always at least pay the amount correspond-
ET+L;
Jj J

ing to the initial margin to i but possibly even more if 8L ;( )* > 0. Under no circumstances

L;
can i receive more than Lj; from j. If J > 1, then the initial malj‘gins guarantee full payment of Lj;.
Note that initial margins are only available in the case of default. Recall that JX j; is the initial
margin that j posted to protect its liabilities to i. But node i cannot use JX ;; to make any payments
if j does not default. If node j does default, however, then i can seize (parts of) the initial margin
JX ;. This effect is captured by the parameter J appearing in the default branch of the valuation
function VnitalMargin 1f we set J = J/V in VInitialMargin (agquming that V > 0 otherwise there are
no payment obligations), then JL ji = Jvx ji = JXj; is exactly the payment obligation from j to i
that is guaranteed by the initial margins.

3.3 | Definition of default, reduction of systemic risk, and harmfulness
of portfolio compression

In the following, we will compute the greatest re-evaluated equity both in the original network
and in the compressed network, that is, we will always consider the greatest fixed point of ® and
®C#7 in Equations (13) and (15), respectively. They correspond to the best possible outcome for the
economy. Based on these quantities, we can then infer which nodes are in default in the network
with compression and in the network without compression. Hence, we take an ex post point of
view. We ask what would happen if no compression takes place and we then evaluate the network
atapointin time when payments are due. Then we consider the case where compression has taken
place and we then evaluate the network when payments are due and compare the outcome to the
situation without compression. We summarize the mathematical setting as follows.

Assumption 3.9 (Market setting).

* Let X be a liabilities matrix for which there exists a conservative compression network cycle
C = (Chodess Cedgess # ) with maximal capacity u™* > 0.

* Let V be a valuation function and k > 0.

* Let (L, b; V) be the corresponding payment system with total payment obligations L.

* Let0 < u < u™, Let L“* be the u-compressed payment obligation matrix. Let L be the total
u-compressed payment obligations.

* Let E* be the greatest re-evaluated equity in the non-compressed network.

* Let ECH7* be the greatest re-evaluated equity in the compressed network with y € [0,1].

We can now define what it means for an institution to be in default.

Definition 3.10 (Definition of default). Consider the market setting of Assumption 3.9. Then,
the set of defaulting financial institutions in the non-compressed system is

D(L,b;V) ={ie N | E’ <kLj} (22)
and the set of defaulting financial institutions in the compressed system is

D(LC,,“, bca#,y;\/) = {l (S N | El.C"u;y;* < kElC’M} (23)
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The deﬁnltlon above defines default (in the non-compressed system) as the point when the
quantity (——— ’ ) < 1+ k. For k = 0, this is equivalent to saying that the available liquid assets are

J
strictly smaller than the payment obligations, which is equivalent to E;k < 0. This is the situation

we have in mind when considering variation margin payments, that is, for V = initialMargin ¢ iy
Paddrik et al. (2020) and Ghamami et al. (2021).

If k > 0, then the default condition is equivalent to saying that the available liquid assets
are strictly less than the required payment obligations plus an additionally required buffer. In
Remark A.1, we show that to be able to account for certain capital requirements, it is sometimes
beneficial to allow for an earlier start point of default that is, k > 0.

Recall that the payments from j toiare L; \/( ’ ) If j is in default, then we are in the default

branch of the valuation function’, that is, V(y) = r(y) and this value can be strictly less than 1
implying that payment obligations from j to i are no longer satisfied completely. In the case of
initial margins, that is, if V = \/I“‘t‘dlM‘”g‘“ then it is possible (but this will depend on the magni-

tude of the initial margins) that L;;V(-~— ’ ) = Lj; even though j defaults.
J

We are now in a position to formally define what we mean by saying that a particular com-
pression reduces systemic risk or is harmful. We do this by comparing the defaults in the non-
compressed network to the defaults in the compressed network (see Definition 3.10).

Definition 3.11 ((Strong) reduction of systemic risk and harmfulness). Consider the market
setting of Assumption 3.9. We say that the compression network cycle C reduces systemic risk if
D(LEH, b7 ; V) € D(L, b; V). We say that the compression network cycle C strongly reduces sys-
temic risk if D(LS#, bS#7; V) ¢ D(L, b; V). We say that the compression network cycle C is harm-
ful if D(LEH, bCH7; V) \ D(L, b; V) # @.

Based on this definition, we say that compression reduces systemic risk if every node that
defaults in the compressed network also defaults in the non-compressed network. In the same
spirit, we classify compression as harmful if there exists at least one node in the network that
defaults in the compressed network that does not default in the non-compressed network.

These definitions can be interpreted in a Pareto sense as follows. Our notion of portfolio com-
pression to strongly reduce systemic risk can be interpreted as a Pareto improvement: if portfolio
compression strongly reduces systemic risk, this means that at least one institution is strictly bet-
ter off under compression (since it no longer defaults) than without compression. At the same
time, no other institution is harmed, since there are no new defaults caused by compression.

The same spirit applies to our definition of harmfulness. In particular, we do not allow for a
trade-off between some institutions being better off and some being worse off (measured in terms
of defaults). As soon as there exist one node that is worse off by compression in the sense that
it defaults only in the compressed but not in the non-compressed network, then we say that this
compression is harmful.

We use the set of defaulting institutions to characterize systemic risk here. The advantage of this
measure is that it allows for a direct comparison between a compressed and a non-compressed
system. Since portfolio compression reduces the gross positions, we need a normalized measure
for comparing outcomes in a compressed and a non-compressed financial network and cannot
just consider, for example, losses directly. We will later see that the proportion of debt that a node
repays either in the non-compressed or in the compressed network, plays an important role when
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characterizing potential harmfulness of portfolio compression. These repayment proportions are
therefore another normalized quantity that we consider in this context.

4 | CONSEQUENCES OF PORTFOLIO COMPRESSION FOR
SYSTEMIC RISK

We now analyze the consequences of portfolio compression for systemic risk. One might think
that portfolio compression reduces systemic risk since it reduces gross exposures while not chang-
ing the net exposures. Indeed we will show that in many realistic scenarios portfolio compression
reduces or even strongly reduces systemic risk.

There are circumstances, however, in which compression can be harmful. Portfolio optimiza-
tion is an optimization problem that aims to reduce gross exposures subject to some constraints
such as keeping net exposures unchanged (O’ Kane, 2017; D’Errico and Roukny, 2021). As long as
these constraints do not explicitly account for systemic risk, there is no reason why a solution to
such an optimization problem should automatically reduce systemic risk.

4.1 | Who can be affected by portfolio compression?

We identify those nodes that can in principle be affected by portfolio compression by defining a
compression risk orbit®.

Definition 4.1 (Compression risk orbit). Consider the market setting of Assumption 3.9. The
compression risk orbit of C is

O = Cpodes ULj € N | 3i € Choqes and 3 a directed path from i to j in G}, (24)
where G is the graph with nodes N and edges € = {(i, j) € N'* | L;; > 0}.

The compression risk orbit contains all nodes on the compression network cycle and all nodes
that can be reached from nodes on the compression network cycle; compression could in prin-
ciple affect their outcome (both positively or negatively). All nodes in N\ @ cannot be affected
(positively or negatively) by compression, that is, the greatest re-evaluated equity with or without

compression coincides for those nodes.

Proposition 4.2. Consider the market seiting of Assumption 3.9. Then, E| = El.c’” T Yie N\ 6,
where O is given in Equation (24).

The proof of this proposition and proofs of all following results are provided in Appendix B.

4.2 | Fundamental versus contagious defaults

We will distinguish between two types of default: fundamental default and contagious default.
Fundamental defaults are defaults that occur even if all nodes pay their payment obligations in
full.” Contagious defaults are all defaults that are not fundamental defaults. In order to formally



VERAART

“ | WILEY

define these two types of default, we consider the difference between nominal liquid assets and
total payment obligations and refer to it as initial equity (even though the assets and liabilities
considered here might not reflect the full balance sheet).

Definition 4.3 (Initial equity). Consider the market setting of Assumption 3.9. For all i € N
define the initial equity in the non-compressed and in the compressed network (for parameter

y=0y €[0,1]) by

©) _ i COxy _ | Cry Cu_gc
E” =b+ Y L;—L, E;OT =p M 4 Y L - LY (25)

1

JEN JEN

Hence, the initial equity corresponds to the best possible situation, namely all nodes repaying
their payment obligations in full. Recall, that for y = 0, it holds that bic’” 7 =b.

Definition 4.4 (Fundamental and contagious defaults). Consider the market setting of Assump-
tion 3.9. Let E@and E€©% be the initial equity defined in Equation (25). We refer to F = {i €
N | El.(o) < kL;} and D(L,b; V) \ F as the fundamental defaults and contagious defaults in the

non-compressed network, respectively. Similarly, we refer to F€ = {i € N | E€©7 < k]lic’” }and
D(LE#,bS#7;V) \ FC as the fundamental defaults and contagious defaults in the compressed
network (where y € [0, 1]), respectively.

We will show in Lemma B.4 that F C D(L, b;V) and F€ C D(LE#, bC#7; V). We show how
portfolio compression affects fundamental defaults using properties of the initial equity.

Lemma 4.5. Consider the market setting of Assumption 3.9. The initial equities Ei(o), Eic(o);y’ ieWN,
are as in Equation (25). Then, El.(o) = gCO0 o Eic(o);y Vi e N,Vy € [0,1].

L
Proposition 4.6 (Fundamental defaults and compression). Consider the market setting of
Assumption 3.9. Then, F€ C F.IfF \ FC # @, thenkV +yJ > 0and F \ F€ C Cpodes-

Hence, this proposition shows, that compression can only improve fundamental defaults, in
the sense that every node that is in fundamental default in the compressed network is also in fun-
damental default in the non-compressed network. Furthermore, it states that any strict shrinkage
of the set of fundamental defaults under compression, is due to the fact that portfolio compression
has avoided some fundamental defaults among nodes that took part in compression, that is, are
in Cpoqes- For this to happen, some parameter constraints are required. They capture two types of
effects: first, portfolio compression can increase the available liquidity buffer. In particular, if we
set y > 0 and assume positive initial margins by setting J > 0, then yJ > 0 and nodes on the u-
compression network cycle then have a strictly larger liquidity buffer for x4 > 0in the compressed
than in the non-compressed network, which can potentially avoid fundamental defaults. Second,
portfolio compression could move a node further away from the default boundary if k > 0, in
which case portfolio compression could also potentially avoid a fundamental default.

