ERGODIC ROBUST MAXIMIZATION OF ASYMPTOTIC GROWTH
CONSTANTINOS KARDARAS AND SCOTT ROBERTSON

ABSTRACT. We consider the problem of robustly maximizing the growth rate of investor wealth in
the presence of model uncertainty. Possible models are all those under which the assets’ region E
and instantaneous covariation c are known, and where additionally the assets are stable, in that their
occupancy time measures converge to a law with density p. This latter assumption is motivated
by the observed stability of ranked relative market capitalizations for equity markets. We seek to
identify the robust optimal growth rate, as well as a trading strategy which achieves this rate in all
models. Under minimal assumptions upon (E, ¢, p), which in particular allow for an arbitrary number
of assets, we identify the robust growth rate with the Donsker-Varadhan rate function from occupancy
time Large Deviations theory. We also explicitly obtain the optimal trading strategy. We apply our
results to the case of drift uncertainty for ranked relative market capitalizations. Here, assuming
regularity under symmetrization for the covariance and limiting density of the ranked capitalizations,

we explicitly identify the robust optimal trading strategy.

INTRODUCTION

In this work, we identify portfolios which maximize long-term growth rate of investor wealth in
the presence of model uncertainty. Optimal portfolios are robust, as they achieve the largest possible
uniform growth across all models. In our earlier work [20], beliefs ranged across models where assets
have common state space and common instantaneous covariance; hence, model uncertainty was
tantamount to lack of knowledge regarding the assets’ drift. Presently, we obtain optimal portfolios
when, in addition to the state space and covariance structure, assets are “stable” in that their
occupancy time measures converge to a known probability density.

Our work is motivated by the remarkable temporal stability of the ranked relative market capital-
izations for equities in the United States. This stability was a primary factor behind the development
of stochastic portfolio theory in [15], [14], and, as numerous subsequent articles have shown, it can
be achieved by modelling market capitalizations via interacting diffusions, where interactions occur
though the ranks. For example, [21] considers Brownian particle systems with rank-dependent drifts,
and proves ergodicity with limiting exponential distribution, for the process of spacings between
ranked particles. Extending the spacing analysis, [18] proves stability of the ranked relative capital-

izations, as well as long horizon growth estimates for a large class of wealth processes. Additionally,
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[18] identifies the stable limiting density via its Laplace transform, with explicit results for a number
of particular models, including the Atlas model of [14].

It is natural to ask if an investor may use stability to her advantage when seeking portfolios which
maximize the growth of wealth. Furthermore, as it is notoriously difficult to estimate asset drifts,
can one essentially only use stability and covariance in order to derive optimal policies? To this last
point, it is worthwhile mentioning that, while accurate estimates of the drift (at least for Markovian
diffusive models) are possible given the covariance and limiting density in one dimension, this fails
spectacularly as the dimension increases. Indeed, even in two dimensions, there are uncountable
families of Markovian diffusion models with common covariance and stable limiting distribution, and
where by choosing particular models (drifts) within the family, arbitrarily large growth rates are
possible: see Example below. Therefore, should robust optimal policies be obtained using only
stability and covariance, they enforce efficient investment in the face of severe informational loss,
when compared to explicitly knowing the assets’ drift.

Broadly speaking, there are two approaches to obtaining growth optimal policies in the face of
model uncertainty. The first extends the notion of Cover’s “universal” portfolio in [I], to construct
portfolios which are growth optimal in a path-wise, model-free environment. The second seeks to
construct growth optimal portfolios that are “functionally generated” in the sense of [14], producing
optimal policies which are functions of the underlying price process, and thus easily implemented
using observations of the current state. Universal portfolio constructions in relative capitalization
models are given in the recent articles [25], [5] (in fact, each of these treat functionally generated
portfolios as well), while the functionally generated approach, aside from being pioneered in [15],
[14], [12], [13], has been applied to long horizon problems in [18], [20], [4].

In this work, we follow the functionally generated approach. As in [20], we assume the “price”
process X of the traded assets takes values in an arbitrary region E C R?, and has both instantaneous
covariance rate ¢(X) and limiting density p. More precisely, fix the region E, covariance function
c: E— Si + (the set of positive definite matrices) and probability density p : £ — (0,00). On the
canonical space of F-valued continuous functions, we consider the class II of all probability measures
P under which:

e X is a semi-martingale with covariation [ ¢(X;)dt.
e The laws of {X;; ¢t > 0} are tight.
o limy oo (1/7T) fOT h(Xy)du = [, h(y)p(y)dy almost surely for all h with bt € LY(E, p).

Wealth processes VV = & ( fo ﬁQdXt) are defined for predictable strategies 9 in the class © ensuring
X-integrability under every P € II. For a given ¢ € © and IP € II we denote by G (Vﬁ, IP’) the growth
rate of V¥ in P-probability

. 1
G (VﬁvP) := sup {’y eER: jlﬂlTIéLP [TlogVT19 > ry] = 1}’
and we seek to identify both the optimal robust growth rate

Ao s int 0 (V7E),
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and a strategy U € © which achieves A robustly across all P € II. Our main result, Theorem [1.7

proves that
(0.1) A=1,

where I = I(p) is the Donsker-Varadhan rate function, evaluated at p, associated to the second-order
linear operator L¢ = (1/2)Tr(D?c) on E. Introduced in the series of papers [7, 8, 9] on ergodic
Markov processes, the rate function I governs large deviations for the occupancy time measures.
Presently, we do not assume L€ is ergodic (if L¢ were ergodic, A = 0 as shown in Example , but

rather use the explicit form
c )+

(0.2) I = —inf {/E L;u (y)p(y)dy ‘ ue C*(E),u>0, ( € Ll(p)} )

A short heuristic argument in Section leads one to expect A = I, provided there exists a function
@ such that the E-valued diffusion dX; = (¢Vi/u)(Xy)dt + o (Xy)dW; is ergodic with limiting density
p (here o is a square root of ¢). However, as innocuous as this statement might seem, proving such
a u exists for general (multi-dimensional) domains F, covariation functions ¢ and densities p is a
challenging task which takes up the bulk of the paper. Interestingly, essentially the only 4 (up to
a multiplicative constant) which can possibly lead to ergodicity is the optimizer of the right hand
side of . Furthermore, 4 cannot lead to ergodicity without a-priori assuming the “reversing”
diffusion X with generator L% = (1/2)(V - (c¢V) + (Vp/p)'cV) is also ergodic. This follows from
the remarkable results in [23] Ch. 6] on necessary and sufficient conditions for multi-dimensional
diffusions to be transient or recurrent.

Provided X% is ergodic, Theorem shows that, under mild integrability assumptions (see As-
sumption , not only does hold, but also there exists an optimizer to the right hand side of
such that dX; = (cVu/a)(Xy)dt + o(X)dWy is ergodic, and the functionally generated trading
strategy 0. = (Va,/4)(X.) is robust growth optimal, achieving growth rate A under all models in II.

In Section we reinforce the importance of the ergodicity of X, by proving that without it, the
robust growth optimal problem is in effect ill-posed. More precisely, if X’ is not ergodic, then, at
least in one dimension, either IT = () (there exist no measures in our robust class) or A = co (infinite
robust growth). Section [2| contains important and clarifying examples. First, we show that, under
a “gradient” condition (which always holds in the one-dimensional case), @ is a simple function of
¢,p and the diffusion driven by 4 is simply X%. In the second example, we construct a family of
diffusions with common covariance and stable distribution, and show arbitrarily large growth rates
are possible if one specifies to particular drifts within the family, in contrast to the (single) robust
growth rate. The third example shows infinite robust growth is possible, and the fourth connects
robust growth with explosion and ergodicity of the drift-less process dX; = o(X;)dW;. Indeed,
strictly positive robust growth is possible for essentially all densities p should this diffusion explode,
but if the diffusion is ergodic then robust growth is not possible.

Section [3| specifies to when X represents relative market capitalizations. Here there are two
subtleties. First, trading in the assets is equivalent to trading in both the market portfolio and

the relative capitalizations. Thus, by restricting trading to the relative capitalizations we are both
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assuming portfolios are fully invested in the market, and obtaining a wealth process which is not
absolute, but rather relative to the market portfolio. As such, the robust maximization problem is
to find an investment strategy in the ranked capitalizations which robustly maximizes the growth
rate with respect to the market. Second, the observed phenomena is stability of the ranked relative
capitalizations, not of the relative capitalizations themselves. However, trading does not happen in
the ranked capitalizations, rather in the relative capitalizations and the market portfolio. Therefore,
even though the natural inputs to the problem are the triple (Aigl, K,q), where Aijgl is the ordered
unit simplex (the ranked relative capitalizations’ state space), x a covariation function, and ¢ a
density on A‘ijgl; one must work on the unit simplex Aflfl (the relative capitalizations’ state space),
and use a covariation function ¢ and density p defined on this region. To obtain ¢ and p on Aflfl,
we appropriately symmetrize (k,q). In order to apply the abstract theory, we ask in Assumption
that such symmetrization preserves regularity in (c, p).

