The Bayesian approach to inverse Robin problems

Aksel Kaastrup Rasmussen®, Fanny Seizilles', Mark Girolamit, and leva Kazlauskaite®

Abstract. In this paper we investigate the Bayesian approach to inverse Robin problems. These are problems
for certain elliptic boundary value problems of determining a Robin coefficient on a hidden part of
the boundary from Cauchy data on the observable part. Such a nonlinear inverse problem arises
naturally in the initialisation of large-scale ice sheet models that are crucial in climate and sea-level
predictions. We motivate the Bayesian approach for a prototypical Robin inverse problem by showing
that the posterior mean converges in probability to the data-generating ground truth as the number
of observations increases. Related to the stability theory for inverse Robin problems, we establish a
logarithmic convergence rate for Sobolev-regular Robin coefficients, whereas for analytic coeflicients
we can attain an algebraic rate. The use of rescaled analytic Gaussian priors in posterior consistency
for nonlinear inverse problems is new and may be of separate interest in other inverse problems. Our
numerical results illustrate the convergence property in two observation settings.
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1. Introduction. The Bayesian approach has in recent years gained traction as a power-
ful and flexible framework for solving inverse problems by allowing the user to model prior
knowledge, regularize reconstructions and quantify uncertainty, see [53]. In this paper, we
investigate the Bayesian approach to an emerging class of nonlinear inverse problems known
as inverse Robin problems.

Inverse Robin problems appear in boundary value problems for partial differential equa-
tions (PDEs), where the boundary is partitioned into at least two parts: a hidden and an
observable part. The hidden part carries information of a boundary effect modelled by a
Robin boundary condition. Then the Robin inverse problem is the inverse problem of recov-
ering the Robin coefficient from Dirichlet and Neumann data on the observable part of the
boundary. Our focus will be on the inverse Robin problem for a scalar Laplace equation and a
Stokes’ system of equations. The former is an inverse problem also known as corrosion detec-
tion and was considered in the early contribution [33]. The latter appears when initialising ice
sheet models for climate and sea-level predictions. This inverse problem asks for the unknown
basal drag coefficient of the ice sediment from observations of ice velocity at the surface, see
[6]. Addressing this inverse problem in a statistical framework is a crucial step in improving
the robustness and accuracy of ice sheet models for future sea-level projections.
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Reconstruction for the inverse Robin problem for the Laplace equation has been stud-
ied using classical regularization methods based on penalized least squares, see [15, 41, 34]
and the references therein. In [33, 23] accurate direct methods are provided given that the
domain is sufficiently thin. The problem has been posed in a Bayesian framework in [43],
which determines the Robin coefficient and the hidden boundary simultaneously. The related
inverse Robin problem for the Stokes PDE has been considered in the Bayesian framework in
[5, 44, 7], whereas in the two latter works the framework is similar to the general approach in
[53].

Despite the success of the Bayesian approach to inverse problems, different paths of the-
oretical guarantees have been explored only recently. Statistical convergence analysis for the
posterior distribution in nonlinear inverse problems has seen a recent interest with the frame-
work devised in [42] based on the work in [24], see also [45]. In this approach, the main
conditions of the forward map are that of forward regularity: the data should be uniformly
bounded and depend continuously on the parameter given that it is sufficiently smooth, and
conditional (inverse) stability: the inverse of the forward map is continuous when restricted to
a sufficiently small subset of the range. For forward regularity, we require a certain smooth-
ness of solutions of the governing equation near the observable part of the boundary. This
can be achieved by classical techniques in PDEs. Inverse stability results, however, rarely
come cheap and require in-depth knowledge of the inverse problem at hand. For the Stokes
model we consider, some conditional stability results have been developed, see Theorem 1.5
and Remark 3.7 in [11], which quantifies the unique continuation result of [22]. Common for
the inverse Robin problems is the fact that the spatially varying Robin coefficient 5 enters in
a Robin condition of the form d,u + Su = 0 at the hidden boundary, where v is the outgoing
unit normal and u is the solution of the governing equation. So if w is known and nonzero
here, the reconstruction is a matter of algebra: 8 = —u~'9,u. However, determining con-
ditions for which u in a Stokes’ model is nonzero on the hidden boundary remains a largely
unsolved problem, see [11]. For this reason we motivate our approach for general Robin-type
inverse problems by the prototypical model for the scalar Laplace equation, see [15]. It is not
uncommon that methods used in solving the Robin inverse problem for the Laplace equation
have stimulated the development of approaches for solving the corresponding problem for the
Stokes model, see [6] which makes use of the Kohn-Vogelius functional [35].

Inverse Robin problems are related to the Cauchy problem of determining a solution to a
Laplace equation in a domain from Cauchy data on parts or the whole of the boundary. This
is because the ‘known’ in our inverse Robin problems consists of Cauchy data on a part of
the boundary. The global Cauchy problem of determining the solution in the entire domain is
known to be severely ill-posed since [29]. Conditional stability estimates of logarithmic kind
exist for this global problem [2, 14, Theorem 1.9], while for stability in the interior, Holder
estimates can be obtained, see Theorem 1.7 and Remark 1.8 of [2]. Combining the latter
with analytic continuation for ‘uniformly’ analytic (in the sense of Ro(M) defined below)
solutions near the hidden boundary, one obtains conditional Holder stability for the inverse
Robin problem. This is essentially the content of [32], which we modify to our setting below



THE BAYESIAN APPROACH TO INVERSE ROBIN PROBLEMS 3

in Lemma 2.4. We note that in [52] a Hélder stability estimate is obtained for the scalar
Laplace equation, when the Robin coefficient is piecewise constant on a priori known sets.
Using properties of the derivative of the forward map, a Lipschitz stability for the inverse
problem in Stokes’ model has been established in [20] given that the Robin coefficient belongs
to compact and convex subset of a finite dimensional vector space. Unlike [11] it provides an
estimate independent of observations of the pressure.

For inverse problems with regular forward maps and conditional stability estimates, guar-
anteeing the statistical convergence of the posterior distribution reduce to the choice of prior
[42]. In this paper, we consider two classes of numerically tractable and popular choices of
Gaussian process priors that fit the stability regimes of the inverse problem. Our theoretical
results are two-fold: For a Matérn type Gaussian prior we show that as the number of ob-
servations increases, the posterior mean converges in probability to the true Robin coefficient
given this has some Sobolev smoothness. Not surprisingly the convergence rate is logarithmic.
On the other hand, if the Robin coefficient is analytic, the squared exponential Gaussian prior
provides an algebraic rate of convergence. This is the content of Theorem 3.1 below. Our
approach for the analytic set of parameters follows the approach in [42, 24, 45] using results
in [55]. Unlike [55], which considers analytic Gaussian processes with a change at time scale,
we consider ‘rescaled’ (in the sense of (3.15)) Gaussian processes. In Lemma C.4 we show
that such priors satisfy the usual conditions for posterior consistency. This result is new and
may be of independent interest in other inverse problems when modelling analytic functions.
This seems to be a useful a priori class of functions to consider for some stability estimates,
see for example [37].

We perform numerical experiments on the Laplace and Stokes models using Markov chain
Monte Carlo (MCMC) methods and finite element methods. The experiments support the
theoretical findings on the improvements in the reconstruction of the Robin coefficients as the
number of observations increases.

In Section 2 we give the setting of two inverse Robin problems in the context of a Stokes
system of PDEs and a Laplace equation in two dimensions. We state results on the regularity
properties of the forward maps as well as conditional stability estimates. When not relying on
existing results, these are proved in Appendix A and B. In Section 3 we recap the Bayesian
approach to inverse problems, describe the observation model, and present the Matérn-type
and squared exponential Gaussian priors. Here we also give the main result, Theorem 3.1,
which is proved in Appendix C. In Section 4, we present the numerical approach and results
for the scalar Laplace model and the Stokes model.