For compression to be harmful, we need at least one firm that defaults in the compressed net-
work that does not default in the non-compressed network. Since according to Proposition 4.6,
portfolio compression cannot cause any fundamental defaults, such an additional default would
have to be a contagious default.
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4.3 | Structural conditions for the consequences of portfolio
compression

The following theorem contains the main theoretical results of this paper. It identifies three key
structural conditions that are necessary for portfolio compression to be harmful.

Theorem 4.7 (Necessary conditions for compression to be harmful). Consider the market setting
of Assumption 3.9. Suppose that compressing cycle C is harmful. Then,

D(L’ b; \/) N Cnodes #* ﬂ; (26)

2. there exists ani € D(LS#, b7 ;V) N Coges SUch that

ECHT* 4 [OF B+,
V[ — | <V = ; 27
LoF L;
L

3. thevaluation function satisfies

V £ eerod (28)

In the following, we discuss the three structural conditions (26)-(28) in more detail.

431 | Defaults on the compression network cycle in the non-compressed
network

Condition (26) tells us, that for portfolio compression to be potentially harmful, one needs at least
one default on the compression network cycle in the non-compressed network. Compressing such
acycle can be harmful. The following proposition is used to prove part 1. of Theorem 4.7 and iden-
tifies the relationship between the re-evaluated equity in the compressed and non-compressed
network.

Proposition 4.8. Consider the market setting of Assumption 3.9 and let D(L, b; V) N Cpoges = 9.
Then, Ef = E{ " < EC*7*  vi € N and D(LEH, bOH7;V) € D(LEH, bORO;V) = DL, b; V).

Hence, compression can only increase the re-evaluated equity if there are no defaults on the
compression network cycle in the non-compressed system. Under this assumption, if additionally
y = 0, implying that compression does not increase the liquidity buffer, then the re-evaluated
equities with and without compression coincide. In both cases, systemic risk is reduced.

We do an ex post analysis here. In practice, firms would conduct portfolio compression prior
to payment obligations becoming due. Hence, at the time compression is done, Equation (26) is a
condition on the future state of the network. In this spirit, we conclude that if the probability that
condition (26) is satisfied in the future is low, meaning that it is unlikely for firms who took part in
compression to default in the future, then it is likely that this compression reduces systemic risk.
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4.3.2 | Repayment proportions

The condition (27) in Theorem 26, is a statement about repayment proportions of nodes on the

compression network cycle that default in the compressed network. The total payments that node
i makes to the other nodes in the non-compressed network are

E + L E + L\ _
> LV =v[ —— L., (29)
jemM i Li

and hence it repays the proportion \/(—)L /L; = \/( Eith ) of its total payment obligations if no

compression is used. Similarly, the repayment proportlon of node i in the compressed network

P

is \/(;). Condition (27), therefore, says that there exists a node i € C,,qes that repays

a smaller proportion of its total payment obligations in the compressed network compared to

the non-compressed network. Any node i € J\f satisfying Equation (27) is in D(LE#, bGHT; V),
ECM* LC"‘ Copiys  pCm
since from Equation (27), V(-— C: )< \/( 5 ) <1 and hence T‘ < 1+ k by Equa-

l i

tion (11).

Hence condition (27) says, that for portfolio compression to be potentially harmful, one needs
at least one node on the compression network cycle that repays a strictly smaller proportion of its
total payment obligations in the compressed network than in the non-compressed network.

Considersuch ani € D(LE#, bS#7; V) N Cpoqes Satisfying Equation (27). Since i repays a smaller
proportion of its debt after compression, it can transmit larger losses to other nodes in the network.

B+ .
The payment that node i makes to any node j € N without compression is L; j\/(%) and with

C, Uy
compression it is L, Cot \/(E‘L—JFL) Then, for all j € M with L Gl s 0, it holds that L;; > 0 and

i

» DA PR AT Ef+1
! Lo+ Lo L
1 1

Hence, node j receives less from i in the compressed network than in the non-compressed net-
work.

Therefore, as long as all nodes on the compression network cycle repay a greater or equal pro-
portion of their debt in the compressed network compared to the non-compressed network (as
stated in Equation (31)), then compression reduces systemic risk. We formulate several related
results, which are of interest for interpreting the results.

hence

Proposition 4.9. Consider the market setting of Assumption 3.9. Suppose that at least one of the
following three conditions is satisfied:

E{HI 4 LH E+LY\ .
V —EC’” >V 2 Vi € Chodes; (31)
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2.
PR e
V[ ——L ) =1 Vie Cuges; (32)
=C.u
Li
3.
D(LH, bEH7 V) N Croges = 9. (33)

Then, E < Eic”“”y;* foralli € N and D(LS#, bSH7; V) C D(L, b; V).

Note that condition (33) implies condition (32), which implies condition (31).

Condition (33) says that for compression to be potentially harmful, one needs to have a default
on the compression network cycle not just in the non-compressed network (condition (26)) but
also in the compressed network. Hence, there cannot be a situation in which financial institutions
engage in conservative compression such that none of them defaults in the compressed network
but a financial institution outside the compression network cycle is worse off (in the sense that
it defaults only in the compressed network). Hence, if compression is harmful for a node out-
side the compression network cycle, then there must exist a defaulting node on the compression
network cycle.

Now consider the situation where at least one node on the compression network cycle defaults
in the compressed network. Then condition (32) implies that as long as all nodes on the compres-
sion network cycle repay their debt in full—this could happen due to sufficient initial margins—
then compression cannot be harmful.

A direct consequence of Proposition 4.9 is that if we consider the valuation function V!nitialMargin
withJ > 1 (which reduces to VIMitialMargin(yy — 1y e R forJ > 1) or any other constant valuation
function, then compression reduces systemic risk.

Corollary 4.10. Consider the market setting of Assumption 3.9. Consider a valuation function
V(y) = A, Vy € R, for some A € [0,1]. Then, E; < Eic’“’y’* foralli € N and D(LE#, bSH7;V) C
D(L,b;V).

Next we provide an intuitive explanation how portfolio compression can change the distribu-
tion of losses in the network. In several approaches in the literature such as Eisenberg and Noe
(2001), Rogers and Veraart (2013), and Veraart (2020), the valuation function V is a capped piece-
wise linear function. Also, our newly introduced function VPitiaMargin fa]ig in this class. A key idea
of the Eisenberg and Noe (2001) clearing approach (which also applies to more general capped
piecewise linear functions) is that all defaulting nodes repay their debt according to the propor-
tions according to which their nominal payment obligations are distributed. These proportions
are specified in terms of a relative liabilities matrix.
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Proposition 4.11. Consider the market setting of Assumption 3.9. Consider the relative payment
obligation matrices I1, [IS* € RN*N where

Ll] T C
2L ifL > 0, 2L fLoM >0,

IL;; = { L" .f-l lCJ# = 5" d (34)
0, ifL;=0, 0. L =0

For i € Cyoge5, we denote by suc(i) (successor) the node in Cyoqe that satisfies (i, suc(i)) € Cegges-
Then, for alli € Cpoges

C.u
Hisuc(i) < Hisuc(i)9 (35)
nf]:“ >T; Vje N\ {suc) (36)

and foralli € N'\ Cpoges and forall j € N'Hl.cj’“ =1II;;.

We see that for nodes that are not on the compression network cycle, the proportions according
to which they distribute their payments to the other nodes in the system do not change. For the
nodes on the compression network cycle, these proportions do change: smaller (or equal) pro-
portions are paid to the immediate successor of a node on the compression network cycle. To all
other nodes, larger (or equal) proportions are used to allocate the payments.

Note that if proportions increase, this can also imply that a larger proportion of losses hits
neighboring nodes and this is where the danger is coming from. As long as there are no defaults on
the compression network cycle, the fact that the proportions change for nodes on the compression
network cycle is irrelevant because they still satisfy the required payment obligations. As soon as
that is no longer the case, and the proportions determine how losses are spread, the change in
these proportions starts to matter.

4.3.3 | Recovery rates

According to part 3. of Theorem 4.7 one needs nonzero recovery rates for portfolio compression
to be potentially harmful.

Proposition 4.12. Consider the market setting of Assumption 3.9 and assume that V = V< o
Then, E < El.c’“’y’* oralli € N and D(LEH, bCH7; V2erody € D(L, b; Vo).

Hence, under zero recovery rates portfolio compression leads to a greater re-evaluated equity. In
practice, the recovery rates will depend on the time-horizon considered. Assuming a zero recovery
rate is reasonable when considering short-term consequences of default, see, for example, Amini
et al. (2016a) and the references therein for a discussion. For mid- to long-term consequences of
default, it is important to consider models that allow for positive recovery rates.
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If recovery rates are positive, we can have a worse default of a node on the compression cycle
meaning that it defaults both in the non-compressed and in the compressed network but it repays
a strictly smaller proportion of its debt in the compressed network (satisfying Equation (27)). If
recovery rates are zero, we cannot have such a worse default.

4.4 | Compressing multiple cycles

All results so far (Theorem 4.7, Propositions 4.8, 4.9, Proposition 4.12) are statements about com-
pressing a single cycle. In practice, multiple cycles would/could be compressed. The results, nev-
ertheless, carry over to the multiple cycle case in the following sense. Suppose there are multi-
ple cycles Cy, ..., Cp, such that conservative compression could be carried out along those cycles
sequentially starting from C; and finishing at C,,. This in particular implies that C;, i € {1, ..., m}
is still a possible compression network cycle after the cycles C;, j = 1,...,i — 1 have been com-
pressed. If V = vzerod | then we know from Proposition 4.12 that compressing one cycle after the
other cannot be harmful. Suppose now that V # vzerod Then according to Theorem 4.7 (parts 1.
and 2.), we need to check properties of the nodes on the compression cycle. Suppose that at least
one of the conditions in parts 1. and 2. is not satisfied for compression cycle C;, then compressing
this cycle cannot be harmful. Next one would need to check the conditions for the nodes on the
compression network cycle C, after C; has been compressed. Again, if at least one of the condi-
tions in parts 1. and 2. is not satisfied, then compressing C, cannot be harmful and so forth. This
can be formalized as follows.