Under Assumption[3.3] Proposition[3.5]identifies the robust growth rate, as well as optimal strategy
in the rank-based set-up. It also proves that optimal portfolios are functions solely of the ranked
relative capitalizations, as one would expect. The section then closes with a useful result stating
that one can start with an arbitrary pair (k,q) on Ai}l, and create a related pair which satisfies
Assumptionby only modifying (k, q) arbitrarily close Hear the boundary aAijgl. Thus, our results
allow for general covariances and densities on an arbitrary open subsets of A‘_tgl. The price of the
modification is that optimal policies are combinations of the equally weighted and market portfolios
near where relative capitalizations cross ranks. However, an advantage of this modification is that it
rules out sudden portfolio changes on capitalization crossings, which in practice would be infeasible
over a long horizon, due to transactions costs.

The paper is organized as follows: Section [1| outlines the model, heuristic arguments and main
result in the abstract setting. Section [2| contain examples, while Section [3|specifies to the rank-based
case. Appendix [A] contains the lengthy proof of the main abstract result, while Appendix [B] deals
with proofs related to the rank-based model.

1. PROBLEM SET-UP AND MAIN RESULT

1.1. The problem. There are three inputs to the problem: a region £ C R? where the underlying
stochastic process X takes values; an instantaneous covariance function ¢ : £ — Si 4 for X; and a

“limiting” probability density p for X. We make the following standing assumptions on (E, ¢, p):

Assumption 1.1. For some fixed constant v € (0, 1],

(1) E = U,2, E,, where for each n, E, is open, connected, bounded, and has C?" boundary.
Furthermore, E,, C Eni1and, ifd > 2 E,qq )\ E,, is simply connected.

(2) c e C2(B,SL,).

(3) p € C27(E.(0,50) and J,p = 1f]

*Throughout, all integrals over F or its subsets are with respect to Lebesgue measure.
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As in [20], we work on the canonical space of continuous functions 2 = (C[0, 00), F), equipped
with its Borel sigma-algebra F. The coordinate mapping process is denoted by X, and F is the right-
continuous enlargement of the natural filtration generated by X. Allowable models are probability

measures on (€2, F) in the set II as below.

Definition 1.2. II is the class of probability measures P on (€2, F) such that:

(1) Xy € E, for all t > 0, P-a.s.
(2) X is a P-semimartingale with covariation process [X, X| = [; ¢(X;)dt, P-a.s.
(3) For all Borel measurable functions h on E with [, h™p < co

1 (T

lim / h(X¢)dt = / hp; P-a.s.
T Jo B

(4) The laws of {Xy;¢ > 0} under P are tight.

Although condition (3) of Definition above can be interpreted as p being a limiting density
for X under P € II, we stress that we do not ask for any Markovian or stationary structure from
the probabilities in II. In fact, while condition (2) of Definition implies that the instantaneous
covariation is a function of the current state of X, the drift of X under P € II can be quite general,
as long as the tenets of Definition [1.2] are satisfied.

[what do you think of the next section with examples? -S]

We think of X as an underlying process related to tradeable entities. For example, X may be the
log-discounted stock price in a local stochastic volatility model ([10]), where the drift is unknown and
the local volatility a function of X. Here, it is natural to take E = R%, and identify a proportion of
wealth trading strategy which, robustly, yields the largest discounted growth rate. Alternatively, and
this is the primary example we have in mind, we can let X denote the relative market capitalizations
for a group of stocks, in a model with unknown drift, but stable ranked capitalization curve. Here,
E = A‘fl and Section |3| considers the robust growth optimization problem in detail.

In terms of trading, we use the following strategies.

Definition 1.3. O is the class of predictable process that are X-integrable with respect to every
P € II, where II is from Definition |1.2

For a process ¥ € © and measure P € 11, we set

(1.1) V- € </0ﬁ9;dxt> ,

where, for any continuous semi-martingale M, £ (M) = exp (M. — (1/2)[M, M].) is the stochastic
exponential (c.f. [24, Chapter I1.8]). Note that the version of V¥ may also depend on P € TI, but we
do not explicitly mention this dependency above, as it will be clear in each case which probability
in II is considered. The interpretation is that V'V is the wealth process generated starting from
unit initial capital, and investing a proportion ¥: X} of current wealth in X* at time t > 0, for all
i=1,...,d.
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For 9 € © and P € 11, define
(1.2) G(Vﬁ IP’) = supyy€R: lim P 1logVﬂ>7 =1;.
’ Ttoo | T -

As such, G (Vﬂ,]P’) is the long-run growth rate (in probability) of the wealth generated by following
the strategy ¢/, when security prices evolve according to the probability measure P. Our goal is to

compute

- : U
(1.3) A= gggéggG <V ,IP’) .

and obtain a robust maximizing strategy 9 € ©.

1.2. Heuristics. We first provide a heuristic argument for how the optimal strategy and robust

growth rate are obtained. To this end, set
1.4 e L Zr) ~ v (en?
Z?]
Note that L€ is the second order operator associated to the driftless diffusion with covariance function

c. Furthermore, while a solution to the generalized martingale problem (c.f. [23] Ch. 1]) for L¢ on

F exists by Assumption the solution may be exploding. Next, consider the class of functions

D = {uECQ(E) ‘ u>0,/E<L;u>+p<oo}.

With this notation, we define

LC
1= - inf/ up,
u€D E U

which is essentially the Donsker-Varadhan rate function from occupancy time Large Deviations (LDP)
theory evaluated at pm Now, let u € D, and set 9* = (Vu/u)(X.), which is a process belonging in ©
due to its path-continuity. I1t6’s formula implies for all P € II that

u

u T rey
(1.5) %log(VTu) _ %log (ﬁ;) —;/0 L %,

Thus, under Assumption we conclude G(VV",P) = — [ (L°u/u)p. As this holds for all u € D
and P € I1, by (1.3) we obtain

" Ltu
1.6 A > sup inf G(VY",P :sup{—/ p}:I.
(1.6) ueD PEIl ( ) u€D E U

For the upper bound, let ¢ denote the unique positive definite symmetric square root of ¢, and

assume that for some @& € D and X € F, the diffusion with dynamics

(.7 0%, — (f{f‘) (K0)dt + o(X)dWWs,

TWe say “essentially” because the domain D slightly differs from that used to prove occupancy time LDP in, for

example, [0, Chapter 4].
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is ergodic with invariant density p. This implies the probability measure P induced by the law of X
is in II. The wealth process V¥ obtained by 9. = (Va/4)(X.) is in © and is growth-optimal for the
model P. Therefore, (1.3) gives

A~ PN LCA Lc
A< sup G =GB = [ Elp< Sup{—/ “p} 7
€O E U u€D E U

Note that, if the discussion of this paragraph is valid, then a posteriori @ has to be a minimizer of
D> u— [p(L/u)p. We also regard P as a “worst-case” model, in the sense that the maximal
growth achievable under Pellis A

From the above discussion, we conjecture that A = I. As I < X follows from (|1.6]), the difficulty is
in establishing existence of a minimizer & € D of the mapping D > u — [ i (L°u/u) p, and showing

that the corresponding diffusion in (1.7]) is ergodic with invariant measure p.

1.3. The main result. In order to carry out the plan outlined in Section we must make addi-
tional assumptions on how (FE, ¢, p) interact. To simplify the presentation, set

(1.8) l = Vb + ¢ Mdiv(e), where div(c)' = E 9;c, i=1,...,d
p ,
J

Assumption 1.4. The following hold:

(i) [plclp < oo
(i) [y (V- (pet)))* < oo.
(iii) For the symmetric second order linear operator
1 1Vp' 1 1
R ._ _ 2
L = §v . (CV) + 5? Cv = QTI’ (CD ) + chlv,

a (non-explosive) solution to the Martingale problem for L? on E exists.

Remark 1.5. Recall that o denotes the unique positive definite symmetric square root of ¢. The

diffusion X' associated to L has dynamics
1
(1.9) dx} = 5 (c0) (XEYdt + o(XF)dW;.

For any Brownian motion W (on some probability space), a combination of Assumption and
Assumption (iii) implies there exists a unique strong solution for any initial condition X§* € E.
Furthermore, as formally p is a candidate invariant density for X, Assumption (iii) also implies
the seemingly stronger result that X7 is ergodic with invariant density p: see [23, Corollary 4.9.4].
Given the discussion in Section one might suspect that yields the “worst case model” P
leading to dynamics , and this is why we need it to be non-exploding. This is not the case in
general—Remark and Sectionwill make it clear that is a worst case model if, and only if,
¢ !div (c) is a gradient. Nevertheless, there is a very good reason why we enforce Assumption (iii).
As shown in [23, Theorem 6.6.2 (ii)], if Assumption [L.4](iii) fails, then there are no time-homogeneous
diffusions whose laws are in II. Therefore, a fortiori, the candidate for the “worst case model” of
will not belong to II, making it impossible to prove Theorem that follows. In fact, if Assumption

(iii) fails to hold, it is not clear whether the class II contains any elements whatsoever, and even if



8 CONSTANTINOS KARDARAS AND SCOTT ROBERTSON

it did, it is also not clear if the robust problem is well-posed. To reinforce these points, Proposition

below will have more to reveal for the one-dimensional case.