In the following, we let random variables be defined on a probability space (€2, F, Pr). For
a metric space X the Borel o-algebra is denoted by B(X'). Given a random element X : Q — X
that is F — B(X) measurable, we denote its law or distribution by the probability measure
L(X) defined by L(X)(B) = Pr(X~Y(B)) for all B € B(X).
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2. Inverse Robin problems.

2.1. Stokes’ model. We consider the constant viscosity Stokes ice sheet model for a
velocity field u : @ — R¢ and pressure p : @ — R in a bounded and smooth domain @ C R¢,
d=2,3,

—Au+ Vp = pg in O,
V.-u=0 in O,
(2.1)
Ou—pv=nh on ',
oyu —pv+ Pu=0 on I'g,

where v is the outward unit normal, p is a constant density of the ice, g is the gravitational
field and h is the prescribed boundary stress. Here I'y and I'g are disjoint and connected open
subsets of the boundary such that 90 = T, Ufg. We denote by I an open subset of I'g, where
we make our measurements. The Robin inverse problem is then to recover § given u|r, that
is, to invert the nonlinear forward map

G: [~ ulr.

For physical accuracy, we assume £ is a positive function, 8 > mg > 0. We reparametrize the
forward map to

G(0) := G(mg + %) = ulp

defined on our parameter space
0 := H'(Tp).

The choice of the parameter space © makes 6 — G(#) continuous into (C(T'))?, which, as we
shall see in Section 3, leaves us with a well-defined posterior distribution. It follows from Lax-
Milgram theory in the Hilbert space of divergence-free (H'(0))%functions that there exists
a unique solution u € (H'(0))¢ to (2.1) for any positive and bounded 3, hence the forward
map is well-defined. Further, when  is continuous, unique continuation results [11, Corollary
1.2] imply injectivity of G, see for example [10, Proposition 3.3]. These facts are proven in the
following lemma for the case d = 2. For d = 3 this follows in the same way, but for example
for the choice © = H?(T3).

Lemma 2.1. Let h € (L*(T5))%, pg € (L*(0))? and 0,601,605 € L™(I's). We have the
following:

(i) Set B = B(6) :=mg+e’. Then there is a unique solution u € H(0))? to (2.1).

(i) If |01l gy 102llmr(ry) < M and I CC L, then there exists oo > 0 such that

1G(61) — g(92)||(c(f))2 < C(O,mg, h,p,g)||61 — 92”?—11(1“3)-

(iii) © > 6 — G(0) € (C(T))? is injective.
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Figure 2.1: Diagram of the domain

2.2. Scalar Laplace equation. Consider the following Laplace equation for a potential
u: O — R, surface normal current h € H~'/?(T') and Robin coefficient 3 € L>(T'g),

Au=0 in O,
oyu=nh on I,
(2.2) v
u=20 on I'y,
Oyu+ Pu=0 on I'g,

where 00 = T UTy U fﬂ. Here a homogeneous Dirichlet condition is introduced for the
stability estimate in [1], which we use in Lemma 2.4 below. As before our goal is to invert the
reparametrized forward map

(2.3) G(0) := G(mpg + 60) = ulr,

where we with a slight misuse of notation keep the notation G and G for this model.

Assumption 1 (Domain). We assume I's = (0,1) x {0} and define I'g ¢ := (¢,1 — €) x {0}
for some 0 < € < 1. Furthermore, we assume 00 is a simple closed curve decomposed into
four subarcs oriented as I'g, F(l), I, I’%, and where I'y = F(l) U Fg.

We assume I'g = (0, 1) x {0} since we want to avoid defining Gaussian processes on manifolds.
Occasionally, we identify I'g with (0,1) C R. For the two stability estimates in Lemma 2.4 we
could generalize to a C? or analytic I'g, respectively. To analyze the stability of the forward
map we find it useful to restrict it to two well-chosen bounded and closed subsets of ©.

Assumption 2. Assume first § = (0) := mg + el for 8 € © with
0 := H'(Tp).

Depending on the setting we accept either of the two following assumptions for some M > 0:
(i) Assume 6 € Rq(M) with

Ri(M) = {0 € H'(Tg) : 0]l 1 ry) < M}
(ii) Assume 6 € Ra(M) with

Ro(M) = {0 € C¥(T) 0l < M, sup |(#9))] < MDA
zel'p
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It is well-known that 3 is analytic on I'g if and only if 3 € C*°(T3) with
sup |(9*8)(x)| < Mp (k) M
xEFB

for some Mg > 0, see [36, chapter 1]. We can think of Ro(M) as functions that are ‘uniformly’
analytic with the added condition [|0|[zer,) < M to ensure § ~— f is continuous in both
directions. The sets R1 (M) and Ro(M) are exactly the ‘regularization sets’ for which stability
results for the inverse problem are available, see Lemma 2.4. To this end, we make the following
assumption.

Assumption 3. We assume that h is not identical to a constant and that h € Hy := {h €
HY2(T) : h >0, ||| g1z < My} for some My, > 0.

The positivity assumption is only needed for the stability estimate stated in Lemma 2.4 (ii),
and it might be avoided as in [1]. In the following we prove a number of auxiliary results,
where we specify sufficient conditions on 8 and S. First, we note that the forward map is
well-defined.

Lemma 2.2. For B = B(0) with 6 € L>®(T'g) and h € H~Y*(T'), there exists a unique
solution u € HY(O) of (2.2) with

(2.4) lull 10y < CllRl g-1/290)
for some constant C = C(O, mg) > 0.

Secondly, the forward map is Lipschitz continuous on certain bounded sets of © and the
observations are uniformly bounded.

Lemma 2.3. Let h € Hy and 01,02 € L>=(I'g). Then,
(i) if B=B(61) and |[B(01)|| 1 (ry) < M we have

IGO0l ey < U(O, mg, M, My),
(i) if Bi = B(0;) for i = 1,2 with |[01 poo(ry)s 102]lLoc(ry) < M then
1G(01) — G(02)[ 121y < K(O,mg, M)||01 = Oa| oo ()
(iii) if 01,02 € R1(M) then there exists an o > 0 such that
1G(61) = G(02)ll ey < C(O,mg, M)||0 = 0 || Too -

The following result is that of conditional (inverse) stability, where the condition is either
RS Rl(M) or f € RZ(M)

Lemma 2.4 (Conditional stability). Let O satisfy Assumption 1 and h satisfy Assumption
3.
(i) If 0; € R1(M), i = 1,2, then there exists constants K1 >0 and 0 < o1 < 1 such that
161 = 2]l ooy ) < K1 1og([1G(61) = G(02)l| L2 ()|~

where K1 and o1 depend only on O, h, mg, M and €.
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(ii) If 0; € Ro(M), i = 1,2, then there exists constants Ko > 0 and 0 < o9 < 1 such that
161 = b2l r2(ry ) < K2l|G(01) — G(02) 1173 1y

where Ko and oo depend O, My, M and €.

The stability result (ii) generalizes to three dimensions. In this case, one technical obstacle
is to analyze the smoothness of the solutions near the corner singularities.

3. The Bayesian approach. Central in the Bayesian framework is the posterior distri-
bution, which is the normalized product of the prior distribution and the likelihood-function
modelling the measurement process. In this paper we take the natural viewpoint of [45] that
the measurements are discrete, taken at uniformly random locations on the observable part
of the boundary, and are contaminated with Gaussian noise. In the context of Stokes’ model,
we let V = R? and d = 2, whereas for the Laplace equation we set V = R and d = 1. In
both cases we let | - |y denote the Euclidean norm. Our observations arise as the sequence of
random vectors Dy = (V;, X;)IX; in (V x ')V of the form

(3.1) Yi=G(0)(X:) +ei e~ N(0,1), i=1,..,N,

where X i A, the uniform distribution on I' independent of the noise ;. More precisely,
we endow I' with a Borel o-algebra B(I') generated by the open sets in I' with respect to
arc length metric. We have pu(B) = |T'|~! [ dS, where dS is the usual length measure and
| = fr ds.