Proposition 4.13 (Compressing multiple cycles). Let X be a liabilities matrix. Suppose there exist
m € N compression network cycles cW, ..., c™ such that conservative compression can be carried
out along those cycles sequentially starting from C, and finishing at C,,,. This in particular implies
thatcW,i e {1, ..., m}isstill a possible compression network cycle after the cycles ch, j=1,..,i—-1
have been compressed. We assume that each compression network cycle i € {1, ..., m} is compressed
by a quantity w; € (0, u"**] where w* is the maximal compression capacity on cycle i after the

cyclesCl,...,C =1 have been compressed. Let CZ(I)I dos = C,(;))des u..u C’(ﬁges. Let (L, b; V) denote the cor-
responding payment system (without compression) and denote by E* the greatest re-evaluated equity
in the non-compressed system. We denote by ECHC% the greatest re-evaluated equity that corre-

sponds to the payment system in which the cycles C L., Chiefl,.., m} have been compressed. The

— 1
total payment obligation of node i in this system is denoted by LiC """ < Suppose at least one of the
following three conditions is satisfied:

D(L,b;V)nc =g, (37)

nodes
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EC* 41 E+L\
i
Vn € {2, ..., m} it holds that (38)
Ec(l) ,,,, ) 4 =cD  c cD, . ch=Dy =c  ch-1
i i i i . (n)
v I_,C(l) ’’’’’ cn) 2 v Lc(l) ,,,,, cn-1) Vie Cnodes'
i i

3.V = veerod,

Then, compressing sequentially c®, ....c™ reduces systemic risk.

By combining the results from Proposition 4.13 above with the results derived in D’Errico and
Roukny (2021, EC.5., e-companion) for the characterization of X, we immediately obtain the
following corollary (of which statement 1 can be found in D’Errico and Roukny (2021, EC.5.,
e-companion).

Corollary 4.14 (Compression as optimization problem). Let X be a liabilities matrix and let X be a
solution to the conservative compression optimization problem defined in Definition 2.3. Let (L, b; V)
and (L, b; V) be the payment systems corresponding to X and X, respectively.

1. There exists a finite sequence of conservative compression network cycles CV, ..., "™, m e N,
such that conservative compression can be carried out along those cycles sequentially starting from
C, and finishing at C,,, such that X is obtained by sequentially compressing C, ..., C'™ starting
from the liabilities matrix X.

2. Consider the m conservative compression network cycles from part 1. of this Corollary in Proposi-
tion 4.13. If at least one of the three conditions in Proposition 4.13 is satisfied, then the systemic risk
in the payment system (L, b; V) is reduced compared to the systemic risk in the payment system
(L, b; V).

3. Part 2. of this Corollary remains valid if condition (6) in the Definition 2.3 of X is replaced by
a;j <X;; <X;; Vi,j € N,wherea;; € [0,X;;]Vi,jeN.

4.5 | Policy implications

We have provided necessary conditions for portfolio compression to be harmful. Since we have
shown that portfolio compression cannot cause fundamental defaults, these are necessary con-
ditions for portfolio compression to cause contagious defaults. This implies that policy measures
that reduce the likelihood and severity of financial contagion automatically mitigate potentially
negative effects of portfolio compression.

Key mitigation mechanism for financial contagion is, for example, sufficient liquidity buffers
and sufficient collateral in form of initial margins. Higher levels of liquidity buffers and initial
margins would make it less likely that condition (31) would be satisfied in practice, decreasing the
probability of portfolio compression having negative consequences.
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(a) Cycles involving 3 financial institutions. (b) Cycles involving 2 financial institutions.

FIGURE 2 [Illustration of possible compression network cycles [Color figure can be viewed at
wileyonlinelibrary.com]

Could one address possible negative consequences from portfolio compression more directly?
We have shown that for portfolio compression to be potentially harmful, we need to have at least
one node defaulting in the non-compressed network that takes part in compression (see condi-
tions (26) and (37)). A possible conclusion from this result would be to exclude firms with high
default risk from compression activities. While there is currently no regulatory framework to do
this, it might not even be desirable. This would severely restrict the possible reduction in gross
exposure that can be achieved, which would lead to other disadvantages such as operational risks
and so forth. We will show that allowing high risk firms to participate in portfolio compression
can sometimes even strongly reduce systemic risk.

So a more nuanced approached might be more promising. As discussed in Remark 2.2, institu-
tions participating in compression provide compression tolerances to manage their risk associated
with portfolio compression. Currently, these tolerances are specified on the individual contract
level as in Equation (3), and hence do not account for network spillover effects. To mitigate sys-
temic risk, it would be beneficial to take a network perspective when deciding on compression
tolerances and setting constraints in portfolio compression exercises. This is something that usu-
ally cannot be done by the individual institution requesting portfolio compression.

We will show in our case study that portfolio compression can be harmful for nodes not taking
part in portfolio compression. These nodes would never provide any information or compression
tolerances to the compression provider, which shows that there is a need for a financial regu-
lator to oversee such an exercise or to provide a suitable framework for it. This could involve,
for example, stress testing exercises, checking the validity of conditions like Equations (31) and
(38). Alternatively, one could add conditions of this nature to the portfolio compression optimiza-
tion problem.

4.6 | Illustration of the theoretical results

We illustrate our theoretical results by considering a network that allows for different conservative
compressions. Figure 2 highlights the nine different cycles. The liabilities matrix X is defined as

(39)
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TABLE 1 Results for V = VEN, Comments: (sr) = strong reduction of systemic risk, (h) = harmful. No
comment means that there is no difference between compression and no compression in terms of defaults
(reduction of systemic risk). v € {1, 2, 3} represents three different liquidity buffers b = A®: AW = (1,0,0,0,0)7,
A® =(0,0.25,0.25,0.5,0)T, A® = (0.25,0.25,0.25,0.25,0)"

v  Defaulting financial institutions when the following cycles are removed

None Red Blue r&b Green Yellow Pink g&y g&p y&p
1
2 123 1,3 (sr) 1,2 (sr) 1L,4() 134(t) 123 124(h) 134(h) L4(th) 124(h)
3 1 134(t) 124(t) L4t) 134Ct) 1 124(t) 134(th) L4t) 124()

TABLE 2 Results for V = V7 with k = 0 and J = 0. Comments as in Table 1

v  Defaulting financial institutions when the following cycles are removed

None Red Blue r&b Green Yellow Pink g&y g&p y&p
1
2 1,2,3,4 1,2,3,4 1,234 L4(sr) 1234 1,2,3,4 1,234 13,4(sr) L4(sr) 1,2,4(sr)
3 1,2,3,4 1,2,3,4 1,2,3,4 1,4 (s1) 1,2,34 1,2,3,4 1,2,3,4 1,3,4 (sr) 1,4 (sr) 1,2,4 (sr)

The only node that will never default is node 5 since it does not have any liabilities. Whether any
of the nodes 1, ..., 4 default will depend on the liquidity buffer b, the actual payment obligations
arising from X and the choice of compression network cycles. In the following, we will assume
that the corresponding payment obligations are given by L = X (i.e., V =1 in the definition of
fY). For this liabilities matrix, the total net positions are AX) — LX) = (-1,0,0,0,1)". Hence,
any compressed network will have the same net positions. In particular, we see, that there are
nine different ways of how conservative compression could be applied to this particular liabilities
matrix. Formally, these compression network cycles are given by:

* Red cycle (red solid line in Figure 2(a)): Cpoges = {1,2, 3}, Cedges = {(1,2),(2,3),(3, D};

* Blue cycle (blue dashed line in Figure 2(2)): Cpodes = {1,2, 3}, Cedges = {(1,3),(3,2), (2, D};
* Green cycle (green dashed line in Figure 2(b)): Cpoges = {1, 2}, Ceqges = {(1,2), (2, D};

* Yellow cycle (yellow solid line in Figure 2(b)): Chodes = {2, 3}, Cedges = {(2,3), (3, 2)};

* Pink cycle (pink dotted line in Figure 2(b)): Cyoges = {1, 3}, Ceqges = {(1,3), (3, 1)}

We can compress one or more of these cycles. We only consider compression with the maximal
capacity, which is u = u™* = 1 for all cycles. We can see that node 1 has fewer internetwork assets
than liabilities. Hence, in the absence of any liquidity buffer for node 1, it will default.

We will now show that compression can have very different consequences depending on the
liquidity buffer and depending on the recovery rates. Hence, an optimal compression in the sense
of reducing the number of defaults will not just depend on the network structure but also on
quantities outside the network, for example, the liquidity buffer. We will highlight the effects of
the different structural conditions identified in the previous section.

‘We will assume that the liquidity buffer corresponds to the external assets in the compressed
and non-compressed network, that is, b = bO*7 = A© (where y = 0).

Tables 1 and 2 show which financial institutions default for different liquidity buffers b (cor-
responding to the rows in the tables) and different choices of compression network cycles (cor-
responding to the different columns in the table). Furthermore, Table 1 reports the results for



VERAART

WILEY -2

the Eisenberg and Noe (2001) contagion mechanism, that is, V = VEN whereas Table 2 reports
the results for the Rogers and Veraart (2013) contagion mechanism with a = 8 = 0, that is, zero
recovery rate in case of default (V = vzerod with k = 0 and J = 0). Hence, these two tables allow
us to compare the effect of the third structural condition—the role of the recovery rate.

The first two structural conditions are concerned with nodes on the compression cycle. We
underline all nodes that are on a compression network cycle and default both with and without
compression, for example, 1,2,3 indicates that nodes 1 and 2 are on the compression cycle and
default with and without compression. Node 3 is either not on the compression network cycle or
does not default without compression.

All cells that correspond to compressed networks with no comment indicate that exactly the
same financial institutions default for the compressed network as for the uncompressed network.
Cells with the comment (sr) indicate that the corresponding compression mechanism strongly
reduces systemic risk. Cells with the comment (h) indicate situations under which compression
is harmful.

‘We consider three different vectors of liquidity buffers and assume that the total liquidity buffer
aggregated over all nodes remains the same, that is, Zi N Al@ =1forallv €{1,2,3}.

Only in the first row corresponding to b = A the liquidity buffer is distributed such that no
default occurs (for any choice of compression or no compression). In all other cases, node 1 will
always default. Since node 5 does not have any liabilities, it will never default. For nodes 2, 3, 4, it
depends on the distribution of the liquidity buffer, the recovery rates and the choice of compres-
sion whether they default or not. For nodes 1, 2, 3, there exist cycles that can be used to compress
their portfolios whereas for nodes 4, 5, no such cycles exist.