Remark 1.6. Neither of conditions (i) and (iii) in Assumption implies the other. That (i) does
not imply (iii) follows by letting E = (0, 1), and p(z) = ¢(x) = 1. To show that (iii) does not imply
(i), let E = (0,00), and p(z) = Be™ 5% c(x) = &2z for B,¢ > 0. Then,

o0 2
/ Uelp = / Be¢%ge B® <1 — B> = 00,
E 0 €L

but X has dynamics dX{* = (1/2) (¢2 — BX[) dt+ ¢/ X['dW; and hence is non-explosive from the

well-known properties of the CIR process.
What follows is our main result, the proof of which is in Appendix [A]

Theorem 1.7. Let Assumptions and hold. Then, there exists a unique (up to a multiplicative
constant) u € D such that

Lfu
1.10 L = i .
(1.10) U arggélg/E P

Furthermore, it holds that

1 ~ / ~
(1.11) )\:I:/ (V“> c(?”) P,
2/g\ 1 U

and the trading strategy

(1.12) J.=-—(X)eoO
is such that G (Vé,]P’) = A, for all P € II.

Remark 1.8. The proof of Theorem will show that 4 = exp(qg/ 2), where QAS : E — R is the unique
(up to an additive constant) function such that

¢ = arg min /(ng—ﬁ),c(Vd)—f)p.

$cC2(E) JE

The above variational problem is much more convenient to solve then identifying 4 via the right hand

side of (|1.10)).

1.4. On Assumption [1.4{(iii). We elaborate here on the importance of Assumption[L.4]iii), already
hinted in Remark by investigating deeper the one-dimensional case.

Proposition 1.9. Assume that d = 1 and E = (o, ) for —oo < a < f < 00. Let (¢,p) satisfy

Assumption[1.1] and Assumptions (i) and (ii). Then, if Assumption[1.]] (iii) fails, it either holds
that IL =0 or A\ = co.

In words, the conclusion of Proposition is that, absent Assumption (iii), either there are

no models in the robust class, or infinite robust growth is possible.
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Proof. Assume that IT # (. Let 2o € (o, 3). From [23, Theorem 5.1.1], Assumption [L.4(iii) failing
is equivalent to either [*°1/(pc) < oo or [ fo 1/(pc) < oco. We shall only consider the case where
J O’? 1/(pc) < oo as the other cases are similar. To this end, from with v = /pc, it follows that
Ly 1, - 1 (p.c)2
w pzi(pC)—Z dpc
and hence Assumption [1.4(ii) implies (L¢u/u)* € L*(E, p) so that u € D. Next, from (L.6), it is clear
that if (L°u/u)~ ¢ LY(E,p) then A = co. If (L°u/u)~ € L*(E,p), which, along with Assumption
1.4{(ii), implies that (L°u/u) € L*(E,p), for € > 0 consider the function

x
1
ve(x) = 4 /e + —, z€(a, ).
(z) [ ee(@n)
A straightforward calculation shows that
Lf(uve)  LCu N Ly,  Lu 1 c
= = S 5.
T ey

It thus follows that (L¢(uve)/(uve))™ € LY (E,p) so that uv. € D. Furthermore,

_/ﬁ L (uv,) __/B Leu +1/ﬁ 1
N ]

b Low 1 1 =P
=— T p+8<_€+f5(pc)_1 x=a>
o [PLew 1 1 1
-, TR e

Thus, we see from (1.6) and (L°u/u) € L*(E, p) that

, BrLew 1 1 1
A>lim | — P, 1t =
EJ,O o u 8 £ + fa (pc)_ 85

concluding the proof. O

2. EXAMPLES

2.1. One-dimensional and “gradient” cases. Assume the c satisfies the special condition
¢ div(c) = VH,

for some function H € C17(E,R). Note this always holds in the one-dimensional case with H =
log(c). Here, from and Remarkone can easily see that ¢ = log(p)+ H and hence 4 = \/peﬁ .
Furthermore, ergodicity under the candidate worst-case model holds directly by Assumption (iii),
since in this case the reversing diffusion of Assumption [L.4{iii) is in fact the worst-case model.
Expanding on the one dimensional case where £} = (a, 3) for —oo < o < 8 < 00, we have 4 = /pc,
and using [23, Theorem 5.1.5], it follows that Assumptions and hold provided

. ff(p’c)Q/pc < o0;

e for some zg € E we have lim, |, [7°(pc) ! = 0o = limgyg ffo (pe)~L;
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o [P(pe)t < 0.
Therefore, the great difficultly in establishing Theorem lies in treating the multi-dimensional

setting, absent the highly particular case when ¢~ !div (c) is a gradient.

2.2. A multi-dimensional example. Consider the case where E = R¢, ¢ = 14 is the (constant)

identity matrix, and
p(z) = (27T1)¢1/2€_éx,x’ z € RY,

is the density of a N(0,1;) random vector. As this setting falls into the gradient case of Example
Theorem implies @ = \/p, A = d/8 and the robust strategy is 9= —X./2. Now, let B be any
antisymmetric (B’ = —B) d x d matrix and consider the diffusion dX; = (—X;/2 + BX})dt + dW.
Clearly, X does not explode (as it solves a linear SDE) and a simple calculation shows that, should
X be ergodic, p is the invariant density. Thus, as mentioned in Remark X is in fact ergodic
with invariant density p for all antisymmetric B. This demonstrates that, for d > 2, the class
of time homogenous diffusions whose law is in II is uncountably large. Next, for the non-robust
model with the d x d antisymmetric matrix B fixed, consider the growth optimal portfolio given by

9B =X /2 4+ BX. By straightforward calculations, the long run growth rate for this portfolio is

d
d 1 d 1 y
)\B _ - ! - - - i5\2
L taTB'B) =+ 3 ‘Z(B )2,
3,j=1
which can be made arbitrarily large. However, the robust growth rate of d/8 is achievable in every

model, via the portfolio J = —-X./2.

2.3. Cox-Ingersoll-Ross model under uncertainty: infinite robust growth. Let £ = (0, c0)
and c(z) = &2z, x € (0,00), where ¢ > 0. For A > 1 and B > 0, set

BA o)
po) = gl Ty = [ ey
0

Assumptions and hold, and a straightforward calculation using @ = /pc (c.f. Subsection
shows that A = (A, B) = ¢24AB/(8(A — 1)). In [20] we considered a wider class of models, where F
and ¢ are known, but no assumption is made regarding a limiting density p (not even whether such
a density exists). In this example, as limp|g A(A4, B) = 0, there is no possibility to achieve strictly
positive growth in setting of [20]. However, once a density p (i.e., a choice of A, B) is specified,
strictly positive growth is possible.

In fact, we now show infinite robust growth is possible when A = 1, in which case p(z) = Be™5?,
x > 0. From Remark we know Assumption [1.4](i) does not hold. However, Assumption [L.4Jiii)
does hold, and this implies that II # () (c.f. [22] for verification of item (3) with unbounded functions).
The candidate optimal trading strategy is ¥" = (Vu/u)(X.) for u = ,/pc which specifies here to
u(z) = &V/Brexp(—Bx/2), x > 0. A calculation shows that Lou/u = —(1/8)¢2(1/x + 2B — B%x),
implying (L¢u/u)* € L'(E,p) and hence u € D. But, it is clear (L°u/u)~ ¢ L'(E,p) and hence
implies that G (V’gu,}P’) = oo for all P € I, and hence A\ = .
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2.4. Explosion, ergodicity and robust growth. If the diffusion with dynamics dX; = o(X;)dW4,
associated to L€ from , explodes in finite time, then robust growth is achievable for all densities
p such that Assumptions hold. Indeed, it follows from [19, Lemma 3.5] and [17, Lemma 33]
that for all such p

L¢ L¢
O<—inf/ upg—inf/ up:I:)\.
weDJgE U ueD Jp U

Here, D C D contains those u € C?(E),u > 0 such that L¢/u is bounded from above.

Note also that, if the diffusion with dynamics dX; = o(X;)dW; is positive recurrent with invariant
density p then positive robust growth is not possible. Indeed, we may take & = 1 in , and as
such, the trading strategy ¥ = Vi /G = 0 achieves maximal growth under P e II. No trading trivially
leads to G (Vﬁ,]?’) = 0; hence, A\ = 0. For example, this situation occurs when E = R, ¢ is any
positive smooth function such that [,(1/c) =1 and p=1/c (c.f. [23, Ch. 5]).

3. AN APPLICATION IN RANKED-BASED MODELS

3.1. Relative market capitalizations. To motivate the results of this section, start with a col-

lection S = (S% i = 1,...,d) of processes representing market capitalizations of d stocks, and
set M = Zle St as the total capitalization. With X* := S'/M, i = 1,...,d, the process
X = (X% i =1,...,d) denotes relative market capitalizations. We assume that no stock capi-

talization vanishes, so that X takes values in the open simplex

d
in z' >0, =13,
min_z Z:): }

Z:17'“7 .
=1

(3.1) Al = {ac e R

As already noted in the introduction, wealth from investment (as well as growth rates) will not be
absolute, but rather relative to market capitalization. In fact, investment is defined with respect to
the relative capitalizations X, and not with respect to the original prices S, through the usual change-
of-numéraire technique. As direct calculations show, for any d-dimensional predictable process m with
Z?:1 =1,

d i d i

i=1 =1
To wit, if a strategy of portfolio weights 7 = (n%;i = 1,...,d) is fully invested in stocks, the
same strategy applied to the relative capitalizations results in wealth relative to the total market
capitalization. Note also that, as the vector-valued process X is degenerate (the sum of its compo-
nents equals one), there is no loss of generality in assuming the strategies ¥ resulting in are
such that 2?21 X" = 1. Indeed, for any predictable strategy 9, if one defines a strategy n via

Nt =19+ (1 - Z?:l X797 for i = 1,...,d, then we have Zle Xint =1, and

d d d d d
D omidXi =Y "0idX]+ [ 1= X990 | Y dX] = 0idX],
=1 =1 7j=1 =1 =1

implying that V¥ = V7.
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3.2. Ranked capitalizations. As has been observed in |14 Section 5], empirical time-series data
suggest that the capital distribution curve (i.e. the log-log plot of ranked relative capitalizations
versus rank, in decreasing order) is stable for U.S. equities. This leads to the introduction of so-
called ranked based models for financial markets. Here, we shall not go into the details of ranked
based models; for a thorough treatment, see [14, Sections 4,5]. Rather, we introduce assumptions on
the ranked capitalizations, as opposed to the actual capitalizations, and consider questions of robust
growth.