The random vectors (Y;, X;) are ii.d, and we denote their law Py with corresponding
probability density (Radon-Nikodym derivative)

dP, 1 1
i) = 2 0) = hgesn (—3ly - GO ). yevier,

with respect to du = dy x d\, where dy is the Lebesgue measure on V. We call 0 — py(y, )
the likelihood function, and denote by P}V the joint law of the random variables (Y, X;)¥ ;.
The likelihood function is suitable to enter in the Bayesian approach: Lemma 2.1 and 2.3
implies that z +— G(0)(x) is continuous and that © > 0 + G(0) € C(T')?, where d = 2 for
Stokes’ model and d = 1 for the Laplace equation. This implies (6,z) — G(0)(x) is jointly
B(©) ® B(T') — B(V) measurable by Lemma 4.5.1 in [3], which is enough for a well-defined
posterior distribution, see [45].

Given a prior distribution II supported in ©, Bayes’ formula, see [25, p. 7] or [45], updates
IT by the likelihood function to obtain the posterior distribution II(-|Dy) of 6 given Dy,

[ eV OTI(a0)
(3.2) II(B|Dy) = m, B € B(©),

where

1 N
In(0) = —5 > Yi = GOX)-
=1
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Note that 0 < |y—G(0)(x)|?> < oo for all (y,z) € V xT and § € ©, and hence the normalization
constant satisfies

o< / e~ Xt =IO @)Y 11(dg) < 1
©

for all (y;,z;)Y¥, € (V x T)V. Tt follows that B — II(B|Dy) is a measure for each Dy €
(V x T)N and that w ~ II(B|Dy(w)) is measurable for every B € B(0). In particular,
w— II(B]Y (w)) is a [0, 1]-valued random variable. Before we state our main theorem on the
convergence features of the posterior distribution, we specify our choice of prior distributions.

3.1. Choice of prior. In this section we recall well-known prior distributions that are
supported in R;(M), j = 1,2, allowing us to make use of the stability estimates in Lemma
2.4. Our focus will be on the Matérn-type and squared exponential Gaussian priors. For
simplicity we define the Gaussian priors on the [—m,7)-torus T and restrict to I's when
necessary. Note any torus in which I'g is embedded is relevant and can be used. In the case
of the Matérn priors, as we shall see, this allows us to recover any sufficiently regular Sobolev
function defined on I'g. On the other hand, the squared exponential Gaussian processes
allows us to recover analytic functions defined on I'3 whose extension is 27-periodic. This
setting benefits from the fact that properties of Sobolev regularity and analyticity of periodic
functions are straightforwardly characterized by a decay of the Fourier coefficients. We can
think of this setting as an implicit choice of approximation of the ground truth by the periodic
trigonometric functions. One could instead define a prior distribution on R with exponentially
decaying spectral measure, and show that it is supported in Ro(M), see [55]. This can be
more technical due to the non-compactness of R and is unnecessary for our case.

Consider the usual L?(T) real orthonormal basis of trigonometric functions {¢y }rez and
for 7 = 1,2 the random series

(3.3) 0; = ngwk,j¢ka g ! N(0,1)
keZ

with

(3.4) wry = (1+ k)72 a>1/2,

(3.5) wpa = e 3 >0,

where @ > 0 and r > 0 are parameters to be chosen. We consider for example ¢i(z) =
1/y/mcos(kx) for k > 0, ¢x(x) = 1/y/msin(kz) for k < 0 and ¢ = 1/v/27. Since wy, ; € (*(Z)
for j = 1,2, the series (3.3) converges for each = € T in the mean-square sense. In fact it is a
Gaussian random variable, see [25, p. 13], and the limit f;(z) exists almost surely. The choice
of wy, ; is here motivated by the span of {wy, j¢r}rez. Indeed, {wy, 10k }rez is an orthonormal
basis of

(3.6) H(T) :={f € L*(T) : || flfor = D s> (1 + £ < oo}
kEZ

Here fi := (f, o) 2(T) denotes the coefficients in the orthonormal basis. Note we can write f =

> fror in a standard complex Fourier expansion fkeikz with the usual Fourier coefficients
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fk expressed in terms of f;. Conversely, any real function in the standard complex Fourier
expansion can be written as > fro¢r. Then H*(T) is the usual periodic Sobolev space of
regularity o, see [54]. Similarly, {wy 20 }rez is an orthonormal basis of

(3.7) An(T) = {f € LA(T) : | fll3r == Y Iful?e™ < oo},

kEZ

A closed ball in any space of functions with exponentially decaying Fourier coefficients is in
Ra2(M) for some M > 0, see Lemma C.1, and so the choice of the ‘square’ here is only in honor
of the squared exponential prior. Note both spaces are Hilbert spaces as closed subspaces of
L?(T) with their respective obvious inner products. Note also that A,(T) embeds continuously
into H%(T) for any r,« > 0, which in return embeds continuously into C(T) for a > 1/2 by
a Sobolev embedding, see [54].

3.1.1. RKHS and support. The random series (3.3) converges almost surely in H”(T)
with 8 < a — % and A, with ¢ < r for j = 1 and j = 2, respectively. Indeed, by Fubini’s
theorem

[”alHHB T ngwk 1 1+ ]{:2) ] Z(l + k?)ﬂ*a < o0,
keZ kEZ

and similarly for 5. Then also 0 € H B(r 3) almost surely. Likewise we define

Ar(rﬁ) ={f= 9’1“[3 19 € A(T)},

endowed with the quotient norm

3.8 = inf — 7
(38) 7= e Ml = e

where the last equality holds because f has a unique analytic continuation to T. Then
02 € Ay(T'5), ¢ < r almost surely.

The series (3.3) is the Karhunen-Loeve expansion of a Gaussian random element of H(T)
and Ay(T) for j = 1 and j = 2, respectively, see [17]. We set a > 3/2 and r > 0 such that
the laws of 6; and 6, define Gaussian probability measures in ©. By a Sobolev embedding 6,
and 0, are almost surely in C(T'3), the separable Banach space of continuous functions on [‘@
endowed with the usual supremum norm, which we denote by || - [[. Then the laws of 6;,
j = 1,2, define Gaussian probability measures on C(T'3), see [30, Exercise 3.39]. We denote

;.= L£(0;), j=1,2.
The reproducing kernel Hilbert space (RKHS) of the Gaussian random element ; is H*(T)
for j =1 and A,(T) for j = 2, see Theorem 1.23 [25]. Since the restriction H*(T) — H*(I's)

is onto, see [54, Section 4.4], the RKHS of the restricted Gaussian random element is H; :=
H%(T') in the case j = 1 and Hp := A,(I'g), see [26, Exercise 2.6.5].
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3.1.2. Covariance function. Since 6;(z) is a Gaussian random variable for each z € T
and j = 1,2, it is in fact a Gaussian process. The covariance function K; : T x T — R of the
process takes the form, for j = 1,2,

(3.9) Kj(x, o) = E[f;(2)0;(2")] = Y wf jéu(z)dx(a’),

kEZ
see for example [25, p. 586]. Choosing for example ¢y (z) = 1//7 cos(kx) for k > 0, ¢r(z) =
1/y/msin(kz) for k < 0 and ¢ = 1/v/27, and using the identity cos(a) cos(b) + sin(a) sin(b) =
cos(a — b) we find

wg 1 &
(3.10) Kj(w,a') = 2% + 7 > wponlx — ),
k=1
1 2 ik(x— /
(3.11) = %wae’ (@=2")
keZ
. = mi(x —x + 27K),
3.12 y "+ onk
keZ

using the Poisson summation formula with

(3.13) mi(s) = FH(1 + 4n%%) 7 (s) = Csa_l/QlCa_%(s),
(3.14) ma(s) = F e (5) = Ce™ 2,

where IC), v > 0 is a modified Bessel function, see [48, Section 4.2.1]. Thus K is the 2m-
periodization of the usual Matérn covariance function on R when j7 = 1 and the squared
exponential covariance functions on R when j = 2, which justifies our naming convention.