We observe the following consequences of compression in line with our theoretical results:

Reduction of systemic risk for zero recovery rates: Table 2 contains the results for V =
vzerod with k = 0 and J = 0. In line with Proposition 4.12, we see a reduction in systemic risk
throughout and many examples of a strong reduction in systemic risk indicated by (sr).
Reduction of systemic risk without defaults on compression network cycle in non-
compressed financial system: consistent with Proposition 4.8, for V = VEN, b = A®) com-
pressing the yellow cycle (consisting of nodes 2 and 3, which both do not default) makes no
difference to the set of defaults and hence reduces systemic risk.

Compression can be harmful for nodes outside the compression network cycle: let V =
VEN and 4@ = A®, Then, nodes 1,2,3 default without compression. When both the red and
the blue cycles are compressed, nodes 1 and 4 default. This observation and the example is very
similar to the example considered in Schuldenzucker et al. (2018).

Compression can be harmful for nodes on the compression network cycle: when V =
VEN 4@ = A®) | only node 1 defaults without compression, but node 3 on the compression
network cycle defaults if the red cycle is compressed and node 4 outside the cycle defaults too.
Different choices of compression network cycles can lead to different outcomes: let
V = VEN and A©® = A®). Then some compression cycles strongly reduce systemic risk (e.g.,
compressing only the blue or only the red cycle) whereas other compression cycles are harmful
(e.g., compressing both the red and the blue cycle or compressing the green cycle) or make no
difference in terms of defaults (e.g., compressing the yellow cycle).

Different distribution of liquidity buffer can lead to different outcomes: let V = VEN and
consider compressing the red cycle. For some liquidity buffers (e.g., v = 2), we observe a strong
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reduction of systemic risk whereas for others (e.g., v = 3) this compression is harmful. There
are other cases (e.g., v = 1) where compression makes no difference in terms of defaults.
Consequences of compression depends on recovery rates: let b = A®). By comparing
Tables 1 and 2, we find that compressing both the blue and the red cycle is harmful under pos-
itive recovery rates, but strongly reduces systemic risk under zero recovery rates. Furthermore
compressing only the red or only the blue cycle strongly reduces systemic risk under positive
recovery rates (where as it makes no difference under zero recovery rates).

Strong reduction of systemic risk: Let V = VEN and b = A®). Compressing only the red cycle
strongly reduces systemic risk since node 2 no longer defaults.

In the following, we illustrate the effects of different valuation functions in more detail.

Example 4.15. Weset b = A® and compress sequentially first the red cycle referred to as C(") and
then the blue cycle referred to as C2). We assume that y = 0, that is, compression does not increase
the liquidity buffer. We consider three different valuation functions VEN, VRV and \!nitialMargin_

First, let V = VEN that is, we consider the Eisenberg and Noe (2001) model. Table 1 shows that
D(L, b; VEN) = {1, 2, 3}. Compressing the red cycle yields D(LE"”, b; VEN) = {1, 3}, hence, a strong
reduction in systemic risk. The repayment proportions for i € Cpgqes Satisfy

Ef +1, P
V(= =05=Vv|+—21| (40)
L v
1
E;+1L, Egm* + E‘;D
V([ == =075<1=V , (41)
L2 LC(l)
2
Ef +1L o A
v == =075=V| =——2—|. (42)
Ly v
3

Hence, from Proposition 4.9, we know that this compression reduces systemic risk and here it
even strongly reduces systemic risk. Even though nodes 1 and 3 default both in the compressed
and the non-compressed network they repay the same relative proportion of their debt in both
situations (0.5 and 0.75, respectively) and that is why compression cannot be harmful. Without

%))El = 1.5 and losses of 1.5/3 = 0.5 hit the three
creditors of node 1 (nodes 2, 3, 4). With comprelssion node 1 has a shortfall of 1 and losses of 1/2
hit its two creditors (nodes 3 and 4), that is, even though the repayment proportions change (see
Proposition 4.11), the absolute losses transmitted to nodes 3 and 4 remain the same in this example.

Suppose that after compressing the red cycle, we compress the blue cycle. Then,

compression, node 1 has a shortfall of (1 — V(
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DLEVC? b; VENY = {1, 4}, hence node 4 is a new default, which is not on any of the compres-
sion cycles. Furthermore,

cWec@ 4 cWc@ Dy =c
ES + L€ EC* 4 I
\% — e =0<05=V———— 5 , (43)
L L
cOc@x | 7cOc@ cDOx | =c®
E 4 + L " E 4 + L n
V — D@ =05<1=V — | (44)
LS ¢

Hence, node 1 always defaults. It repays a strictly smaller proportion of its debt when ¢ and ¢®
(the red and blue cycle) are compressed than when only C( (the red cycle) is compressed. Since
V # Vzerod gl three necessary conditions for compression to be harmful are satisfied. Node 1 pays
0 to node 4 if both the red and the blue cycles are compressed since it has no longer any income.
Node 4 cannot cope with this and defaults. When only the red cycle was compressed node, 1 was
still able to pay 0.5 to node 4, which was just enough for it not to default.

Second, let V = VRV with § = 0.99, which is the Rogers and Veraart (2013) model. We find
that D(L, b; VRY) = {1, 2, 3,4}. Even the small bankruptcy costs modeled by g = 0.99 < 1 cause
the total collapse of the non-compressed financial system. Compressing the red cycle yields
D(LC(D, b; VRV) = {1, 2, 3,4}, that is, the same default set.

If both the blue and the red cycles are compressed, then D(LC(D’C(Z), b; VRV) = {1, 4}. Nodes 2
and 3 can no longer default because they do not have any liabilities any more. Hence, compressing
these two cycles strongly reduces systemic risk.

Third, we repeat the analysis with V = VritialMargin where the parameter for the initial margins
is J = 0.1. We consider 8 = 1.0 (no bankruptcy costs) and 8 = 0.99 (small bankruptcy costs). For
both choices of 3, the default sets coincide. They are given by

D(L, b; \/InitialMargin) = {1}, (45)
D(LC(I) b.\/lnitialMargin) ={1,3} (46)
DLEVC?) peyinitialMarginy — 11 43, (47)

In line with the ordering results in Veraart (2020), we see that adding initial margins to the Eisen-
berg and Noe (2001) and the Rogers and Veraart (2013) models yields a better outcome for the
system. But even when initial margins are available, that is, J > 0, we find that compressing first
the red cycle is harmful since node 3 is a new default and then compressing the blue cycle is also
harmful since node 4 is a new default. By increasing J, we could avoid all contagious defaults, but
node 1 remains in default since it is a fundamental default.
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Remark 4.16 (An optimization perspective on the numerical example). The optimal solution to
the conservative compression optimization problem (Definition 2.3) for the given example corre-
sponds to the network in which both the red and the blue cycles are removed. There exists liquidity
buffers, for example, b = A@ or b = A® for which this compression is harmful, since node 4 is
a new default under compression in the optimally compressed network.

If we consider the non-conservative compression optimization in this example, that is, the opti-
mization problem that has the same objective as the conservative compression optimization prob-
lem and also constraint (5) but does not have constraint (6), then the optimal solution is a network
that consists of exactly one edge, the edge from node 1 to node 5, with weight 1. Node 1 remains
in default (for all choices of b considered in the example), hence it pays less than 1 to node 5.
But node 5 cannot default since its payment obligations are zero, so technically this compression
is not harmful. As discussed in D’Errico and Roukny (2021), the non-conservative compression
optimization problem is solved by a bipartite graph, that is, the nodes can be split into two sets
where nodes in one set have only outgoing edges and nodes in the other set have only incoming
edges. (It is possible to have nodes that do not have any in- or outgoing edges in which case they
can be assigned to any of the two groups.) This is exactly what we get here. Hence, losses can
spread from node 1 to node 5, but node 5 cannot transmit them further.

5 | CONCLUSION

When does portfolio compression reduce systemic risk? We have identified three structural con-
ditions that imply a reduction in systemic risk: no defaults on a compression network cycle in the
non-compressed financial system, all nodes on the compression network cycle repay a larger pro-
portion of their total payment obligations in the compressed system than in the non-compressed
system and zero recovery rates.

Even though there are many situations under which portfolio compression reduces systemic
risk, we have shown that there are circumstances under which compression can be harmful. Ulti-
mately the danger from portfolio compression comes from firms at risk of default engaging in
portfolio compression. If they then default, losses are spread in a network that now has a differ-
ent structure compared to the original non-compressed network. In particular, since compression
has implicitly changed the seniority structure of the debt, all those debts that were compressed
prior to payment obligations becoming due have effectively been paid in full, which is obviously
not the case for still outstanding debt. For nodes that do not default this change in seniority struc-
ture does not matter, since they continue to be able to satisfy all their payment obligations. For
nodes that do default (and who have not posted sufficient initial margins to cover the payment
shortfall) compression can imply that they spread losses now differently and some counterparties
might be hit by larger losses in the compressed network.

We have shown that portfolio compression cannot cause any fundamental defaults. Portfo-
lio compression might even potentially avoid some fundamental defaults. For compression to be
harmful, we need at least one firm that defaults in the compressed network that would not have
defaulted in the non-compressed network. Hence, such a default would have to be a contagious
default. These findings imply that any mechanisms that reduce the likelihood of contagion in
financial markets also reduce the likelihood of portfolio compression having a negative outcome.
Requiring collateral (initial margins) is an obvious mechanism, which reduces the probability of
contagion. Nevertheless, a residual risk remains for all not fully collateralised trades and in such
a situation portfolio compression can change the outcome for the system. Another mechanism
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would be to require larger liquidity buffers as they fundamentally determine the likelihood of
contagion, see Glasserman and Young (2015) and Paddrik et al. (2020).

Our analysis shows that classical compression tolerances that are meant to provide a safety net
for compression to not increase risk, cannot fully achieve this as long as they do not account for
network effects. The paths that can transmit losses from a compression network cycle to other
nodes in the system are not directly observable for the participants making it difficult for them to
assess potential risks from portfolio compression themselves and including them in a meaningful
way as part of their compression tolerances.

In general, we find that if only firms with low default risk engage in compression activities, then
this does not give cause for concern. Whether one should restrict portfolio compression services to
low-risk firms is a different question. Any restrictions on who can participate would significantly
limit the reduction in gross exposure that can be achieved and the associated benefits that come
with it, such as operational benefits. In practice, portfolio compression is done for a wide range
of reasons, and we have only considered it from a systemic risk point of view. Even then, we have
found situations under which allowing high risk firms to compress their portfolio can sometimes
strongly reduce systemic risk.