Define the ordered simplex
(3.2) N {:c eAl |l <a?< . < xd}.
d—1,

+’§’
, with ties resolved in lexicographic

For z € Aiﬁl, we write 20 = (:r:(l), ...,:L‘(d)) for the corresponding ordered point in A also, for

i =1,...,d, let 7(z%) denote the rank of z* amongst z',...,z%
order.

As aforementioned, it is natural to assume the vector X0 = (X @, 5=1,..., d) of ranked relative

d—1
+.<0

a pair (k,q) where & : A‘i_<1 — SfiH and q : Aff__<1 — (0, 00) with fAd—l q = 1. Similarly to Definition
1= = +.<
we consider the class of measures II< on C([0, c0), Aﬁlr_l), equipped with the Borel o-algebra F,
such that for P € Il<:
(1) X, € Ai_l, for all t > 0, P-a.s.
(2) X is a P-semimartingale and, fori =1,...,dand j =1,...,d:

capitalizations, which takes values in A is stable in the long run. Thus, we shall take as inputs

(3.3) (X7, X7] = / prXOrCD (xOYat, Paas,
0

(3) For all Borel measurable functions h on AT L with [,a1 hTg < oo, it holds that
p— +y§

s

d
+,

1 T
lim/ h(Xt())dt:/ hg:  P-as.
T Jo A

IN

(4) The laws of {Xy;t > 0} under PP are tight, where compact sets are those compactly contained
within AL,

Remark 3.1. We pause here to discuss two issues arising from the degeneracy of Afl[l. First, note
that we can identify Ai_l with a region F C R?! which satisfies Assumption (1), by replacing
% with 1 — 2! — ... — 2971, However, since Aifl is a flat (d — 1)-dimensional manifold, and for ease
of notation, we will not work with F, preferring to work directly with A‘i_l.

Second, in view of the (d — 1)-dimensionality of A‘fr_l, one has to appropriately understand our
assumption that x(zV) € S¢, for 20 € Ai}l. In fact, 2’k(z0)z > £(20)2'z for some Borel function
l: Ai}l — (0, 00) need not hold on the whole of R?, but rather on the (d — 1)-dimensional subspace

d
{ze]Rd‘ Zzz:o},
=1
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which (up to an affine translation) is tangent to every point = € A‘fr_l. Despite the clear abuse of

notation, we prefer to write k(z) € S‘j_ +, understanding that it need only hold on the tangent space
to Ai‘l.

Remark 3.2. Regarding (3.3]) above, it may seem more natural to require
(3.4) (X0, x0]. = / w(X0)dt.
0

Indeed, as can be deduced from [3, Theorem 2.3], (3.4) implies X has instantaneous covariations

d[X?, X7,

Lt kXD (x 0

;oi=1,....d, j=1,...,d, t >0,

when X0 is in the interior of A‘i_<1. However, without additional assumptions (for example, almost
surely zero Lebesgue measure for ranks coinciding), one cannot assume that x is non-degenerate, or
even recover (d[X, X];/dt; t > 0) from x on the boundary of Ai}l. For this reason, we define II<
using (3.3) rather than (3.4). Morally, we regard the two definitions as equivalent.

3.3. Growth in rank-based models. In accordance to Definition let ©< be the class of
predictable process ¥ that are X-integrable respect to every P € II<. Growth rates G (Vﬁ,IP’) for
¥ € O< are defined as in (L.2), and we set
(3.5) A< := sup inf G (Vﬁ,IP’) .
Ve Pell<

We wish to use the results of Section [1|in the current setting. Of course, one really invests in the
relative capitalizations X, and not in it’s ranked counterpart X0; therefore, a transformation of the
inputs (k, q) from Ai}l to (c,p) in A" is in order. Additionally, we must ensure that (c,p) satisfy
the regularity and inte_grability requirements of Assumptions and

In view of , we first naturally extend x from Aff:<1 to Ai_l by defining

(3.6) c@)={T@)} _ i @)= wErEE0) pead

The extension of ¢ from Aijgl to A‘i_l is performed in a “symmetric” way, by defining
1
- 0y. d—1
(3.7) p(x) = d!q(m ) re AT
We make the following assumption (see Remark regarding part (2) of Assumption :

Assumption 3.3. The pair (k,q) is such that, with F = A‘fr_l, ¢ as in (3.6) and p as in (3.7),
Assumptions and are satisfied.

Remark 3.4. We stress that the passage from (k, q) to (¢, p) is made only in order to use the results
from Section [1] under the validity of Assumption In particular, we do not require that models
have limiting stable distribution p for X, where all rankings are equally likely, each with probability

1/d!. Note, however, that the worst-case model will have this structure.
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Under the force of Assumption [3.3|on (k, ¢), build (¢,p) as in (3.6) and (3.7)), respectively, as well
as II, © according to Definitions [T.2] and It is immediate that

IT C Il<; O< CO.
Thus, we always have

(3.8) A< = sup inf G (Vﬂ,]P’> < sup inf G (Vﬁ,IP’) =\
~ veo Pellc veo PEll

From Theorem |1.7, we know that for 4 solving ((1.10) and ¥ defined in (1.12), we have ([1.11]) holding
for all P € II. The following result, the proof of which can be found in Appendix [B| implies that the
portfolio generating function @ depends only on the ordering of its input coordinates (which is the

same as saying that it is permutation invariant), giving also that A< = A.

Proposition 3.5. For the pair (k,q), let Assumption[3.3 hold. For the associated (c,p) constructed
above, let u be as in (1.10), from Theorem . Then, @(z) = a(zV) for all z € Aflfl. Furthermore,

e (S5 () o(5) >

and the trading strategy 9. = (Vi/0)(X.) € O< is such that

-

d
)

IN

(3.10) G(Vﬁ,P) — ), VPell.

Remark 3.6. The importance of 4 being a function of the ranked weights is that it implies the optimal
strategy is rank-generated, in the sense of [14, Section 4.2]. Because 4 is permutation-invariant and
twice continuously differentiable, the local time terms in [14, Theorem 4.2.1] vanish. In effect, we
have {Xi = Xj} C {192 = 1§J} foralli=1,...,dand j =1,...,d in our result, which is a desirable
feature. Indeed, if optimal positions were different when the ranks of two stocks are the same, then,
upon collisions of ranked market capitalizations, one would need to change large positions with very
high frequency. Not only is this practically infeasible, it also would lead to unsustainable transaction

costs (which, admittedly, we do not model here).

We close this section with an important observation. It is not hard to see that Assumption
only concerns (k,q) near 8Aif<1. However, and especially in view of X% being non-explosive in
Assumption [L.4[(iii), it is naturaI to wonder if there is ever a way to modify an arbitrary (k,q) near
8Afl|;§1 so that Assumption holds. To this end we have the following result.

Proposition 3.7. Let x : Aifgl — SSIFJr and q : Ai_él — (0,00) be such that for all open subsets

VC Ai}l we have k € C*V(V, S‘_LL) and ¢ € CY(V,(0,00)). Then, for any open subset V C Aflggl

there are (kv,qy) such that
(i) qv is strictly positive in Ai_<1 with [ya-1 qv(z)de = 1;
= +.<
(i) k=rv, g=qv on V;
(iii) (kv,qv) satisfy Assumption[3.3
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In fact, (kv, qy) in Proposition admit explicit formulas in (B.13)). Upon inspection of Lemma
the modified pair (ky,qy) is such that, for some constant K > 0, the optimizer u(x) =

NS . N .
(Hf-l:l x’) for 0 lying near aAifgl. This leads to an optimal strategy ¢ such that 9" = K/ X" +

(1-Kd),i=1,...,d, when X 0 is near 8Afl;<1. Qualitatively, the investor holds a combination

of the market and equally weighted portfolios. This, of course, is entirely consistent with the set
inclusion {Xi = Xj} - {191 = 19]} fori,j=1,...,d of Remark

APPENDIX A. PROOF OF THEOREM

We first provide a brief road-map on how Theorem is proved, starting with the variational
problem (T.10)). Consider when u = e(*/2)? for ¢ € C°(E). Clearly, u € D, and from (1.5)) we deduce

that for all P € I1 .
G (v"P) = — / (V§/cV+ 2Tr (¢D?$)) p.
8 JE

As ¢ € C°(F), integration-by-parts yields
u 1
G (Vﬂ ,IP) = —/ (V¢’CV¢ —2V¢'c <VP + ¢ div (c))> D
8 /s p

1 1
¢ [ retn—5 [ (Vo-1ye(vo-on
8 JE 8 JE
where / is from ((1.8)). Thus, we conjecture that @ in ((1.10|) is found by solving

(A1) it [ (Vo—0/c(Vo-1)».

and setting @ = e(1/2% if o minimizer exists. Of course, since we actually need the minimizer, we
cannot take the infimum over CS°(FE). Instead we use Wﬁfc(E), the space of weakly differentiable
functions ¢ so that ¢2, |V¢|? are locally integrable. The first result we shall provide, Lemma in
Subsection identifies a unique (up to an additive constant) minimizer ¢ € Wﬁoi(E), which is in
fact twice continuously differentiable with Hoélder second-order derivative.