3.1.3. Rescaling. Take a > 1 and r > 0 such that 11;(©) = 1 for j = 1,2. We then let
II; be the ‘rescaled’” Gaussian distribution for j = 1,2,

(3.15) W= £ (knyf), 05 ~T0,
for some decreasing sequence in N, ky,; defined as

(3.16) Ky o= N7+
(3.17) KN2 i= log(N)~L.

Letting the covariance of the prior depend on the observation regime is natural: it updates
the weight of the prior term in the posterior (3.2) formally as

N1/(2a+1)
AT (6) o exp (—Qnenih

in the case of j = 1. In this way we penalize large values of ||@||7;, more. This is common in
the consistency literature, see [42], and in fact sufficient for convergence of regularized least-
square procedures, see [21, Section 5]. In our setting this rescaling is needed so that the prior
distributions concentrate sufficiently on the totally bounded regularization sets Ri(M) and
Ra(M).
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3.2. Convergence of the posterior mean. Before we state the main result, the conver-
gence of the posterior mean to the ground truth as N — oo, we recall some preparatory
definitions. In the following we let IL;(-|Dy) denote the posterior distribution (3.2) in © aris-
ing from the prior distribution II; defined in (3.15) for j = 1,2. The posterior mean E;[6]|D ]
is defined in the sense of a Bochner integral, see for example [18, p. 44]. Indeed, for all
Dy e (V xI)N

(3.18) /6 161l dIL,(6]Dy) o /@ 16lec™@ dI1;(9) < /@ 16]le dI1;(6) < co.

by Fernique’s theorem [30, Theorem 3.11], since II; is supported in © for j = 1,2. Then
Dy — E;[0|Dn] is a ©O-valued random element by the definition of the Bochner integral
and since the pointwise limit of a sequence of measurable functions is measurable, see [19,
Theorem 4.2.2]. Let ey > 0 be some decreasing sequence in N converging to zero. We say that
a sequence of real-valued random variables { fy (Dn)}%_, converges to zero in PQJZ -probability
with rate ey as N — oo if there exists a constant C' > 0 such that

(3.19) lim Py (Dy :|fn(Dy)| > Cen) =0
N—oo

Then we have the following convergence results for the reconstruction error of the posterior
mean, where we take fy(Dn) = ||E;[0|Dn] — 6o|| for j = 1,2, and a suitable norm || - ||.

Theorem 3.1. Consider the posterior distributionI1;( - |Dn) arising from observations (3.1)
in the model (2.3) and prior distributions 11, j = 1,2.
(i) If 0o € H*(T'g), o > 3/2, then

IE1[0|DN] — ol oo(ryy) — 0 in ngg—pmbabz’lity

with rate |log(Con)|™7 as N — oo for some 0 < o < 1 and constant C > 0 and where
Sy = N—o/(a+1)

(it) If 6y € A.('g), r > 0, then
[E2[0|Dn] — 6ol L2, ) — 0 in Pég—probabilz’ty

with rate 5§ for some 0 < o < 1 as N — oo, and where 5 = N~'/21log(N).

Proof. (i) This is the result of Theorem 2.3.2 [45] and [45, Exercise 2.4.4] whose conditions
are satisfied by Lemma 2.3, 2.4 (7) and by the choice of prior (3.15) for a > 3/2.

(74) This fact is proven in Appendix C, since we deviate slightly from the setting of Theorem
1.3.2 in [45]. [ |

Remark 3.2. Note the continuity of § — mg -+ ¢’ leaves us with convergence in probability
on the level of 5. However, the lack of uniform continuity leaves us without a rate. A
result with the above convergence rates on the level of g is most easily achieved by replacing
B(6) = mg + €’ with a smoothened ‘regular link function’, in the sense of [46]. Our concern
is only the well-definedness of the mean. Indeed, Bochner integrability as in (3.18) seems not
straightforward with 6 replaced by e’.
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This theorem justifies and quantifies the use of the Bayesian methodology for the two inverse
problems. Note the theorem does not generalize immediately to the problem for Stokes’
model with for example an L?%-norm on a set K CC I'g in which u # 0 as in [11, Remark 3.7).
Indeed, the estimate includes the pressure p and its normal derivative d,p|r at I'. Improving
this estimate to be independent of observations of the pressure remains largely open to the
authors knowledge.

4. Experimental results. In this section, we illustrate the Bayesian methodology for both
the Laplace problem (2.2) for which the theoretical results where proven, and for the Stokes
problem (2.1) which motivated this study.

4.1. General methodology. We consider a simple ground truth of the form

2
to = Z 0,10k

k=-2

for (90,_2,907_1,9070,90,1,9072) = (—0.6,0.7,2,0.1,—0.08), and with ¢k(l‘) e sin(27rka:) for
k > 0, ¢p(x) = cos(2mkx) for k < 0, and ¢9 = 1. For simplicity, we truncate the prior
series (3.3) at |k| = 2 for both j = 1 and j = 2. Furthermore, we choose mg = 0. As
the computational domain, we consider the rectangle O = (0,1) x (0,0.2) with I' = 'y =
(0,1) x {1}, T'p = {0} x (0,0.2) U {1} x (0,0.2), and I'3 = (0, 1) x {0}. For the Stokes’ model
(2.1), we add a homogeneous Neumann condition on I'y. The domain is represented by a
triangular mesh consisting of 400 x 50 elements. Forward computations are implemented in
Python using FEniCSx [4]. The code is available at [51].

4.1.1. Synthetic data. The data is generated following (3.1), where we introduce oyeise t0
model the noise standard deviation. In the case of the Laplace model, the noisy observations
can be seen in Figure 4.1 for the choice h(z) = 10(sin(127z) + 1) and opneise = 0.1. Then the
likelihood function takes the form ¢y (6) := —ﬁ Zf\il IY; — G(0)(X,)|3.

4.1.2. MCMC. We sample from the posterior distribution using the preconditioned Crank-

Nicolson MCMC method, see [31]. To speed up the convergence, we employ methods of adap-
tive Monte-Carlo, see for example [28]. Here, we adapt the step size every 1000 iterations
to maintain an acceptance ratio close to a target rate of 0.33 which seems to give reasonable
sample diagnostics, starting at a step size of /27 with v = 1077.
For the Stokes model, the underlying PDE is more computationally expensive to solve. For
this reason, we combine the adaptive step size (started this time with v = 1073) with a mul-
tilevel Monte Carlo approach, see [16]. In practice, two chains are run in parallel, one on
a coarse mesh consisting of 150 x 30 elements and the other on the fine mesh consisting of
400 x 80 elements. For every proposal, the pCN iteration is first performed on the coarse
mesh, where the likelihood is less expensive to compute. If the proposal is accepted on the
coarse mesh, then the pCN iteration is performed on the fine mesh using the same proposal.
Monte Carlo estimates are performed using only samples of the chain at the fine level. In both
problems, the chain is started close to the ground truth, with a shift drawn from A(0, 0.5%)
for each dimension.
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4.2. Laplace problem. Figures 4.2 and 4.3 show the marginals of the posterior distribu-
tion, as well as the posterior mean estimate of the basal drag coefficient for a noise realization
of noise level oyeise = 0.1. For both the Matérn and the squared exponential priors the un-
certainty decreases as IV increases. In addition, the reconstruction from the posterior mean
(i.e. ﬁ(é), where 6 is the empirical posterior mean) visibly converges to the ground truth.
We note that the ground truth is consistently contained in a 95% credible interval. One may
notice a bigger uncertainty on the end points of the interval (at x = 0 and « = 1). This
can be explained by the constraints on the model 2.2, where a Dirichlet boundary condition
forces the solution of the PDE system to be u = 0 on the sides the domain, resulting in a
“loss of information” affecting the reconstruction. For N = 100 observations, the performance
of the Matérn prior and squared exponential prior are comparable. However, for N = 1000,
we observe a narrower credible interval. This effect is particularly visible for the coefficients
corresponding to a “large” frequency, which is expected for the squared exponential prior.