Ultimately, one would need to conduct a cost-benefit analysis of portfolio compression to
decide whether one might want to use such a technology on a large scale or not. Using our analysis
within such a cost-benefit analysis would be an interesting avenue for future research.
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ENDNOTES

Note that in the context of CDS exposures, we exclude the situation in which nodes write CDSs on each other
as in Schuldenzucker et al. (2018). We refer to Schuldenzucker et al. (2020) for more details on clearing in a
network with CDSs if this situation is not excluded.

Such a setting would correspond to the classical setting of Eisenberg and Noe (2001).

When modeling initial and variation margins, we should keep in mind that for the purpose of this analyses, we
consider fungible derivative positions, meaning portfolio compression can actually be done since these contracts

—

2
3

are completely comparable. Hence, assuming that margin requirements are proportional to exposure size is
reasonable. Initial margins are often set as 99% loss quantile for a 10-day period and hence represent a value-at-
risk, see, for example, Cont (2018); BCBS IOSCO (2020), which is known to be positive homogeneous, that is,
scales with position size. (This would also apply if other risk measures were used such as the expected shortfall.)
The payment system characterizes all payments due and hence serves as the basis for analyzing systemic risk. It
is related to the original liabilities X via the payment function f". We assumed that L;; = f"(X) = VX;; for all
i,j € N and V € [0, o). The analysis on systemic risk does not rely on this proportionality assumption, since
it is conducted on the payment system directly. Therefore, one could consider more general functions f" as
long as they are meaningful from an economic perspective. Since we assume that the liabilities X are fungible,
the proportionality assumption makes sense and is consistent with approaches used to derive initial margins as
outlined before.

In Veraart (2020), it was shown how the corresponding clearing vector considered in Eisenberg and Noe
(2001) and Rogers and Veraart (2013) can be derived from the re-evaluated equity and how the re-evaluated
equity can be derived from the clearing vector. In particular, if E* is the greatest re-evaluated equity, then

w
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L =V(
these are the total payments that node i makes, which ideally would be its total nominal obligations L; but it
could be less than that.

When initial margins are used, it is possible that a defaulting node satisfies its payment obligations in full by
covering a potential shortfall with the initial margins, see also Ghamami et al. (2021). Therefore, one cannot
infer who defaults from the payments made. In the classical Eisenberg and Noe (2001) framework, this is indeed
possible: there, a node defaults if and only if it does not pay its liabilities in full. By analyzing the re-evaluated
equity, we can distinguish between defaulting and non-defaulting nodes and the corresponding payments follow
from there.

Veraart (2020) distinguishes between default and distress, but we do not make this distinction here.

A risk orbit for an individual node has been considered in Eisenberg and Noe (2001).

The fundamental defaults correspond to the so-called “first-order” defaults as defined by the fictitious default
algorithm of Eisenberg and Noe (2001).

When “regulatory capital charges are aligned with the counterparty exposure risk, the capital charge should not
change. However, if cruder approaches are being used that do not accurately capture offsetting risks, such as the
current exposure method (CEM) or leverage ratio approach, compression will tend to reduce the capital charge”
(O’ Kane, 2017).

)L; Vie MandL' =0foralli e N'\ M denotes the corresponding clearing payments, that is,

o

© o
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APPENDIX A: COMPRESSION AND CAPITAL REQUIREMENTS
Remark A.1 (Compression and capital requirements). We show that portfolio compression can be
beneficial for complying with the minimum leverage ratio under Basel I1T'° and this effect can be
captured within or model. Under Basel I1I, the leverage ratio is defined as (tier 1 capital)/(balance
sheet and off-balance sheet exposures) and is required to be larger than 3% in Europe (slightly
higher in the United States). Since the leverage ratio uses gross exposures, compression reduces
the denominator of the leverage ratio and hence increases it.

We assume for now that L = X and b = A®. Let (L, b; V) be the corresponding payment system
and let E* be the greatest re-evaluated equity that corresponds to using the valuation function V.
By using E* as approximation of the tier 1 capital and E* + L as approximation of the exposures,

and requiring that the corresponding leverage ratio is larger than 3%, we obtain —— > 0.03 &

E;F-I—Li

E > %Ei ~ 0.031L;. Any breach of this inequality could cause default. Within our model, recall

that i € D(L,b;V) & E < kL;, and therefore, we can set k = % as threshold in Equation (11)
to define such a default event demonstrating the benefit of allowing for k > 0. Note, that in the
compressed network, the corresponding default threshold would satisfy kIZl.C’“ <kL;forallie N
and would therefore be lower (and hence better) than in the non-compressed network. In models


https://doi.org/10.1287/mnsc.2020.3938
https://doi.org/10.1287/mnsc.2020.3938
https://ssrn.com/abstract=3135960
https://www.trioptima.com/media/filer_public/31/f1/31f14682-5137-4ef1-80af-e8bb09835dce/trireduce_general_factsheet.pdf
https://www.trioptima.com/media/filer_public/31/f1/31f14682-5137-4ef1-80af-e8bb09835dce/trireduce_general_factsheet.pdf
https://doi.org/10.1111/mafi.12346

32 W l L E Y VERAART

with k = 0, compression does not affect the default threshold and one can, therefore, not capture
the advantage of portfolio compression for capital requirements.

APPENDIX B: PROOFS

B.1 | Additional notation

Let C = (Cpodess Cedges> #™**) be a compression network cycle with maximal capacity u™**. We
will use the notation pred(i) for the node in C,,4c that is the predecessor of i on the cycle Cyges»
that is, pred(i) is the node that satisfies (pred(i), i) € Ceqges- Similarly, suc(i) is the successor of i
on the cycle, that is, it is the node in Cpoqe that satisfies (i, suc(i)) € Cegges-

B.2 | Proofs of the results in Section 2

The following result formalizes the claim made that conservative compression keeps net expo-
sures fixed while reducing gross exposures and is, therefore, in line with the corresponding defi-
nition in D’Errico and Roukny (2021).

Lemma B.1. Let X be a liabilities matrix for which there exists a conservative compression network
cycle C with maximal capacity u™> > 0. Let 0 < u < u™ and let X©* be the u-compressed liabil-
ities matrix using cycle C. Then,

1. XS* is a liabilities matrix, that is, Xl.cj’“ >0Vi,j € N and XiCi’M =0Vie N;
2. XL.CJ.’” < X;jforalli,j € N;

F(X) ips
[XOCH _ { Lg ’ if i  Cuodess (B.1)

i F(X cps
' Lf - M, lfl € Cnodes;

4. the net positions in the compressed network X coincide with the net positions in the original
o Ct cu_ ;OCH _ FX) g .
network X, that is, 7, = Z]ENX —-L Zjej\fX]l L7 =nVieN;

5. the gross positions in the compressed network XC# are less than or equal to the gross positions in
the original network X, that is, ZJENXC“ + L(X) CH < Z X+ Ll.(X) Vie N;

6. compression strictly reduces gross positions of all i € Cpoqes, that is, Y. N X Gk L(X)C“

(X)
ZJGNX +L

<

Proof of Lemma B.1.

1. By definition if (i, j) & Cedges thenX Gk = =X;j 2 0and if (i, j) € Ceqges then XC” =Xjj—H2=

Xij = MiNG e,y Xvu 2 0. Since Xl-i =0foralli € M also X’ CH = 0foralli € N.

2. This is obvious from the definition of X©*.

3. It follows immediately from the definition that if i & C, yges, then ng) Ot = EEX). Now leti €
Chodes- Then,

X.Cu _ Cu . xCom Cu -0
L 2 X tsuc(i) + 2 Xij = 2 Xij—p= Lz’ — M. (B.2)

JEN —— JEN\fsuc()}——  jeN
=X suc(i)—HM =Xjj
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4. Tt is obvious that for i & C,q4es that the net position for the non-compressed network and the
compressed network coincides. For i € Cpq4es, this also holds since

uo_ Cu _ 7XCu _ Cpu C,p X).Cou _ X)
= Y XL xE Y XL = Y X - L =

pred(i)i Ji
JEN — e —  jeN\{pred(i)} —— N JjeN
Xpred(i)i—M =Xji L( ) —u
(B.3)
5. From parts 2. and 3., we immediately get that for alli € N/
Cu . s(X).Cu 7(X)
XM+ L < ) Xp+L. (B.4)
JEN ~—~— ————  jeN
X <™
6. Leti € Cypges- Since u > 0, we get
Cu | $@0.Cu _ Cpu CM x) _ 7 (X)
DXL = X+ Y LY —p= Y X+ LY —2u
JEN N ————  jJEN\{pred(i)} \—/ JEN
=LEX)—M =Xpred(i)i—HM =Xji
=(X
< Y X +L%. (B.5)
JEN
Ul
B.3 | Proofs of the results in Section 4

The following lemma will be used in several proofs below.