Given a minimizer gZ;, the first order condition for optimality in the minimization problem of
suggests that

(A.2) v (pc (vgﬁ - e)) ~0.

This is indeed shown to hold in Lemma Therefore, [23, Corollary 4.9.4] implies that, if X from
does not explode, then it is ergodic and p is the invariant measure. Therefore, the second result,
Lemma is Subsection will establish the fact that X from does not explode.

Given the previous two auxiliary results, Subsection will conclude the proof of Theorem

A.1. The variational problem. We first consider the minimization problem in (A.1l) and obtain

the following result.

Lemma A.1. Let Assumption and Assumption (z) hold, and recall ¢ from (L.8)). Then, there

exists a unique (up to an additive constant) ¢ € WﬁOQC(E) which solves

(A.3) inf /E (Vo — ) c(Vp—0)p.

PEW2(E)
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Furthermore, qg € 02’”’,(E) for some 0 < ~' < v and satisfies the second order linear elliptic equation
(A.4) \E <pc (Vgﬁ—ﬁ)) =0; x e k.

Proof. To make the notation cleaner set

(A.5) 16) = [ (Vo= 0/c(vo—op,

so that becomes J = inf¢€WL1(,)2C(E) J(¢). Note that Assumption i) gives J < oo. In what
follows K will be a constant which changes from line to line. Also, where appropriate, K,, will be a
constant which depends only upon F,, and the model coefficients on F,,.

Let {¢m}men C Wﬁoi(E) be such that lim, o0 J(¢m) = J. Assumption (1) and the Cauchy-
Schwarz inequality then imply

sup / Ve,V émp < K,
m E

and hence for all n
sup V. cNVomp < K.

m En

Next, since p > ¢, > 0 and ¢ > A\, > 0 on E,, we have that

(A.6) sup Vér, Vom < K.
m FEn
Denote by
%ﬁ = Om — Dms
En

as ¢, less it’s average over E,,. From the classical Poincaré inequality [11, Chapter 5.8] and (A.6)) it
follows that

sup / (612 + (VOR)'Vn) < K.

m n

The Rellich-Kondrachov theorem [II, Chapter 5.7] and the fact that Vi is norm bounded in
L?(E,,R%) imply the existence of n* € W12(E,,) such that for some subsequence m(n):

l/an(n) — n" strongly in L2( E,),
Vw:‘n(n) — V™ weakly in L2(En, ]Rd)_

Thus, by [2, Theorem 13.1.1], which shows that

(A7) LBy, RYsves [ (v—20)c(v—0)p,
En
is weakly lower-semicontinuous it follows that

(A.8) / (V™ =0 c(Vn™ —€)p < liminf / (Vo —0) ¢ (Vo — £) p.

m(n)—oo J g,

Now, fix n < n/. There exists a common subsequence m(n,n’) such that

¢m(n,n’) - é ¢m(n,n’) — 77”? S- L2(Eﬂ)’w_ W1,2(En)7

d)m(n,n’) - fl;j ¢m(n,n’) - 77n/§ S- L2(En’)v W= W172(En’)a
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(we have used “s” and “w” to denote strong and weak convergence). We now claim that Vn" = v
a.e. in E,. Indeed, we have for all v € L?(E,; R?) that
N/ .
/ (V”n -V ) VS / (Vémmm) = Vémmm)) v =0,
En En

m(n,n’)—o00

upon which the result follows by taking v = V™ — Vn”/. Thus, since E,, is connected we know [11,
Chapter 5] that for some constant C(n,n’)

" =n"+C(n,n'); a.e. in Ey,
(A.9) ,
vn" = Vn", a.e. in E,.
Now, using the double-subsequence trick we can find a single subsequence (which we will label m)
such that the above convergences holds for all n € N. For this subsequence (and the resultant n™)

define (for a.e. x € E) v by
(A.10) v(z) = Vn"(x); x€Eyn=12,....
Note that v is well defined: indeed we have
v(z) = Vnl(z) = Vni(z) = .. .; x € By,
v(z) = VP (x) = VP (z) = .. .; x € By,

Next, define (for a.e. z € E) n by

1

(A.11) n(x) == n"(x) =Y clk,k+1); x € Ep; n=12....
1

3
|

i

Again, 7 is well defined. This follows because for any n =1,2,... and ¢ =0,1,2,... we have on F,
that

n+q—1 n+q—1
@) = Y ek k+ 1) =n"" " @) tent g - Lntq) — Y clkk+1),
k=1 k=1
n+q—2
=" z) = Y ek b+ 1),
k=1
n—1
=n"(z) =) c(kk+1).
k=1

We now claim that n € Wﬁfc(E) First Vi = v. To see this, let § € C°(E). Choose n so that
n € CX(E,). Fori€l,...,d write D' as the derivative with respect to z;. We have

n—1

/ nD'0 :/ nD'9 :/ (77" —
E n n k=1
_—/ Dinne_—/ 0.

c(k,k+ 1)) D'
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Given that Vi = v the fact that n € WﬁOQC(E) is immediate. From (A.8) we thus have for each n
that

m—0o0

/ (Vn—0) c¢(Vn—£)p <lim inf/ (Vo —0) ¢(Vom — ) p,

n

< lim inf /E (Vo =€) ¢ (Vo — ) p=J.

m—o0

Taking n 1 oo and using the monotone convergence theorem we see that
| @n-0revn-op<i
E

and hence qg := 7) minimizes J over Wﬁfc(E) The uniqueness up to an additive constant follows by
the strict convexity of (V¢ — £)'¢(Vé — £)p in V.

We now turn to the regularity for (Z) which essentially is a standard argument and hence just a
broad overview is given. Let § € C}(E,) C w2 (E). By varying J at ¢ + 6 and taking € | 0 we

Loc
see that

(A.12) 0= / vo'e (Vo).

It thus follows [16, Chapter 8, pp 178], that u = ¢ is a weak solution of the PDE

V - (pcVu — pel) = 0; x € b,
(A.13) .
U= @; x € 0F,.
Here, the boundary condition is interpreted to mean that u — (JB € WO1 2(En) Under the given
regularity and ellipticity assumptions in F, it follows by [16, Theorem 8.22] that u = & is locally
Holder continuous in FE, for some exponent 0 < 7/ < ~. Next, consider the problem of finding

classical solutions to the same PDE but in E,,_q: i.e.
V - (peVu — pel) = 0; x € FE,_q;
u=¢; x € dE,1.

Since ¢ is Holder continuous in E,_; it follows from [16, Theorem 6.13] that there is a unique solution
u e C?*Y(E,_1)NC(E,_1) to the above PDE. But, this means that u is a weak solution to the above
PDE as well. By the uniqueness of weak solutions (which also holds in the current setup - see [16,
Theorem 8.3] and the fact that gZ) is also a weak solution in E,_1) it follows that (;AS =wu a.e. in F,_1.
Since we already know qg is holder continuous, this in fact proves that (;AS € 0%7(E,_1) and solves the
differential expression in in F,,_1. Since this works for any n the result follows. O

A.2. An ergodic diffusion. Having established existence of minimizer qg we now consider the dif-
fusion as in (L.7) with @ = e(1/2)?: je.
Vi, 4

. N o 1 A N
(A]_4) dXt = 67 (Xt)dt + O‘(Xt)th = §Cv¢(Xt)dt + O'(Xt)th,

Our goal is to show X is ergodic with invariant measure p. More precisely, we let P= (I@’x )zcE denote

the solution to the generalized martingale problem for the second order linear operator L associated
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to X on E: ie.
(A.15) L= %Tr (eD?) + %V(]B/CV.
We then have the following which proves P € II.

Lemma A.2. Let Assumption and Assumptions (i) and (iii) hold. Let ¢ be as in Lemma
. Set P as the solution to the generalized martingale problem for the operator Lin (A.15). Then
P solves the martingale problem for L and in fact, Pell.

The rest of this subsection is devoted to the proof of Lemma We retain the notation of (|1.8]),
(A5). Since ¢ € C%7 (E) and solves (A4) it follows that

v. <p (;w)) = LV (T + pdiv ().

and hence p is an invariant density for X. Since J pp = 1 it will follow that X is ergodic with
invariant measure p if it can be shown that X is recurrent in E: see [23, Theorem 4.9.5]. To this
end, we use the results of [23 Section 6.6] which provide necessary and sufficient conditions for X to
be recurrent in the current setup.