Figures of Markov chains (D.1) for these experiments can be found in Appendix D. As the

number of observations N increases the variance displayed for each chain decreases, matching
what we observe when recovering the marginals.

Surface observations, sampled at the covariates X (N=100) Surface observations, sampled at the covariates X (N=1000)

. { " " g
+  Noisy observations \. 3 + Noisy observations %
Noiseless observations ) 0 Noiseless observations .

0j0 0?2 074 0?6 0?8 110 0?0 0?2 0?4 0?6 0?8 1?0
Figure 4.1: Surface observations for the Laplace problem. The orange line corresponds to
the noiseless solution of the PDE parameterised with the true coefficients. After selecting
covariates uniformly at random and adding independent Gaussian noise, one obtains the blue
dots: noisy observations mimicking measurements and corresponding to the (¥;)X¥, in 3.1.



14 AKSEL K. RASMUSSEN, FANNY SEIZILLES, MARK GIROLAMI, IEVA KAZLAUSKAITE

MCMC results for N=100, matern regularisation
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MCMC results for N=1000, matern regularisation
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0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.2: Histograms of 6 and reconstruction of the drag coefficient 5 for a Matérn-type
prior (o = 1), with a number of observations of N = 100 and N = 1000 respectively. For the
histograms and the reconstructions, 5000 samples are taken equidistantly from the 500, 000
iterations of the chain after removal of the burn-in (first 100,000 iterations).
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MCMC results for N=100, squared_exp regularisation
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MCMC results for N=1000, squared_exp regularisation
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o 1§ N I} &5 I s 5] o
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0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.3: Histograms of # and reconstruction of the drag coefficient § for a squared expo-
nential prior (r = 1), with a number of observations of N = 100 and N = 1000 respectively.
For the histograms and the reconstructions, 5000 samples are taken equidistantly from the
500, 000 iterations of the chain after removal of the burn-in (first 100, 000 iterations).
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Draws from the MCMC
6 Mean from MCMC
—— Ground truth

14 /

0.0 0.2 0.4 0.6 0.8 1.0

Draws from the MCMC
6 Mean from MCMC
—— Ground truth

14 /

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 4.4: Reconstruction of the drag factor 8 for a squared exponential prior (r = 1), for
the Stokes problem, with a number of observations of N = 100 and N = 1000 respectively.
For reconstruction, we take 1000 samples equidistantly from the fine chain after removal of
the burn-in (first 1000 iterations, out of respectively 9000 and 7000 iterations for N = 100
and N = 1000). The coarse chains respectively consist of 44k and 61k iterations.

4.3. Stokes problem. Going back to the motivating problem for this study, we perform
the same simulations as in Sec. 4.2, this time with the Stokes PDE model (2.1) instead of
(2.2). We choose h(z) = 10((sin(127x) + 1),0) and pick p =1 and g = (5,5). Here, we found
Onoise = 0.5 to be a suitable noise level. We consider only the squared exponential prior, since
this prior shows the most promising theoretical and numerical results for the Laplace problem
and this choice of ground truth.

Similarly as previously, as the number of observations N increases the reconstruction
from the posterior mean gets closer to the ground truth and the uncertainty is reduced. The
marginals of the posterior distribution for these experiments can be found in D.2. Contrary
to the experiments for the Laplace problem, at N = 100 observations the ground truth is not
consistently contained within the 95% credible intervals, which is revised after increasing the
number of observations to N = 1000.
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5. Conclusions. In this paper we considered a Bayesian approach to two inverse Robin
problems with theoretical convergence guarantees as the number of observations increases.
We have motivated to popular and numerically tractable Gaussian priors and show under
appropriate rescaling that each lead to a convergent posterior mean. If the ground true
Robin coefficient is a priori known to be analytic, then the logarithmic convergence rate can
be upgraded to a rate on the form N~7 for some 7 > 0. Interesting future work includes
generalizing Theorem 3.1 to the inverse problem for Stokes’” model. In its current form,
Theorem 3.1 allows recovering analytic functions in the space A,(I'g). Another interesting
future direction is to generalize this to a larger class of analytic functions on I'g using Gaussian
processes and a continuous version of Lemma C.1. For ideas in this direction we refer to [55].
Numerical experiments empirically confirmed that the reconstructions of the Robin coefficient
improve as the number of observations increases. The main difficulty in the computations
stems from the number of iterations required for the MCMC, since the likelihood needs to be
evaluated at every step which requires solving a Laplace or Stokes PDE for every proposal of
the parameter vector. In this paper, the pCN scheme was chosen for its simplicity. To speed
up convergence further, one may consider the use of gradient-based MCMC methods.
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Appendix A. Forward regularity.

Proof of Lemma 2.1. (i) Consider the general Stokes’ equation for f € (L?(0))%, h €
(H73(I))? and h € (H~'/?(Tg))?,

—Au+Vp=f in O,

V-u=0 in O,

(A1) o,u —pv=nh on Iy,
dyu—pv + fu=nh on I'g.

The corresponding variational form is
(A.2) / Vu: Vv + Bu-v= [ f-v+ (h,v) r, T (h,v) Ty
Tg

where Vu : Vv denotes the double dot product of the two matrices, (-,)_ denotes the

1
29

L1lp
27 S
(H=Y2(I,))?, (H'/2(T,))? dual pairing, and where v € V, := {v € (H'(0))?: V-v = 0}. By
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the generalized Poincaré inequality, see for example [13, Proposition 5.3.4],
[19ul + [ 2 = coulse)
o I's

for each ¢ = 1,2, where u; is the i'th component of the vector field u. It follows that

2
(A.3) /OVU : Vu + Bu-u > C(mg, O) ; Hui||§{1(0),

T

and hence the bilinear form is coercive. It is straightforward to check that it is also bounded,
and likewise that the right-hand side is a bounded linear functional on V. By standard
Lax-Milgram theory, there is a unique weak solution u € Vy to (A.1) satisfying

(A.4) [ull (1 0yy2 < COm) (1 Fll 202 + hll =120 yy2 + 12l (ar-172(0 5))2)-

Note (A.1) is in the form that Theorem IV.7.1 in [12] considers with the compatibility condition
being (A.2) for v = 1. Then there is also a unique solution p € L?(0) to (A.1). In the
following we take some care in bounding this function. Initially de Rhams’ theorem [12,
Theorem 1V2.4] gives a pressure term p € L3(O) = L?(0)/R unique up to a constant and
satisfying —Au + Vp = f. Take then the mean-zero solution satisfying

(A.5) 15l 22(0) < C(O)VDl r-1(0),
(A.6) = C(O)|Aull g-1(0) + | f Il -1 (0)>
(A7) < CO,mg)(If 202 + 1Bl zr-172(0,y)2 + 12l (z-172(04))2)

using [12, Lemma IV.1.9] and (A.4). The proof of Theorem IV.7.1 in [12] shows that p = p+Cj
is the unique solution to (A.1) matching the boundary conditions. If h € (L?(T'))? and
h € (L*(T'5))?, this constant can be bounded as

(A.8) Col < CO)(Ihllcz2qryyyz + 1PNl 222 + 1Bl Loo(ra lull 220y
(A.9) +0vull g-1/200) + 1Pl 22(0))

hence if ||/B”Loo(l“ﬁ) < M, then

(A.10) Ipllz2(0) < C(O,mp, M)(|IFllz2(0y)2 + 1Bl z2cr,y2 + 12l z2qry)2)

using (A.7).
(73) The difference (v, q) for v = u; — ug and g = p; — p2 of solutions (uy, p1), (ug, p2) of (2.1)
corresponding to 1 = [(01), B2 = B(02) is the unique solution of