Lemma B.2. Let X be a liabilities matrix for which there exists a conservative compression network
cycle of X with maximal capacity p™**. Let (L, b; V) be the corresponding payment system, let 0 <
U < U™ and let LS be the u-compressed liabilities matrix. Set

M={ieN|L; >0} ME={ie N |Lf >0} (B.6)

Let j € M\ ME. Then the following holds. First, j € Cpoqes and L; = uV. Second,

V, ifi = suc(j),
Ly = {#0, fotherwis(g.) (B.7)
Proof of Lemma B.2. First, let j € M \ MC. Then by the definition of the sets, it holds thatL; > 0
and LCM =0.Hence L; # L Gt , which implies that j € Cpqes- Since thenL Gk = —uV =0,we
1mmed1ate1y getthatL; = ,uV
Second, from part 1. of this lemma, we know that j € Cpoqes and L; = uV. For fixed j € M\
ME, we have by definition

cu _ JLji—HuV, if i = suc(j),
Ly = { Lj;, ifi € N\ {suc(j)}. (B5)
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Since Lfi’“ > Oforalli € N, it holds that in particular L jsuc(j) — MV 2 0, and hence L) = uV.
Since,

_ 7Cm _ —
0=1L; =Y Li—pV =L+ . Li—pveuv+ Y Lij—uv

ieN ————  ieN\{suc(j)} ie N \{suc(j)}
>uV

= Z Lji, (B.9)
ieN \{suc(j)}

we see that since Lj; > 0 for all i € N\ {suc(j)}, it holds that L;; = 0 for all i € N\ {suc(j)}.
Furthermore, since L j = MV, we must have that Ljg,cj) = uV. O

Proof of Proposition 4.2. Recall from the definition of E* that

E; +1L; .
B = &,(B*) = b; + Z LiV| = —L, (B.10)
J

=Y

for all i € N'. We denote by @7 the function that corresponds to the compressed network, that
is, E©#7* is the greatest fixed point of ®#7, that is,

C, 15y 3% + LC,#
ECHT = @U#T (BCHr) = pH7 4 3 LMy L D S (B.11)
ji ~Cu i
JEMC LJ
for alli € M. In the following, we show that E = Eic’” T forallie N\ O.
Leti € M \ O. From (B.12),
E; +1; .
Ef = (E") =b;+ ) LV - —I
JEM J
E}k +L; EJ* +L; )
jeM\O J jEMNO J (B.12)
®),
E7 +1L; .
=b + Z LV I =L =: fiE} o)
JEM\O J

where (x) holds because by assumptioni € N\ O hence there cannotbea j € M N Owith L; >
0 otherwise this would imply thati € O.
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Similarly, from Equation (B.13),

Cusys
E +L
FOHYE _ q)_C'sMJ’(EC,M;y;*) — CM + Z LC Hy _ G+
i i =C,u i
jeEMC Lj
EC“ Ty L )
=b+ Y L L—r~=>|-L,
jEMC Lj
Cuysx | 7 Cuy% | =
+L; +L;
J J -
= bi + Z le\/ + Z le\/ J = —L
JEMA\O J jeMCno j (B.13)
(;)0
E;f,u;y;* +Ej )
JEME\O J
EC‘”' "+ L
J - C 1575
+ ) LiV|————|-Li = fiE LD,

JEM\O

where the justification for (x) is as before and the justification for (x ) is that (M \ M)\ O = @
by Lemma B.2.
Leti € O. From Equation (B.12) and using ideas from Equation (B.14),

E7+1; .
= ®,(E*) = b, + Z Lﬂ\/< 7 )—Li (B.14)

JEM

E*+L E* L
=b+ ) L ( >—Ei+ > L \/( T > FiE} )+ 8i(Eyne)- (BIS)

jEM\O J JEMNO

=fi(E o) =:8iEjno)

Similarly, from Equation (B.13) and using ideas from Equation (B.15),

C, ;5% +EC,;¢
EiC,M;y;* _ q)l.c’“’y(EC'/‘?V;*) — biC,W + Z Lfiﬂ\/ % _iiC,# (B.16)
JEMC Lj,
JQW * 4 Ej )

JEME\O j
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cu EJ_C,M;;/;* + I:f#
+ D LV e | T HO Ve (B.18)
JEMENO j
. C 5y 5%
='gf(EM;lCZw0)
Cuwys | 7
j + LJ = C Gy C, ;3% CrCmsy s
=b+ Z LV — I —Li+g (B o) = filE o ) +8 (B ) (B19)
JjeM\O J

The function f e : Gane = Gan\o is nondecreasing and its greatest fixed point exists by

*

Tarksi’s fixed point theorem. In particular, it coincides with E and E*7*  since we have

N\O MO
seen that the fixed points E* and EC#7+* can be decomposed into a component characterized by
f and a component characterized by g or g¢ with nonoverlapping arguments. O

The following lemma is a reformulated version of Veraart (2020, Theorem 2.6) for the situation
with compression. We will use the sequences defined in there in several proofs about the main
results (i.e., in the proofs of Propositions 4.8, 4.9, 4.12).

Lemma B.3. Consider the market setting of Assumption 3.9. Define, the initial equity as in Defini-
tion 4.3, that is, foralli € N'

©) _ i COxy _ Gty Cu_gc
E” =b+ ) L;—L ESOT =bp7M 4 Y L - L (B.20)

1

JEN JjeEN
We define recursively the (N-dimensional) sequences
EM = @(E"-D), ECMy = @Crr (EC=Diy), (B.21)

where n € N. The functions ® and ®*7 are defined in Equations (12) and (14), respectively.
Then,

1. The sequences (E™) and (E€"*) are nonincreasing, that is, for alli € N and for alln € Ny, it
holds that

Ei(n) > Ez(n+1)’ EiC(n);y > EiC(n+1);V' (B.22)

2. The sequences defined in Equation (B.23) converge to the corresponding greatest re-evaluated
equities, that is, foralli € N'

lim E" = E¥, lim EC"7 = g7, (B.23)

n—oo n—co ! L
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Proof of Lemma B.3. First note that ® and ®“#7 are nondecreasing, see Veraart (2020, Lemma
A.1). The statements follow directly from Veraart (2020, Theorem 2.6). O

Lemma B.4. Consider the market setting of Assumption 3.9. Let F be the fundamental defaults in
the non-compressed network and let F€ be the fundamental defaults in the compressed network (see
Definition 4.4). Then, F C D(L, b; V) and F€ C D(LS#, bCHT; V).

Proof of Lemma B.4. Recall, that F ={i € N | El.(o) <kL}and F€ ={ie N' | ECO7 < k]ll.c’”}.
We consider the sequences (E®) and (E€?7) defined in Equation (B.23). Let i € F. Then, by
Lemma B.3, Vm € N: kL; > El.(o) > Ei(m) > lim,_ o EW = E; and hence i € D(L,b; V). Similarly,

1

let i € F€. Then, by Lemma B.3, Vm € N: kI:iC’” > Eic(o);y > Eic(m);y > lim,,_, o Eic(n);y = El.c’“;y;*

and hence i € D(LEH, bSHY V). I

Proof of Lemma 4.5. Recall that bl.C’” 0= b; for all i € A" and from the definition of b¢#7, it fol-
lows immediately that bic’” < bl.c’“ 7 for alli € N and for all y € [0,1]. If i & Cpoges, then one

immediately sees that E” = Eic(o);o < Eic(o);y‘ Ifi € Cpoges, then

i

C(0);0 _ 4.Cu0 C,u FCu _ 5 Cu0 C,u =
EfO0 = b0 N LKL = b N L~ (- ) (B.24)
JEN JEN
_ 1.Cu0 C,u C,u 7.
=p "+ Y L+ Lt ~LituV (B.25)
JEN\pred(D}—m—' —mm—
=Lji =Lpred(i)i —KV
C,u,0 = 0
=b "'+ Y L -L=E". (B.26)
— jeN

Now let y € [0, 1], then

C0)y _ 4.Cuy Cu 7Cu C.u,0 Cu  7Cu _ 1C(0)0
B0 = b M 4 N L - L 2 b Y L L = B (B.27)
JEN JEN

Proof of Proposition 4.6. To prove the first statement, let i € F€ \ Cpoges- Then,

CO)yy _ 1 Cuy Cu _ 7Cu FC.u ©0) _ 7 7
ESOT =p M4 YL - L <k L = BV =bi+ Y Lyi—Li<kL, (B29)
— jeN—— —— ~—— JEN
:bi =Lij =Li :Li
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and hence i € F. Leti € F¢ N Cpodes- Then,
ECO7 = pCHT Y Lf;“ - L% <k LK (B.29)
N—— je./\/ N—_—— N——
=b;+yut N , =Li—uV =L;—uV
=Xjen Lii—HV
jen —_—
=—u(kV+yJ)
&b+ ) Lj— L < kL —u(kV +yJ) < kL;, (B.31)
JEN ———_50

and hencei € F.
To prove the second statement, let i € F \ F€. From the arguments used in part 1., it is clear
that i € Cpoges. Furthermore, since i ¢ F¢

EiC(O)Q}’ — bic’lv‘s}’ + Z Lfinu _ _ic’# > k I_Jl.C’M (B32)
=b;+yuJ N =Li—uv =Li—uv
=Y jen Lji—HV
jeN —_—
=—u(kV+yJ)
&b+ ) Lj— L > kL —u(kV + 7). (B.34)
JEN —_SO

Since i € F, it holds that El.(o) =b; + Zj e Lji = Li < kL;. Combining these two inequalities
gives kL; > b; + ZjeN Lj; — L; > kL; — u(kV + yJ). For this to hold, we need (kV +yJ) > 0. [

Proof of Theorem 4.7.

1. Assume that D(L, b; V) N Cpoqes = B. Then by Proposition 4.8, this compression reduces sys-
temic risk, which is a contradiction to it being harmful.

2. Suppose compression is harmful. This means that there exists a node v € N such that
v € D(LSH, bS#7; V) and v € N\ D(L, b;V), that is, node v defaults if compression is done
but does not default without compression. This in particular implies that v € M® ={i €
N | Ll.c’“ > 0} and that Ef < kif’” < kL, < E;. Therefore Ef I < E%. Then by Propo-
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sition 4.9 part 1., this implies that there exists an i € Cp,qe Satisfying

EiC,/t:y;* +EiC,/t Ez* +L;
V[ — | <V = . (B.35)
Lo+ L;
L

Hence, there exists an i € C, o4 Satisfying

BRI (gl
v —— ) <y = <1, (B.36)
L o L;
+ICH

Co sy
which implies that \/(EiLTi) < 1, which implies that i € D(LS#, bS#7; V).

. i
3. Assume that V = V?™/ By Proposition 4.12, we know that this compression reduces systemic
risk, which is a contradiction to the assumption that it is harmful.

(]

Proof of Proposition 4.8. To prove this statement, we consider a fixed point iteration as in Veraart
(2020). We consider the sequences (E M) and (E€M+) defined in Equation (B.23). By Lemma 4.5,
we know that El.c(o);y > EiC(o);o = El.(o) foralli € A and forally € [0, 1]. We will prove by induction

that if {i € Cyoqes | Ef < kL;} = @ then
ES™7 > EC0 — ™ foralli e N, (B.37)
holds for all n € Ny. Once this has been shown it follows that

ES7 = 1im EX™7 » S = 1im ES° = lim E™ = E7 (B.38)

i b
n—oo n—oo ! n—co l

for alli € N, which is the statement of the theorem.