We first state a consequence of Assumption (iii). Denote by E, — E; = E, \ Ef and L% the
second order linear elliptic operator associated to the diffusion X% from Assumption (iii): ie. in

divergence form

1 1Vp'
A.16 LR=-v. e P v 3
( ) 2V (V) + 5 cV
Since X% s assumed ergodic with invariant density p and reversing by construction, it follows from
[23, Theorem 6.4.1] that
1
(A.17) lim = (Vup) cVuyp =0,
ntoo 2 En—E1

where u,, € C?7(E,, — E1) is the unique (strictly positive in E,, — E}) solution to
(A.18) Lfu=0, z € E, — Ey; u=1, z € 0Ey; u=0, € 0E,.
In fact, one has

(A.19) Uun(z) =Pl g, <78,],

where {Pf}x cp is the solution to the Martingale problem for L% on E and 7g, is the first hitting
time to OF;. Note that this implies 0 < uf* < 1. To show that X is recurrent we use the following

result, as can be found in |23, Theorem 6.6.1]:

Theorem A.3. Let Assumptions f(z) hold and let qg be as in Lemma . Let L be operator
associated to X in (A.14). For each n define the convex sets

Ay = {ge€ WY2(E, — E1):g=/p on 0E1,g =0 on OE,, dist(x,0E,) *g(x) € L™(E, — E)};

1
B, = {h € W1’2(En *E1392) th= §1Og(p) on aE1}~
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Now, define
. 1 Vg 1 A 1. ! Vg 1 N 1.
n = inf 5 2= -z — ¢ d — — = — ¢
L glenAn hseué)n 5 /n_Elg < g 92 (V(b ¢ div (c))) c( g 2 (Vqﬁ ¢ div (c))

- /E 7 (w — 5 (Vé—c v (c)))lc (Vh — 5 (Vo—cldw <C)>) |

Then, L is recurrent if and only if im0 i, = 0.

Remark A.4. Above, WY2(E,, — Ey, g?) is the space of weakly differentiable functions h satisfying
/ g% (h* + VI'Vh) < oo.
n*El

Also, the boundary conditions are interpreted to hold in the trace sense. Lastly, as shown right above

[23, Theorem 6.6.1], u, takes the simpler form

(A.20) My = 1/ U—HVU;LCVUTL,

2 JE,—E, Un
where v, solves Lv = 0 in E,, — F; with v = 0 on 9E,, and v = 1 on OF1; and, with L denoting
the formal adjoint to i}, where @, solves Lt = 0 on E,, — Ey with & = 0 on dE,, and 1 on 9F;.
Thus, if {I@w}er denotes the solution to the generalized Martingale problem for L on E then
vn(x) = P, [TE, < TE,] where 7g, is the first hitting time of JF;. Thus, if p, — 0 then v, — 1 so
that L is non-explosive, hence positive recurrent since p is in invariant probability density. If tn 70

then v, /4 1 and accordingly L is transient. This is the idea behind the proof.

Now, (A.20) implies p, > 0 and hence liminf, 1o pt, > 0. Assume by way of contradiction that
lim sup, 40 ftn > 0. Thus, for some 6 > 0 we have y, > 6 for all n. Taking g := wu,./p (Which by the

global Schauder estimates for w, is in A,: see [23, Theorem 3.2.8]) one obtains

/
J < 1/ u? <Vq§ - <Vp + ¢ div (c)) - 2Vun> c <Vq§ - <Vp + ¢ div (c)) - 2Vun> D
8 JE,—By p Up, p Uy,
_1 inf / u? [ Vh — L (V(Z) — ¢ tdiv (c)) /c Vh — L (V(% — ¢ tdiv (c)) D;
2hEBn En—E n 2 2 ’
/
:1/ ui(Vq@—ﬁ—Qvun>c(VqB—ﬁ—2vun>p

8 JE,—E, Unp, Up,
_ L / &2 (vn -t (w@ — ¢ Ldiv (c)) o(vn - (w% ~ ¢ ldiv (c)) p
2h€Bn E,—E1 " 2 2 ’

where we have used the definition of £ in (A.5). Next, for h € B, define ¢ := log(p) + ¢ — 2h. Under

the given regularity assumptions on p, gﬁ we have by the linearity of the trace operator that

heB,&¢eB, = {qbe Wl2(E, — Ey,pu?) : ¢ = on 0E1}.
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The change of variables h = (1/2) (log(p) +¢— gb) and simple algebra in the previous inequality

gives

inf u2 (Vo —0)c(Vop—10)p

¢€B, JE, —F;
/
g/ ui<v$—£—2vun) c(vé—e—zvun)p—sa.
n_El

Un Un

Since ¢ € WEL’)QC(E) and, according to Lemma satisfies [, pVd'eVp < oo, by (A.17) we know
that

/
lim u? <Vg§—€—2vun> C<V$—€—2vun>p:/ <V$—€)IC<V<;3—E)]).
nToo En—E1 Un Un E—-E;

Thus, for n large enough we have

inf /n_E1 u? (V¢—€)/C(V¢—€)p§/ (v(&—f)'c(v&—z)p—m

¢eBy, E—FE;

Now, by Assumption (1) it follows that [ B,_E, l'elp < 0o. Thus, as shown in [23, Theorem 6.5.1,
pp 264], there exists an a.e. unique (up to an additive constant) solution ¢,, € W12(E, — Ey,pu?) to
the minimization problem above. Indeed, to connect with the proof therein take g = u,\/p, f = (;AS,
¢ =1on 0F; and ¢ = 0 on JF, and lastly a = ¢, b = ¢. Therefore, we have

/n_E1 W2 (Ve — ) ¢(Vpn — ) p < / (vés—e)'c (v¢3—£>p—45.

E—-FE,

Next, extend u,, to all of E,, by setting u,, = 1 on E;. It is well known (see [2, Proposition 5.1.1])
that since u,, = 1 on OF; that this extension is in W2(E,) (in fact, it is continuous, though not
continuously differentiable because of the Hopf maximum principle). Similarly, for ¢ € B], we have
o = qg on OF, and hence we may extend ¢ to F, by setting ¢ = qg in F7 and it still holds that
¢ € WY2(E,,pu?). This gives for n large enough, say n > No(§) that

(A.21) / W2 (Ve — ) ¢ (Ve — ) p < / (VqB - z)'c (vg{s - e) p— 46 = J(§) — 46,

n E

where we recall the definition of J in (A.5). We now use (A.21) to derive a contradiction to Lemma
To do this, fix an integer m. Since Lu,, = 0, Harnack’s inequality, u, < 1 (which follows by the

probabilistic representation for u, in (A.19))) and u,(xz) =1 on Ej yields the existence of a constant
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Cm 50 that u,(x)? > ¢, on By, for all n > m + 1H We thus have for n > Ny(§) V (m + 1) that

J(3)— 46> / W2 (Vo — ) ¢ (Ve — 0) p
> / W2 (Vo — ) ¢ (Ve — 0) p

(A.22) "
> om / (Vebn — 0 (Vi — ) p

> om / (Vebn — 0 (Y — 1),

where ¢, has changed to the last line, taking into account that p,c > ¢;, > 0 on E,,. Thus, from

the Cauchy-Schwartz inequality we have

sup Vo Vén < K.
n>No(O)V(m+1) J By

Copying the argument below (A.6) in Lemma (note the roles of m and n have reversed) there
exists a function n™ € W12(E,,) so that, for some subsequence n(m)
QZ)n - ¢n — TIm; S- L2(Em);
Em
Vo — Vn™; w- Lz(EmSRd)'

Furthermore, if m < m/ then by taking a common subsequence n™ = n™ + C(m,m’) and Vn" =
Vn™ almost everywhere in E,,. In fact, there exist a single subsequence labeled n such that the
convergence holds for all m on this subsequence and we can construct a function n € Wﬁozc(E),
exactly as in Lemma so that Vi = Vn™ on FE,, for each m.

Now, come back to . For the common subsequence {¢y, }, . where all the convergences take
place, for each m we have for n > m that (similarly to )

(A2 J@ -0 [ (Ton— 0 e(Von—Opziptid [ (V6,1 c(Ton—0)p,

We now claim that for each m

A.24 lim inf w2 = 1.
(A24) Jin infu,

First of all, for 2 € E; we have u,(x) = 1 by construction. Secondly, in E,, — E1 we have, since
Lfu, =0, u, =1 on 0F1, and u, < 1 on E, — Ey, from the global Schauder estimates [23, Theorem
3.2.8], there is a constant K, so that sup,>, [lunll2,y,5,, < Km, where | - [|2,4,2,, is the C*7 Holder
norm on E,,. Now, assume there is some subsequence (still labeled n) so that limpjo infg,, u2 = 1—¢
for some € > 0. By the Schauder estimates, {uy}, ¢ is precompact in the ||-||2,4,z,, norm and there is

a further subsequence (still labeled n) and a function us € C?7(E,,) so that |Ju, — uso||2,4.5,, — 0.
iTechnically, Harnack’s inequality holds in E,, — E2 where u,, is smooth. The extension to all of F,, follows since
by the extension, u, =1 on E; and since u, is larger in F> — E; than in E,, — E», as the probabilistic representation

shows.
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But, from Assumption [L.4iii) and [23, Theorem 6.4.1], we a-priori know that u,(z) — 1 so that
Uso(x) = 1. But this gives

0 = lim sup |u,(z) — 1] =0,
ntoo g

which contradicts the fact that limp oo infg,, u,(2) =1 —e. Thus, (A.24) holds.
Now, come back to (A.23)). In view of (A.24]) and the lower-semicontinuity of the operator in (A.7)

(with n there-in equal to m here) it follows that

J(¢) — 46 > liminf inf u? / (Vo —0) c(Vo, —O)p

ntoo Em

> / (V™ — ) (V™ — O)p

[ u-0yevi-op
Taking m 1 oo yields
J(d)— 45> / (Vn— 0 (V- ),
FE

contradicting Lemma Thus, it cannot be that limsup,jo, ptn > 0 and hence limy oo i, = 0,

proving the recurrence of X.
O

A.3. Proof of Theorem Before proving Theorem we state one equality and prove one
technical fact. For the equality, let ¢ be from Lemma In light of (A.4) we obtain

L7 i (CD2¢) + qu vV
1 ! i N
(A.25) = @V - (pel) — ZV¢ cl + §V¢ cVo
1 1/ s N s 1
=,V e + (ws - e) ¢ (w) _ e) - let.