—Av+Vqg=0 in O,
V-v=0 in O,
(A.11)
oyv—quv =0 on I'g,

8ﬂ)—(]l/+511)=U2(ﬂ2—ﬂ1) on Fﬁ.
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Note that [10, Lemma 2.3] implies

lu2(B2 = B)llz2rs))2 < luallzews)2 182 — Billm )

and hence by (i) above,

(A.12) [vll (s o))z < C(O,mp)llua(B2 — Bl (rr-172(0,))2
(A13) S C(Oﬂmﬂaha pvg)”ﬁl - BQHHl(F[})'

To upgrade this we prove additional smoothness of v near I' as follows. Define an open set
V C O that meets I, i.e. T' C V. Define then the larger set U C O with V C U and
UNOO C T's. We then define the smooth cutoff function n € C*°(U) with n = 1 in V and
suppn C U (hence 7 is zero near I'g and I'g). Then (nv, nq) solves the system

—A(v) +V(ng) = f in U,
(A.14) V-(npv)=Vn-v in U,
Ay (nv) — (nq)v = n(dyv — qv) +vd,n on AU,

for f = vAn +2Vv - Vn + qVn € L*(O). Note n(d,v — qu) +vd,n = vd,n € (H1/2(8U))2.
Then Theorem IV.7.1 of [12] states that

Invllczeryz < COY W Fllzz@yz + 190 -0l @y + [00unll gz @uy)2)-
Since n =1 in V and using (A.10), we have
[l (m2(vy)2 < C(O,mp, M, b, p,g)

By Sobolev interpolation, there exists a, & > 0 such that (denoting v; the i'th component of

v)

2 2 -
(A.15) Z lvill (grragyyz < Z “Uz'H((XHl(V))?”UiH((XHQ(V))Q’

i=1 i=1
2
(A.16) < C(O0,mg, h,p,g) Z vl ()2
i=1

(A].?) < C<O)mﬁah’pag)||ﬁl _/BQH%II(FB)‘

Now we argue that 6 — e’ is locally Lipschitz continuous in H1(T'), i.e.
(A.18) 181 = Ballmiry) < C(Lp, M)[|61 — b2 g1 (ry).-
Note first by the mean value theorem that

le” — €%2[| poo(r ) < €M |61 — 02| poo(ry)-
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If I's C R it is clear that

(A.19) 181 — 52HHl(F,3) S Hegl - 602HL2(F5) + Hv(eal) - v(€92)||L2(F5)7

(A.20) < le” = €%l 2y + (1€ VO = €%V 121y

(A.21) < Heel - QGQHLZ(M) + HV01”L2(F5)H691 - QQQHLN(FB)

(A.22) + [[€%2]| poo 1) [ V01 — Vsl L2(r )

(A.23) < C(M)[[6r = b2l 11 ) L

using also the continuous Sobolev embedding H!(I'g) C C(T3). By the definition of Sobolev
spaces on boundaries, see [27, (1,3,3,2)], the case where I'g is a smooth curve follows in the
same way. Indeed, this amounts to showing

[810¢ = B20@llgi(r < Cll610¢— 02009 m

for any smooth parametrization ¢ : I — R? of a section of I'g with I an open subset of R.
In this case we just repeat the argument above. Finally, combining (A.15) with (A.18) and a
Sobolev embedding it follows that

2
[Jur — u2”( )2 ~ Z ||Uz”c C(O,mg, h, p,g, M)|61 — 92”?{1(1“5)-
i=1
(7i7) This is proved in Proposition 3.3 of [10] for a stationary Neumann condition g(z,t) = h(z)
in (H'/2(I,))2.

Proof of Lemma 2.2. Consider more generally the equation (2.2) for an inhomogeneous
Robin condition 8,u + fu = h € H/?(T'g). The corresponding variational form is

(A.24) /Vu'Vv + Buv :/hv +/ hv,
o T's r s

forve V= {uc H'(O) : ulr, = 0}. By the generalized Poincaré inequality, see for example

[13, Proposition 5.3.4],
Lvu+ [ @ = coulae
8

hence the left-hand side of (A.24) is a coercive bilinear form on V. Since h and h are H'/2-
functions, the right-hand side is a bounded linear functional on V. By standard Lax-Milgram
theory, there is a unique weak solution v € V' to (A.24) satisfying

(A.25) lull 0y < CO ma) (IRl 172y + 1Pl r-1/2(r)-

In particular, (2.4) is satisfied. [ |

Lemma A.l. For 3 € HY(I'g) with 18]l z1(rg) < M, h as in Assumption 3, and any 0 <
5 < % there ezists a constant C = C(O, mg, M, My, s) such that

(A.26) [ull 1+ 0y < C,

where u solves (2.2).
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Proof. Far away from the ‘corners’ (where different boundary conditions meet) the esti-
mate is straightforward using standard techniques. Near the corners the estimate is essen-
tially due to [27], although we are aided by [8]. Since Bu € HY/2(T's) by Lemma 2.3 in [10]
(u € H'/?(I'g) by Lemma 2.2 and 8 € H'(I'5) by assumption), the trace theorem in [8, Theo-
rem 2.1] provides a function v € H?(O) such that d,v = hon I', v = 0 on I'y and d,v = —fu
on I'g, i.e. w = u — v solves

Aw = —Av in O,
d,w =20 on I,
(A.27)
w=20 on [y,
d,w =0 on I'g.

Indeed this trace operator T : H?(0O) — HY?(T) x H3/?(Tg) x H'/?(T's), defined by u +>
(Ovulr, ulry, dyulr, ), is bounded [39] and surjective [8, Theorem 2.1], so there exists a contin-
uous right-inverse, see the general remark after Theorem 8.3 in [39]. Then

(A.28) [ollz2(0) < CURI g2y + 18Ul /2 ry))s
(A.29) < CIhll gz ey + 1Bl g 1l grr2ry))s

The regularity decomposition of [8, Theorem 3.11] decomposes the unique solution w € H'(O)
as

J
w = w, + ZC]'S]',
Jj=1

where w, € D? := {w € H*(0) : d,w =0 on T UT'g,w =0 on o}, ¢; = ¢;(f) are functionals
of f = —Av in L?(0), see [8, Remark 3.1.2] and S; are certain ‘singular’ function supported
near the corners. They depend only on the geometry of O, see (3.2.26) and Proposition 3.2.3
in [8], and satisfy AS; € L?(O) and S; € H'*5(0O) if and only if s < 1/2. Since A : D? — L?is
injective by uniqueness of solutions to (A.27), it is bijective onto its image. The open mapping
theorem then states that there exists a constant C' > 0 such that ||w; | g20) < Cl|Aw,|[2(0,
and hence

(A.30) [wr|[g2(0) < CllAw, || 12(0),
J
(A.31) < C(|Av]| 20y + Z ¢l 1AS; |22 (0)),
j=1
(A.32) < CO)lvllg2(0)-
Combining (A.32) with (A.28) and using the standard estimate of ||u|| ;1) we have
J
(4.33) Jullir-ec0) < CONleion + 1 s s
j=1
(A34) < C(0,9) o]0 < C.

with C' = C(O, My, M, mp). m
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Proof of Lemma 2.3. (i) is an immediate consequence of a Sobolev embedding and Lemma
ALl
(7i) The difference v = u; — ug of solutions uy,ug corresponding to 51 = B(61), B2 = B(02) is
the unique solution to the equation

Av=0 in O,
v =20 r,
(A.35) Y o
v=20 on Iy,

ov + frv = ’U,g(ﬂg — ﬂl) on Fﬁ.