By Lemma B.3, (E™) and (E€("*") are nonincreasing and converge to the greatest re-evaluated
equity in the non-compressed and in the compressed network, respectively. This implies that in
particular, Ei(") > lim,,_ o El.(m) =E; foralli € N and for all n € N and hence for all n € Ny, it

holds that El.(”) > E > kL; Vi€ Cpoqges and hence

{i € Coodges | B < kL;} = 0. (B.39)

We now start our proof of Equation (B.39) by induction. Let n = 0. Since

0) _ 7 CO)y _ 1 Cpy Cu_ fC
E” =b+ ) L;—L, E;V7 =p "+ Y L -Lf, (B.40)
JEN JEN
we are in exactly the same situation as in Lemma 4.5 in which it was shown that indeed Eic(o);y >

Eic(o);o = El.(o) forallie N.
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Suppose Equation (B.39) holds for a fixed n € N,. We show that it also holds for n + 1. Then,
by the definition of the sequences

. E(”) +Lj|
E"Y = 9(BEW) = b+ ) LyV| ——|- L (B.41)
L.
JEM J
C(n)y +L
EiC(n+1);)’ — q)iC;)'(EC(n);)/) — C/H’ + Z LC ,u\/ T _ Llcnu (B42)
jemMc Lj,

First note that by the monotonicity of V, the definition of b“#7, and the induction hypothesis
that EC(") 7> EC(") O foralli € N, we immediately see that

ECT 4 1&
EiC(n+1);}’ — q)iCQ}/(EC(n);}/) — bic’/"’y + Z LC.",M\/ j— _ E.C’M (B43)
ji =C.u i
jeMC L;
C,u,0 C, C(n) ’ + L e c:
>b 0 Y LMV T — L = @TO(EC(0) (B.44)
]EMC L] ’
_ C(n+1);0
= gL, (B.45)
holds for all i € N'. Hence, it remains to show that El.c(nH) 0 - El.(nH) forallie N.
Leti € Cpoges- Then,
C(n) 0
) + L
A T Y ’ S
1 —C/,( 1
jemce L; =
/ =L;i—uv
C(n);0
+ L
_ 1.Cu0 C,u J
A > LSV — (B.46)
JEME (j.i)ECeqges L;
L Cnyo LJC y ]
+ 2 L \/—_C,M — L+ uv.
JEME DR Cotges —~— L;

=Lj;

Note that there exists at most one j € M¢ with (j,i) € Cedges- As before we write pred(i) for
the predecessor of i on the cycle Ceqqes, that is, pred(i) is the index of the node that satisfies

(pred(i), i) € Cedges-
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We distinguish between two cases. First, suppose that pred(i) € MC. Then,

C(n);0 C(n);0 7C,u
E + L ; )
L i pred(i) T “pred(i)
2 #\/ —Cu = (Lpred(i),i — WV ——— CH . (B.47)
jeMC,(j,i)ecedges L; pred(i)
By the induction hypothesis ES™* = E™ and by Equation (B.41), it holds that E(")

pred(i) pred(i)
KLpred(iy since pred(i) € Cpoges- By the definition of V this implies that

d()_

C(n)0 , sCu (n)
_ ) E + Lored
pred(i)
| s o |y _yf Pt i) (B.43)
L M . pred(l)
pred(i)
Hence,
L EC(") 04 L% e
] V| T = (Lpred(i)i - /"V)
jEMC,(j,i)ECedges L]
B.49
Cc(n);0 FCu ( )
pred(i) pred(i)
=LoeaiV| — ;|7 HV-
pred(i)

Furthermore, since pred(i) € M€, we obtain by Lemma B.2 part 2. that L ji =0forall j € M\
MC and hence

E(”) +L;
Y Ly ———|=o. (B.50)

JEM\MC

By plugging Equation (B.51) into (B.48), we immediately obtain that

C(n),0 . 7C.u
E; + L;
C(n+1);0 _ ; Cu0 J J 7
E, = b *" + ZLﬁ\/T —Li+uV—uv
jeme L;
C,u,0 Eﬁn) + ch'l’ﬂ 7

=b"" + Z LV — —L; (byinduction hypothesis) (B.51)

jemce L;
=b*+ Y LyV g + ) LyV g ~L;, (B.52)

jeMC,Ej,”)szj j jeMC,EE”)<kIZj j
~———o-— | S —

=1=V

E;n)+ij (*) E( )+Lj
= =V L—
Lj Lj
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o E(") +Li|
=b "0+ Y LyV T -L (B.53)
jeEMC J
o E(")+L E(") L)
=b "+ Y LV ———|- ) LyV|=——|-L=E"", (B.54)
M_b—/ JEM L JEMA\MC
=0 by (B.52)

where (%) holds because if for an j € N it holds that E;") < kL;j then j € N\ Cpoqes Since by

assumption no defaults occur on the compression cycle. Hence, if’“ =L;.
Second, suppose that pred(i) € M \ MC. Then, by Lemma B.2 part 2.

EY +L
Gy | 2 —0 B.55
i T e (B39
jEMC,(jsi)ecedges LJ

Furthermore, again from Lemma B.2 part 2. and using the assumption that no node on the com-
pression network cycle defaults we get

(n) (n) 7
E + L Epred(l) + Lpred(i)
Y LV | = Lyreaqn V B e
c pred(i
JEMM (B.56)
=1
= Lpred(z')i =uv,
where we used the fact that pred(i) € M \ MC.
By plugging Equation (B.59) into (B.48), we obtain
C(n)O + L C,u
C(n+1);,0 _ ; C,u,0 C,u
— JeMC (eCugges L;
=0
o i
+ Z L]l\/ T - Li + ,L[V (B58)

JEME(JD)ECedges L;
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ES"0 4 I
= bi + Z L]l\/ % - ii + IUV (Since pred(l) eEM \ MC)
jeEMC LJ,
E"+L

=b+ Z LV % —L; + uV  (by induction hypothesis)

B 4 IO

jeMCEM KL L;
J N—_——m—_—
Lj
EW 4 OF
+ Y LV Ly
ji EC’M i TH
jeMC,Ej.")<ktj j
)V 5t
* —_—
Lj

E(") +1

=b+ ) LV —Li+uv
jeMC J
B/ + L E(") +1;)
=b+ ) LiV|———|- Y LyV|——|-Li+uv
JEM Lj JEMAMCE
=uV by (B.60)
E(") +1L;
J -
=b+ Y LyV| |- L; = &,(E™) = EI"",

JEM ]
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(B.59)

(B.60)

(B.61)

(B.62)

(B.63)

(B.64)

(B.65)

where the same argument was used in () as before, namely that nodes with E;n) < kL j cannot

be on the compression network cycle.
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Let i & Cphoqes- Then, using the induction hypothesis in the second line we get
C(n);0 +iC,y
S e T Y A Y I o e (B.66)
Ji =C.u i
N—r jEMC N ) L . N—_——
=bi :Lji y :I—‘i
EW 4 [CH
J J -
= bi + Z L]l\/ ——C,,u - Li (B67)
jeME L;
B 4 L
=b+ Y Ly (B.68)
i ji EC’# .
JEMC B2k j
——
(), 7
:1:\/[EfL_+Lj]
J
Eﬁ.”) + Ef"‘ i
+ Y Luv ~or —I; (B.69)
JEME BT <KL j
) ~———
= EE.")HZJ-
(x)V =
EW 41,
J
=bi+ ) LiV|—— — L (B.70)
jemMce J
(O - (n)
E'"+L; E."+L;
J J J Il 5 +1
=b + z LiM——F—|~ z LiV|=——|-L= O(EM) =E™Y, (B
Jem J JjEM\ME J
=0(by Lemma B.2 part 2.)

using again the factin (%) that nodes with Ejn) < kL ;j cannot be on the compression network cycle.

Hence, we have shown that indeed for all n € N and for all i € N Ei
(n+1)
E

; , which completes the induction. Hence, for alli € N

ES7 = 1im ES™7 » ES% = lim EC° = 1im E™ = E7.

n—oo ! n—oo ! n—co

C(n+1)yy > EC(n+1);0 —
="

(B.72)
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From this, it follows immediately that D(LE#, bS#7; V) C D(LE#, bS#0; V) = D(L,b;V). []

Proof of Proposition 4.9. We will prove part 1. first and will show that parts 2. and 3. are essentially
corollaries of part 1.

1. Suppose that condition (31) is satisfied. We will prove now that compression can only increase

the re-evaluated equity. This proof uses similar arguments as in the proof of Proposition 4.8.
Again we consider the sequences (E™) and (E€"") defined in Equation (B.23).
Using the same argument as in the proof of Proposition 4.8, we know from Lemma B.3 that
lim,,_, o E;”) = EJ* and lim,,_, , ch(");y = Ef’” 7 exist for all j € N'. Furthermore, (E™) and
(E€Mir) are decreasing sequences, that is, they converge to their limits from above. In particu-
lar, E;n) > EJ* and Ef(n);y > ch’“ 7 forall j € N and for all n € N, and since V is nondecreas-
ing this implies that

EjC(n);y + EJC,M ch,u;y;* " EJC,M
W—Fr— 2V ——F—| VieN. (B.73)
L H L H

Combining this with Equation (31), we obtain that for all n € N,

A e I LS e Er+1;
v|L— L >y L—— L |>v L Vj € Coodes- (B.74)
Lo L L

We will prove by induction that for all n € N,
EEC™7 >EF View. (B.75)

Once this has been shown, it follows that Eic’” T = lim,,_, o Eic(");y > El* Vi € N, which is
the statement of the proposition.

For the start of the induction, we consider n = 0. By Lemma 4.5, we know that Eic(o);y > El.(o)
foralli € N and for all y € [0,1]. Since (E™) is converging to E* from above this implies that
ECO > EQ > E* forallie N,

Next assume that the statement (B.79) holds for an n € N,. We will show that it holds for n + 1.
We distinguish between two cases:

Leti € N \ Cpodes- Then,

Cly 4 pCm
Clntly _ CECiry = pCHr Cp J J jCH
E| = QBT = b+ Y LV e - L (B.76)
T JEMC , Lj ——
=0j =Lﬁ =L
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= bi + . Z le V EC—»/‘ + . Z Lﬂ\/ T _Li (B77)
JEMENChodes j JEME\ Crodes J
— —
(Emj) [ cOmry ]
>v( - by (B.78) =V
Lj Lj
E* + L EC™Y 4 T
J J -
> bi + 2 L]l\/< ]i, > + Z L]l V JE— _Li (B78)
JEMENChodes J JEMC\Cnodes J

L (B.79)

E7+1; ) E7+1;
; j .