As for the technical fact, we have
Lemma A.5. Let Assumptions|I.1} n.(m) hold. Then [,V - (pct) = 0.

Proof of Lemma[A.3, 1f V - (pcf) = 0 for all € E then clearly the result holds. Else, let ¢ be from
Lemmas and note that qg is not identically constant and hence [, pV(ﬁ’ cV& > 0. Recalling

X from Assumption iii) and using (A.25):

1

R 1 T R 1 T R 1 T R
SOXF) = Zo(XE) + /O Vel(X[dt + /0 Vo (X)W + 5 / Tr (cD2¢> (XE)dt

0

T T
HXE) + = / L9 (pety Xyt + X / Vo (X)W,

’ﬂ\'—‘ H\H ’ﬂ =

ST 9o (X, )

X -V - (pef)(X;")d Vo'eVo(X,M)d - =
(X / (pet) (Xt + - / & ¢<t>t<ﬁwcw(mdt
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Since (V - (pet))t € L'(E,leb), [, pVd'cVe > 0, the Dambis-Dubins-Schwarz theorem and strong

law fOI‘ Brownian motion 1mp1y almost surely:
lim g[) X V- E
TIT T) / (pcl)

If the value on the right hand side above were not zero, it would contradict the positive recurrence
of X%, O

Proof of Theorem[1.7. From (1.6) we see that

Le L
(A.26) A>T =—inf up > —/ Aup.
u€D E U E U
For now, assume 4 = e(l/ 26 ¢ P, By Lemma the diffusion X from (1.7) is ergodic, and hence

the associated P € TI. As V? enjoys the numéraire property under P, we know

L Le
Ag—/ up<—1nf/ Aup:I,
E i ueD Jp U

which in conjunction with establishes the first equality in , provided that u € D. To
show this latter fact, recall (A.25)). Since (V- (pcl))* € L'(E,leb), Lemma implies (L0 /u)™ €
L'(E,p), and hence @ € D.

It remains to prove the second equality in as well as that G (Vlé,]P’) = A for all P € II.

From (A.25) and Lemma we see that

(A.27) /E L;up: ;/E <qu§€)/c(VgZA>€)p;/E€'c€p.

Next, if V - (pcf) = 0 for z € E then gzg is constant and clearly, implies the second equality in
(1.11). Else, V(]B is not identically 0, and fE V(;AS’CVdA)p > 0. Continuing, note that for X as in (A.14)
we have, using

o o 1 /T L T 1 (T N .

S(X7) = d(XKo) + = / YV VH(Xy)dt + / Véo(X)dW, + 5 /0 Tr (eD29) (Xt

2 Jo 0

= (Xo) + /V¢cV¢Xtdt+/ Vo (X,)dW,

L ;/OT (;v - (pet) — W%e) (X,)dt

— (%) +/OT< VeV — fe' el (w e) (w}—z) + 21pv-(pcf)> (X)du

T
+ / V¢/U(Xt)th.
0

So, we see by the Strong Law for Brownian Motion, the Dambis-Dubins-Schwarz theorem and the

given assumptions, we have almost surely

lim - L o(Xr) = i /E <w3'cv¢3 — Vel + (v& - z)'c (v& - e)) p+ % /E V- (pet)

= i /E <VQE/CV¢A) —lcl+ (VQAS - f)I c <V§5 - 6)) D,
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where the last inequality follows by Lemma Now, if the right hand side above was not zero it

would violate the positive recurrence of X. This gives

(A.28) / Ve cVp = / elp — / Vé— e) (wS—e) P

which, in view of (A.27)), establishes the second equality in ([1.11).
The last thing to show is G(V?,IP) = X for all P € II. To this end, by It&’s formula and (A.25) we

know

Liog v = Liog Vo + = d(Xn) — —=(Xo) — 1/T (2Tr (CD%) + VqB’cvé) (X,)dt
T T S0 T oA T TR0 g !

(A.29) —10gV0+ —ng(XT) - —(;s (Xo) — / SV - (pel) (Xy)dt

+8;/0 é’cﬁ(Xt)dt—ST/O qu—e c(Vé—ﬁ) (X¢)dt.

Taking T 1 oo gives
G(Vd)IP’ :—/V (pcl) + /E'cﬁp—/ ngg—ﬁ)/c(ngAb—E)p
:;/Ef’c€p8/E<ngf) C(VQAS*E)P

= ),
where the second equality came from Lemma and the third from (1.11]), (A.28]). This finishes
the proof. O
APPENDIX B. PROOFS FROM SECTION [3]

We keep all notation from Section [3| Additionally, we denote T as the set of all permutations 7
of {1,...,d}. For 7 € T, and z € A‘i‘l, we define z, € Ai‘l by 2t = 2(7%),i=1,...,d.

B.1. Proof of Proposition In the course of the proof, we shall use the sets
Ry = {zeaf! |o e ALY, reT.

Note that the {R, | 7 € T} may not be disjoint, but their topological interiors are.

We first show that @ from is permutation invariant. To this end, recall that @ = exp(¢/2),
where ¢ solves the variational problem in Lemma and recall the functional J(¢) from . For
a given 7 € T and function ¢, write ¢,(z) = ¢(z,), z € A‘i‘l. We claim that

(B.1) J(¢) = J(¢7); VreT.

Admitting (B-1)), that ¢(z) = ¢(x,) (and hence @(z) = @(z,)) for all 7 € T is easy to show. Indeed,

as the functional J(¢) is evidently convex, we see that

J (;, Z@) < 530760 = J(6),
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where the last equality follows by (B.1). Thus, if é is a minimizer then so is (1/d) >, ¢, and by

Lemma [AT] we can write
.1 .
b= drte
T
for some constant c. But, as the right hand side above is permutation invariant, so is the left hand

side. It remains to prove (B.1)), which will follow by straight-forward computations, and which uses
the following identities for 7 € T

f(@) = g(zr) = 0, f(x) = Op—1(y9(a7);

B.2
() p(z) = p(z-),
and
() = ™ T OTTHE) z.);
(B3) (2) (2r)

ij )1
9jc (z) = Or—1(5¢ @m0 ().
Showing (B.2) is straight-forward. As for the first equality in (B.3)), we have
T HOTTH) (2,) = HT(@“(T(T_I(i))))r(x(T(T_l(j))))(m())
— ,{T(w")r(ﬂ)(x())
= ().
The second equality in (B.3|) follows from the first as well as (B.2)). Now, plugging in for ¢ from (|1.8))
we have
J(p) — /d plcl = /d pV¢'cVe — 2 / ) Vp' eV — 2 / ) pV¢'div (c)
N N N AN
= A(9) +B(9) + C(6).

We handle the three terms separately and repeatedly use (B.2), (B.3)). Also, we will omit the

summands. As for A, assume x € R, so that 20 = z,. Then
(B.4)
/A L P(@)0i(60) (@) (2)05(67) () dar = / p(@r) 01y dlar)e” OO (@) ) dar ) das
¢

d—1
A-!—

= [, P00 ) 0) .

where to get the last equality we let y = 2, and noted that dy = dz; and set a = 71(i),b = 77 1(j).
This shows A(¢,) = A(¢). As for B:

/d1 al(p)(x)c”(l‘)a]((b.r)(x)dl‘ = /d1 87-—1(i)p(x7')c7—_1(i)T_l(j)(-TT)aT—l(j)d)(IT)dx;
AT AY

(B.5)
= [, ot oy

+
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Thus, B(¢,) = B(¢). Lastly, for C:

/ L, p(@)0i(r) (@)seY () dar = / o P@n)0a @)y 7O () da
A A
(B.6) " "
— [, W00 )y,
A+

Thus, C(¢,) = C(¢) and hence (B.1)) holds.
The third (last) equality in (3.9) holds in view of Theorem Next, we show the second equality

in (3.9). To do so, we will prove three equalities, analogous to (B.4)), (B.5)) and , which all follow
by construction of p, ¢, since ¢(z) = ¢(z,), and (B.2)), (B.3). Proceeding, let 7 € T and x € R,. We
first have

dip(x)c (2)0;0(x) = arl(i)¢(wT)CT_1(i)T_1(j)(%)37*1(]’@(377)
(B.7) = 0u¢(x:) k™ (1) Oy ()
= 9.0(2V)r" (1) 9y (V).
Next, we have

0r0(a) (90205 + 0,

_ aT_l(i)¢($T) (CTl(i)Tl(j)(l‘T)

8bp(x’r)
p(xr)