Since ug (B2 — 1) € H~/?(T'5), we use the estimate (A.25) with h = 0 and h = ug(B2 — 1)
to the effect that

(A.36) [0l 10y < C(O,mp)|luz(B2 = Bu)ll g-1/2(ry)

C
(A.37) C(O,mp)||B1 — Ball Lo (ry).
(A.38) C(O,mg, M)||01 — Ozl Lo (1)

IN

using a simple mean value theorem argument. Boundedness of the trace operator implies (7).
(7i7) By Sobolev interpolation, there exists a, & > 0 such that

(A.39) HUHH1+1/8(O) < lur — UZ”?H(O)HW - U2H§11+1/4(o)7
(A.40) < C(O,mg, M. M) |01 = 023 r,
where we used (A.36) and Lemma A.1. Then boundedness of the trace operator and a Sobolev
embedding give the wanted result. |
Appendix B. Conditional stability estimates.
Proof of Lemma 2.4. Notice first that the mean value theorem for 6(x) € [0 (x), fa(z)],

Bi— By = e — e = (6 — 6y),
implies
101 — 62| Lary) < C(M)|1B1 = B2l La(ry)

for any 1 < ¢ < oo, since |0 Loo(ry) < M in either case of our assumptions. It is then sufficient
to consider stability estimate on the level of 5.
(i) Theorem 2.2 of [1] states that

(B.1) 181 = Ballpeo(ry.) < K|log(||G(61) — G(02)| oo (r)) |77

for some K > 0 and 0 < ¢ < 1 dependent on @, h, M; and e. Sobolev embedding and
interpolation results gives for some 0 < § < %

(B.2) 1G(01) = G(02)l| ooy < M1G(01) = GO 415 1
(B3) < 6(61) ~ G0 1660 ~ G0 T,
(B4) < M(OvmﬁaMﬁ’?Mhad)”g(gl) - g(HQ)HiZ(F)a
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where p = %, and where we used Lemma A.1. Inserting this into (B.1) for some fixed §
gives (i) for K = K (K, M).
(73) We follow the argument of [32, Section 3|, which relies on two auxillary results:
1. mingep,, u(x) > n, where n > 0 is a constant dependent on ¢, but independent of the
imposed boundary condition on T'.
2. the solution u to (2.2) can be analytically extended in a fixed neighborhood U of T'g
with ||ul| g2y < C(M), where it is also harmonic.
In the presence of these two results, the estimate follows exactly as in [32, Theorem 3.1] with
K >0 and 0 < o <1 depending only on M, €, O, My, M, and we will not repeat it here.

(1) Note first that u(x) > n for any = € I'g,, where n > 0 is some constant depending
on ¢, but independent of h. This follows from continuity of u on @ and maximum principles
for harmonic functions as in [32, Lemma 3.2]. Indeed, one can conclude that u > 0 everywhere
on O by a standard contradiction argument as in [47, Theorem 9, Chap. 2]. Then [15, Lemma
2] concludes positivity on I'g using Hopf’s lemma. The compactness argument of [32, Lemma
3.2] is then adapted to our case to show u(z) > n for any x € I'g.

(2) Corollary 1.1 in [40, Chapter 8] shows that the solution u to (2.2) is analytic near and up
to I'g. For ¢ small and U := O N ((0,1) x (—4§,8)) it further states that for k = (ki, k2)

sup |9%u(2)| < C(M)(R)C(M)H,

zeU
for |k| € Ng and where k! = k;ilks!. Then the Taylor series of u in («,0) for any « € [0, 1] has
a convergence radius of at least r = C(M)~L. Indeed, for any (z,y) with distance at most r
to (a,0) we have

(B5) uz) =) = Yo 3 LD gy

n1=0n9=0

(B.6) <o) Y 3 oM@ — aymy,

n1=0n2=0

(B.7) <) (Cr)

n1=0n9=0

where we denoted n = (nj,n2). Since a power series is analytic in the interior of its re-
gion of convergence, u is analytic in sufficiently small balls centered in (a,0). A cover-

ing argument then gives a unique analytic extension in for example (0,1) x (=6,4)) with
§ = min(8, (2C(M))~1). Repeating (B.7) for 9¥u(z) for k = 1,2, we note that

(B.8) ullcz(0,0)x (~5.8) < C(M).

We also conclude Au = 0 in QOU((0,1) x (=0, 0)). Indeed, Aw is analytic in OU((0,1) x (=4, d))
and coincides with 0 on O and hence is zero in O U ((0,1) x (—d,0)) by uniqueness of analytic
functions. |
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Using the general property of uniform analyticity up to the boundary we avoid the argument in
[32, Theorem 3.1], which uses a reflection formula provided by [9]. Inspection of this reflection
formula reveals that we do need a condition like 6; € Ro(M), i = 1,2, to reflect the solution
to a possible small but fixed neighborhood. We can generalize our proof to stability estimates
for any analytic I'g for d = 2 and d = 3.

Appendix C. Consistency for analytic functions. The result of Theorem 3.1 is derived
from the property of posterior consistency, see [25, Chapter 8| for a general treatment. In the
following we address posterior consistency for analytic functions. We start by establishing a
relationship between the space A,(I'g) and the set of functions Ro(M). We prove a result,
which is well-known and particularly simple in the setting of the m-dimensional [—m,)-
torus T™. Analogously, it generalizes to function spaces defined by the decay of the Fourier
transform by the Paley-Wiener theorem, see [49, Theorem I1X.13]. We consider m > 1, since it
follows in much the same way as m = 1. To this end, let '3 be an open compactly embedded
subset of [—m, 7)™ for m € N. Let {¢x}rezm be a real orthonormal Fourier basis and define
for fi = (f, @) r2(rm) the more general space

Ar,m(rﬂ) = {f = g|1‘5 1g € AT(Tm)}

with
A(T™) = {f € LT ¢ [fl2pn = 3 [fule™ < oo}

kezm

and the corresponding quotient norm of (3.8), denoted || - ||;.,. Note we write |k| := |k1] +
...~ |km| and not for example ||k||? to make a sharper result. We keep the definition of Ro (M)
as in Assumption 2, and note that the condition

sup [(9")(x)| < M (k)M
zelg

should be understood in multi-index notation (i.e. OF = 9F ... 9% and k! = kil... ky!)
and for each |k| € Nyg. Again this is closely related to the usual characterization of analytic
functions on I'g, see [36, Proposition 2.2.10]. We also denote duo(z,S) = infycs ||z — ¥/l o0,
the sup-norm distance of the point x to the set S.

Lemma C.1. Suppose f € Arm(I'g), r > 0 with ||f|. < My. Then,
(i) there exists an analytic extension of f to G, :={z € C:dx(2,T'g) < 5} with

(C.1) sup | f(z)] < M
z€G,
for some My = M (r, My, m).
(ii) SUD,cT, ’(ak)f(aj)’ < Mg(/{:!)M2|k| for some My = Ma(Mjy, 7).
(i1i) f € Ro(M) for some M = M(M;).
Proof. We complete the proof for m = 2 and note that the case for other m € N follows
in the same way.
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(i) By assumption f is the restriction of a function in A,(T?) with [|f|, 2 < Mo, which
implies for the usual Fourier coefficients fk T L(f, k) L2(T2)

’fk’ S Moe_%lk‘.
Define the ‘polycylinder’
P,={weC?: |u < P2 Jwsy| < eP/?}.