Ej+ij
=E - Y LV = =E}. (B.81)

JEM\MC

Note that ). JEM\MCE le\/( ) =0, since i € N\ Cpodes and by Lemma B.2 Lj; = 0 for all
je M\ ME.

Leti € Cppges- Then,

ECY L &

ELC(”H)V (pC(EC(n)}') C“’y + Z 168y J— _ Ok (B.82)
Jt =C.u i
\,—/ jemMe L: ——

>b; J =Li—uV
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C(n) y

C + L
>bi+ Y LMV (B.83)
jEMCnCnodes LJ ’
| S —

>V L by (B.78)
Lj

. E{™7 4 I i
jEMC\Cnodes Lj ’
S —
EC(”);y+i-
:\/[ J — ! since j&Cnodes
J

E* + L
>bi+ Y C“\/ A (B.85)
> -

jEMCnCnodes J
c p EJC(}’I),)’ + E} )
+ Z L; W—F— L +uv (B.86)
jEMC \Cnodes T J
=Lj;

EY+L;
>V JE by ind. hyp. andV nondecreasing
J

c EJ* +L;
> b; + D L v 7 (B.87)
JEMENChoges\{pred(i)} ~—— J
Lj;

E
pred(i) pred(i)
+ (Lpred(i)i - MV)V(L— I]{pred(i)eMC} (B~88)
pred(i)
E;+L; )
+ ) Lpv| = —Li+uv (B.89)
JEME\Cnodes L]

=: (k%) (B.90)
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Let pred(i) € MC. Then,

E*+L; E* .+ I‘pred(i)
9 =bt Y v ) L (1 -y e T (o)
. L; Lo redci
jeMC J pred(i)

Ex +L E* +I_4pred(i)
=bi+ Y, le\/< - )—£i+yv<1—\/<L (B.92)

jem Jj Lpred(l)

=0;(E*)=E} 20

E*+L
- ) le\/< > E}. (B.93)

JEMA\MCE J

=0 since pred(i)eM¢

Let pred(i) € M \ MC. Then,

E;+1; )

JEMC

Ef +1 . Ef+1;
=b+ ) LyV = - > Ly +uV (B.95)

JEM J jEM\MCE
=®;(E*)=E vy E;re Ay HEpred(d
Lored(i)
E* + Loedci
) d pred(i) )
g1y 20T ) ) s (B.96)
Lpred(i)

>0

Hence, this completes the induction and the result follows.
2. Suppose that Equation (32) holds. Then by the definition of V, we immediately get that

y EiC,u;y;* + I:iC,u y E* I, iec
= _ | > i . B.
Eic”‘ Li 1 € Chodes ( 97)
Hence, the result follows with part 1. of this Proposition.
EORT L £C
3. Suppose that Equation (33) holds, then \/(%) =1 Vi€ Cyoges and hence the state-

ment follows directly from part 2. of this Proposmon since condition (32) is satisfied.
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Proof of Proposition 4.11. Leti € Cpoqes- Hence, L; > 0 and I'Lic’“ =L; — u. Let j = suc(i) € N and
first suppose that I:l.c’“ > 0. Then,

C,u
L . Lic v — Lo i
Hf,ﬂ _ H.C’M = isuc(i) _ lSllC(l) M < lSl,lC(l) _ Hisuc(i), (B.98)
ij isuc(i) iC,,u Li —u Li

i
since

Lisuc(z) M Lzsuc(l)

4iLisuc(i)I:i - :uI:i < Lisuc(i)I:i - Lisuc(i):u & 0< :u(I:i - Lisuc(i))’

L — M - Li
(B.99)
is always satisfied. Second, suppose that L CH = Then, H;‘l‘ = =0< @ = Tjgyc(s)- Now let
cu L)L l
; ; w_ Ly Ly _
j € N\ {suc(i)}. Then, " = L+" =1 = IT;.
i LC,M
Leti € N\ Cyoqes and j € N Then, L, CH =L IfL; > 0, then L, . > 0and IT;; g Lﬁ =
LE—’ =1II;; and if L; = 0, theniic’“ =L; =0and Hl.cj’” =0 =1II;;. O

We will use the following Lemma to prove Theorem 4.12.
LemmaB.5. Let EC V7, E™ L7 I, e R, B > E™, L < 1, ] € [0,1] and k > 0. Then,

0 +J1 [

(B iy + T ey (B.100)

- c > _
(ECT <kLOFy = HE™ 2k

Proof of Lemma B.5. ForJ = 1, the result follows directly. Let J € [0, 1).
First, consider the case that I]{Ec(n)y>k c#} +J1 1. Then, 1>1

by the definition of the indicator function.

(BT gLy T (B 2kL} +
J I]{Ei(")<kil-}
Second, suppose that [ +J1 =J. Then, Eic(n);y < kZiC’“ and since

(ECT 5 O (EC g O
kL; > kIZf’” , we obtain that El.(") < El.c(n);y < kIZl.C’” < kL;. Hence, |

[ +J1

(B >kL} +J I]{El.(")<kii} =J=

O

{Eic(");yzkiic'”} {Eic(");y<kliic’“}'

Proof of Proposition 4.12. We proceed similarly as in the proof of Proposition 4.8. We consider two
sequences (E™) and (E€Mir) defined in Equation (B.23) but now assume that V = V=0
We will prove by induction that

EC™7 > E™ foralli € W, (B.101)

holds for all n € Ny. Once this has been shown, it follows that E =lim,,_, o EC(")” >

lim,,_, o El.(”) = El* for all i € N, which is the statement of the theorem.
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Let n = 0. Then the result follows directly from Lemma 4.5.
We now assume that Equation (B.105) holds true for an n € N. We show that Equation (B.105)
is true for n + 1. Consider
() i Ej.") +Lj|
EMY = 0(E™) = b; + Y Lyverod —— |- (B.102)
JEM J

EC(n+1);V — CDiC;y(EC(n);V) — biC:li,}’ + 2 LJC_'{#\/zero;f J

1

C(n)y + ij"ﬂ .
— L (B.103)

) [OH L

jEMC j

By the induction hypothesis (B.105) El.C(n);y > Ei(”) for all i € N and hence by Lemma (B.5)

”{Ef("”zktf"‘} +J "{E}.C<"W<ktj‘."‘} 2 "{Eﬁ")zki At "{Ej.")<ki it (B.104)
Hence,
Clnyy + [GH
BT = pORT > LS| R i 8 (B.105)
ji =Cp i
jeEMC L;

— Copy Cu T 7C.u

= bi + z Lji (I]{Eqn);yzkff‘”} +J|]{E§(n);y<kzc",u}> - Li (B.106)
———r ]EN J J J J
>b;
C.u 7 FCu _
2bi+ ) Lj; <|]{E(.")zkij} +J"{E(,"><kij}> LT =0, (B.107)
jEN J J
where we used Equation (B.104) to derive the inequality. If i & C,,o4es, then
) =bi+ ) Lji<u{E(n>Zij} +Ju{E(n)<ij}> ~L; (B.108)
jG./\f J J
E™ + L
5 =i J -
= bi + 2 Lji\/zero"f E— _Li (B109)
JEM J

= gD, (B.110)

1
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Ifi € Chpges, then

G)=b+ Y Ly <u{E<_n)2kij} + f”{E(."><kzj}> (B.111)
JEN \{pred(i)} ! !
+ (Lpred(iyi — ”V)<"{Ef,':;d<i)zkipred(,->} + J”l]{E;de<kmed(”}> — (L —uv) (B.112)
=b + jgxf Lj; <H{E;")2kij} + fu{E;n)<kij}> - L (B113)
+uv <1 - <|] {E;f;d(i)zkipred@} +J1 {E;f;d<i><kipred<i)}> ) (B.114)

>0 since J€[0,1]

>b; + Z le- <|]{E(.")zkllj} +JU{E<H)<kLJ}> - L (B.115)
JEN ! J
n | 7
E'”"+L;
7 j _
=bi+ Y LVl ——— 7 — L =E"Y. (B.116)
jem j

Hence, El.c(”H) > El.(”H) for alli € N, which completes the induction.
To see that indeed systemic risk is reduced by compression here, we use the results of the first
part, namely Eic’” T > E; for all i € N. Suppose D(L#, bS#7; V7o) = (5, otherwise there is

nothing to show. Let i € D(LE#, bC:Hy; yzerod) Then, EiC’” T < kl';l.c’“ and hence E; < Eic’” T <
kIZl.C’M < kL;. This implies that i € D(L, b; V*7). Hence,

DL, bR verod) = fi e N | ECHY™ < kL7*} C i€ N | Ef < kLi} (B.117)
= D(L, b; V=), (B.118)
O

Proof of Proposition 4.13. Suppose, condition 1., that is, formula (37), is satisfied, that is,
D(L,b; V) n Cigdes = ¢J. Then, in particular, D(L, b;V) N ¢V — @ Then, by Proposition 4.8,

nodes
compressing CV) reduces systemic risk. In particular, DL, b V) € DL, b V). Combining
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this results with Equation (37) implies that D(LC(D, b ;VIinc @ =g Then, applying Proposi-

nodes
tion 4.8 to the system DL, b"; V) by compressing cycle C? yields D(LE"C? p¢:C?:v) ¢
D(LC(D, bc(l);\/). By repeating these arguments, we obtain that

D(Lc(l) ..... C(m),bc(l) ..... C(m);\/)gD(Lc(l) ..... C(m—l)’bc(l) ..... C(Wl—l);\/) (B.llg)

c..c DL, b v) € DI, b; V), (B.120)

and hence indeed compressing sequentially (!, ..., (™ reduces systemic risk.

Suppose the second condition, that is, Equation (38) holds, then Proposition 4.9 yields the
statement. If the third condition, that is, V = zero holds, the statement follows from Propo-
sition 4.12. O

Proof of Corollary 4.14.

1. This statement and its proof is given in D’Errico & Roukny (2021, EC.5., e-companion).

2. This statement follows directly from Proposition 4.13 by using the sequence of cycles to obtain
X that is guaranteed to exist from part 1. of this Corollary.

3. The algorithm developed in D’Errico & Roukny (2021, Algorithm 2, e-companion) to determine
the sequence of cycles CV, ..., (™ can still be used if a lower bound g; j = Oisintroduced. The
results derived in Proposition 4.13 hold for all possible compression volumes and not just for
the original /,tl?na", i €{1,..,m} Hence, in line with Remark 2.2, the results remain valid for
the case of a lower bound that is not necessarily 0.

O
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