20
= 9,9(zV) (n“b(:xo)ag((];())) + 8bf€ab(w())> ;

where the last equality holds because c¢(z,) = k(z;) = k(x0) and p(z,) = (1/d)q(z,) = (1/d)q(z0)
in R.. Lastly, define

Or-1(jyp(ar)

L)
p(xT) —1—87. 1(5)¢ ($T)>

+ Oy (z,)

~ dno(ar) (o)

(B.9) l<(z0) = (Vq + /ildiv(li)> (z); 2V e Aff__<1.
< q <
We then have
1 ; i Op@)  0ip() o i ij
——0; (pet)' (z) = ¢V (z) 2 +2 0;c? () + 0;;c (x
11 Or—1(iyr—1(5)P(27) Or—1(pnp(xr) L1
T 1(1)7’ 1(]) TL(i)T (])p T1(4) T )T ()
=c Tr +2 Or-1(5)C Tr
) pan) 00 ()
+ 011 O ()
(B.10) 9
ab abp(x’r) 8ap(x’r) ab ab
= c*(x, 2 Opc™ (x7) + Ogpc® (2~
( ) p(xT) p(xT) b ( ) b ( )
0 0
_ I{ab(l_())aabQ(x ) + 26(1(](x )8b/<a“b(:c()) + 8abliab($())
p(z0) q(=0)

1 a
= maa (Q’ieﬁ) (x()).
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Since (B.7), (B.8)), (B.10) hold for z € R, for any 7 € T, they in fact hold for all = € AL Thus,
from (B.7) we obtain

/ L (V9eV0) (z) = % /A  (aVé'RVe) (V) = /A . (aV¢'rV9) (2V),

Ay

which is the second equality in (3.9).
Continuing, we show (3.10)). Let P € Il<. It6’s formula, . and (| give

1 ﬂ(XT) 1 T 1 2 A (Xz) ( ) ()
log (VT> 7 log (o) 2T/0 a0 i]zzjl Oiyu( Xy )K" (X )d

1. (aXp)\ 1 /T L°0

Tlog(ﬂ(Xo)> T /)y (o)t

From (A.25) and u = e(1/2% e obtain

4T
o v¢<+div<>)<xt>d
= o 0(Xr) — o d(X0) — /OT;V-WSM e T— / V'RV(X])dt
s 2 OTvé <nv+duv< ) Gy
7¢(XT) o / V- (grl<) (X)) dt

LT oy . 0 : 0
- (w—eg) K(w—eS) (X )dt+8T/0 okl (XD,
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where the second to last equality follows from (B.4)), (B.5)), (B.6). These equalities, in conjunction
with the integrability assumptions of Assumption and P € Il< allow us to deduce

6(ve) = [, Vst - [ (76 t<) n (Vo t)a) )

+ izd; (t<rt<q) (V) N
_ i /A . v (grt<) (V) = é /A . (Vé'rvéa) (=0
N i /A (V' (+9q + adiv ;;)) (z0)
-1 .. v+ e ¢) - A - (V#evip) (@)
+i /A - (V4! (eVp + pdiv (e))) (2)
=3 i ¥ ) (@) - ; /A ((Vé ~t) e(vé-0) p) (@)

1 (w%’cvg%p) ().

_1/
-5/,

Above, the third equality holds again because of (B.7), (B.8), (B.10). The fifth inequality follows
because of Lemma and in the proof of Theorem This, and the fact we have already
proved the second and third equalities in , yields since 4 = e(1/2)9,

It remains to prove that A< = A, which will establish all the equalities in . Recall that A< < A

holds from (3.8]). Furthermore, using (3.10|) and the last equality in (3.9)),

~ 1 ~ !/ ~
Ac > inf G(Vﬂ,ﬂv):/ (V“> c<vf‘>p:A,
- 7 Pellg 2 NN U

Thus, A = A< and the proof is finished. O

d—
+

B.2. Proof of Proposition We start with the construction of a particular matrix valued

function which works well with Assumption To state the following auxiliary result, define
(B.11) T = max{:cl,...,xd}, T = min{xl,...,md}; xEA‘i—l.

Lemma B.1. Let A,B,C € R be such that 1) C >0, 2) B< A< 2B and 3) A+ C > 2. For
T € Aff__l define the matriz 0 via

d

d
(B.12)  09(x) == 1i—y ((xi)AH(xl)C> + i <(xi)B(xJ)B H(xl)A+C—B>; hji=1,...,d.
=1 =1

Then:

(1) For any 7 € T, we have 67 07 0)(z,) = 0 ().
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(2) For every & € R% we have
d
£0(x)€ > k(x)€'s; k(z) = (H(xl)c> (1- E2B*A) min {1,@‘4} .

(3) 0 is smooth in AT and the diffusion
1
dXt = idIV (6) (Xt)dt + G(Xt)th,

does not explode to OA .
(4) fA+ |V - (div (6))] < oo.
(5) fA+ div (9)’ 6~ 'div (0) < oc.
(6) 6~ 'div (0) = VH where H(z) = (A + C)log (H;; ml).

Proof. We tackle each point below.
(1) We have

d
R CO RS (w AHxT ) +1izy (:UT(T—l(i))BxT(T-l(j))BHxTu)A*C-B)
=1
é d
=tz (<wi>AH<xl>C> + iz ((ﬂ)B(ﬂ)B H(xly**”)
=1

=1
= 0" ().

(2) We have

d
AH Z 5 ( )B H(l,l)AJrCfB

=1 1,7=1,i#j =1

( fee ﬁ ) (fiee) (e
(e

=1 l

€'0(x)¢

I
,M&

@
I

—

-

I
.M&

@
I
—

::]& 0

( l)A-‘rC—B)

'M&

1 1

)

(H e ( i)

Since A > B we have Hle(xl)A_B < 1. Since 2B — A > 0 we have (27)28-4 < 72B-4 < 1.
Lastly, we have (z')4 > min {1,;‘4}. Putting these together gives the claim.
(3) We have

1#1 l#i,j

0;3 _ 1i:j ((A—i— C A+C 1 H ) + 11’;&]’ ((:L‘i)A+C(A+ C)(xj)A+C_1 H (xl)A-i-CB) ]
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Thus, we see that

div (9)2 _ Z 9;_] _ (A + C) (:L,i)A—i-C—l H(xl)C + (:L,i)A—i-C Z(J:j)A-i-C—l H (ZL‘Z)A+C_B

j 1£i i 10,
= 1Y},

where

Y, = (A+C)(‘,L_i)A+Cf2 H +$ Z wj A+C-1 H A+C B
I#i J#i l#1,j

Since C > 0 and A + C > 2 we see that
0<Y; <d(A+C).
In a similar manner we have
0Ue) = (@22 7= ()OI [
1£i
Again, the given hypotheses yield that 0 < Z; < 1. Now, let X(¢) be a local solution (i.e.

up to first exit time 7 of some set compactly contained within Aflfl) to the above SDE. We
have that for ¢ < 7 that

AX(0) = 3 Xe(OVi(X)dt + X0(0) Zi(X.)dB,

for a Brownian motion B. Now, since Y; and Z; are bounded on A it is clear that X (i) does
not hit zero for any ¢. This gives the result.
(4) We have from (3) above that

0; Z 07
J

Z(A—i—C) (A+C’ A+C 2H A—i—C’ A+C 12 A+01H A+CB
I# J#i I#4,]

Since A+ C >2,C >0 and A > B we see that

V- (div(0)] = |D_07| < (A+O) (d(A+C = 1)+ (d=1)(A+C)),
,J
from which the result follows.
(5) Write 7 = 0~ !div (6) so that div (§) = §7. Plugging in for 6, div (§) we see that

div (0)' = (A + C) | (a1)A+C1 H(xl)c iyA+C Z jyA+o-1 H 1)A+C-B
I#i J#i l#1,j
(97_ i A+C’H C’gz A+C’Z :L,j A+C H A+C Byj
l#i j#i 14,5
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From here, it is clear that ¢ = (A + C)/2'. Therefore, we have
div (6)" 6= div (0) = 7er

— (A+C) Z A+C2H Z IA+C-1 A+01H 1yA+C-B

i I#i i#£] l#i,5
< d*(A+0)?,
and hence the result holds.
(6) We just showed that (0~ 1div(0))! =7 = (A+ C) /2" for i = 1,..,d. Thus, the result follows
since V (], z ) =1/
O

We are now in position to give the proof of Proposition

Proof of Proposition[3.7. Assume that V is an open subset of Ad_l such that V C W with W open
and W C Aff_’ As such dist(V, 8A ) > § > 0 and we may find a C* function x on Ad < with
0<x<1l,x=1lonVand x(z)=0 1f dist(z, OA ) < §/3, for example. For 6 as in Lemma

we then set
ky () = x(x)r(x) + (1= x(2))0(2);
(B.13) 1= Jat-1 x4
: Oy
Now, create cy, py as in , respectively. By construction of 8 in Lemma we see that
for any x € Ai‘l such that x(20) = 1, with the 7 such that z0 = z,:

cl‘;(:c) _ 07.(337;)7.(1-]')(37()) _ 07—1(i)7—1(j)(x7) = 0" (z),

where the last equality follows from Lemma Thus, we see that ¢ is smooth in Aflfl. The rest
of the conditions in Assumptions readily follow from Lemma as ¢, is constant near the
boundary of 8A‘jf<1. O
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