Take a compact set K C Py, then for any w € K, the family of functions { frw*} kenz (Where
wk = wk1w2 ) is bounded. Then by the argument of [50, Corollary 1.5.9.2], the function
w > ZkeNg fkw is complex analytic in P,. In fact, by the same argument the four power

series

(CQ) w —» Z fikl,ikgw

keNg

are complex analytic in P,. Further, for all w € P, /2

(C.3) > Fibran ™| <7 | ek |l < C(M, 1)

keN3 keNg

Now decompose the following Laurent series into four similar power series as

(C.4) Z fk‘wk = Z Z f—k17k2w1 w2 )

keZ? k1=1ko=0

(C.5) N Tk g™,

k1*1 szl

(C.6) + Z Z fk1 k2w1 w2 )

0]{22 0

(C.7) + Z Z Fra -y ;2

=0k2=1

Consider first the first term. This has the form w + g(w; ', ws) for a function g; on the form
(C.2) complex analytic in P,. The function w — (wj ! wy) is complex analytic in for example
{we C?:wy >e /2wy < e/?}, since w — w; is complex analytic everywhere and w — wi_l
is complex analytic for w; away from zero, i = 1,2, see [50, Proposition 1.2.2]. Then also
w g1 (wl_l, wo) is complex analytic in {w € C?: wy > e 2wy < e’"/Q}, since compositions
of analytic functions are analytic, see again [50, Proposition 1.2.2]. Continuing this argument
for each term above, we find that

=Y

keZ?
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is complex analytic in the ‘polyannulus’ {w € C? : e < w < e/?i = 1,2}. Using that
z +— e is entire on C and again the composition rule, we find that

PN g(eizljeizz) _ Z fkez‘k.z

keZ?

is complex analytic in {z € C?: [Im(z;)| < r/2,i = 1,2}. Moreover, since (C.3) is a bound for
each of the four power series which make up f and G, is a subset of the strip of where it is
defined, we conclude

(C.8) sup | f(2)] < Mi(r, Mo).
z2€Gy

(74) The Cauchy integral inequality in [50, Theorem 1.3.3] gives the estimate
sup (@) (=) < (R)r/HM sup o [f(2)].

|zi|<r/4,i=1,2 || =r/4,i=1,2

Since T's is compact, we can cover it by real translations of {z € C?: |z| < r/4,i = 1,2} and
conclude by (C.8) that there exists a constant My = My(M;,r) such that

sup [(9F ) ()] < Ma(k) M.
IGFB

(ii1) Since z — €* is entire, also z ~ ef(*) is complex analytic in G, with a bound sup, ¢, |e/(*)] <
eMi. Repeating the same arguments as of (ii) we conclude that f € Ro(M) for some
M = M(M). [ ]

We now return to the question of consistency, which involves precise statements on the
prior we use. Since IIy is a Gaussian measure in C (T's), a covering number bound of the unit
norm-ball in the RKHS H, = A,(I'g), yields a bound on the measure of small norm balls,
see [38]. To make use of this, we define the notion of covering numbers as follows. Let the
covering number N(A,d, p) for A C X of some space X endowed with a semimetric d, denote
the minimum number of closed d-balls {z € X : d(xg,x) < p} with center o € A and radius
p > 0 needed to cover A, see for example [25, Appendix C] or [26, Section 4.3.7]. When d is
replaced by a norm, we mean the metric induced by the norm. The following consequence of
[25, Proposition C.9] allows us to bound the unit norm ball of A, (I'g).

Lemma C.2. The class A(My) of all functions f : [0,1]™ — R that can be extended to
a complex analytic function on G, with sup,cq, |f(2)] < My for some My > 0 and r > 0,
satisfies for all p > 0 sufficiently small

(C.9) log N(A(M), || - loos p) < C(r,m, Mi)log(p~") ™.
Proof. Proposition C.9 in [25] states that
log N(A(1), || - llos, p) < C(m)r~™log(p~ )™
for all 0 < p < 1/2. Since || - loo < || - [lc(po,11m) [26, eq. (4.172)] gives

log N(A(1), || - lecs p) < log N(AQL), | - llco,11m)» £)-
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Then, combining the two last displays with [26, eq. (4.171)] we have

(C.10) log N(A(M), || - lloos p) = 1og N(A(L), || - lloos pM; ),
(C.11) <log N(A(1), | - lleqogmy PM7 ),
(C.12) < C(r,m)log(Myp~t)tm.

By the convexity of z + z1*t™ m > 1, we have the inequality (x +y)™+ < 2m(pm+l 4 qgm+l)
for x,y € R. Then for p small enough,

log(Myp~")'*™ < C(My,m)log(p)'+™,

and hence (C.9) is satisfied. [ ]

Since we constructed Il for m = 1, we consider from now only this case, although every-
thing generalizes to higher dimensions. See also Remark C.5 below. To this end, denote the
unit norm ball of Hy = A,(I'g) by

B, = A{f € Ha t [[flln, <1}

Note that By, C A(M;) for some M; = M;(r) by Lemma C.1 (i).

Lemma C.3. Let ¢(p) := —logTly(0 € C(T3) : ||0]|loc < p) where Iy is dependent on r > 0.
For all p > 0 sufficiently small,

(C.13) $(p) < C(r)log(p™ )"
Proof. We follow [55, Lemma 4.6]. Theorem 1.2 of [38] initially gives the estimate
(C.14) ¢(p) < C(r,My)p~2,
for all p > 0 sufficiently small, since
10g N (B || + loo: p) < C(r)p™ ",

for all p > 0 sufficiently small by Lemma C.2 for m = 1. The first display of the proof of
Lemma 4.6 in [55] provides the inequality

(25(2,0) < IOgN(BHm H ' Hoo, 2p[2¢(p)]71/2)

Combining this with (C.14) then gives (C.13). [ |

The following result corresponds to Theorem 2.2.2 of [45] for rescaled Gaussian priors for
analytic functions. We define dg (61, 02) := [|G(61) — G(02)| 12(r) for all 61,02 € ©.

Lemma C.4. Let 0y € Ho = A.(I'g), 7 > 0, and Iy be as defined in (3.15). Set,
(C.15) oy = N71/21og(N).

Let U > 0 be large enough depending on Ty, r and such that 1G(00)llc) < U. Then, there
exists Borel measurable sets © 5 such that
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(i) (0 = dg (6, 600) < O, [|G(O)l o) <U) 2 e~ N for some Cy > 0,

(ii) Ta(0%) < e~ 2N for Cy > Cy + 2.
(iii) log N(On,dg, modn) < C(Ca,r)NG&%, for mg > 0 large enough
for all N sufficiently large.

Proof. First we give the form of ©y. Define By,(5) and B (d) to be the closed norm
balls of radius 6 > 0 in Hy and C(I'g), respectively. That is,

(C.16) B, (0) = {f € Ha : || fllw, <3},
(C.17) Boo(0) :=A{f € C(T'p) : [|fllc < 0},

Recall, also that By, (M) C A(M;) for some M; = M;(r, Mp) by Lemma C.1 (i). Then we
take

(C.18) On = (B, (M) + Boo(Mon)) NRa(M).
for M > 0 sufficiently large determined by (ii) below.

We also recall the following triangle inequality fact needed for (ii) below: a Cdy-covering
of By, (M) is a (M + C)dn-covering of By, (M) + B (M) so that

(019) N(BHQ(M) + BOO(M(SN)v H ’ H007 (M + C)(SN) < N(BHz(M)7 H ’ ”OOaC(sN)’
This implies for C large enough that
(C.20) N(ON, || - [loo, COn) < N (B, (M), || - [|oos (C = M)3x).

In addition, we will use repeatedly below that

1
K = .
N2 /Non

(i) We proceed as in [45, Theorem 2.2.2]. Recall that TIa(A,(T'5)) = 1 for any 0 < ¢ < 7.
Hence also II3(A4(I'5)) = 1. Fernique’s theorem [26, Theorem 2.1.20] initially gives that
E[||f2]|4] < D for some constant D depending only on the prior IIs, and next

(C.21) o6 : [|0]l, > Mo) = TI2(0 : |||, > MoV Néy),

[ ~ ~ 1
(C.22) < a0 : [|0]lq — E[|0|4] > §Mo\/N5N),
(C.23) < e OMENGY,

for some sufficiently large constant My = My(D) and some constant C' = C (1:[2). By Lemma
C.1, this implies

1
(C.24) (0 : 0]l s ry) > M) < MM < 2
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for My large enough depending on C' and M; = M;(My,r). Note we have

10— b6ollgiry <M1 = [0y < Mi+1100llary) =M,

which by Lemma 2.3 implies [|G(0)||o) < U = U(M), since

1?11,y S 1€ oo (L + 11611 a1 r))-

Using again Lemma 2.3 and Corollary 2.6.18 [26] permitted since 6y € Ho and II3(0) = 1, we
get

(C.25) I (dg (0, 60) < o, [1G(O)ll o) < U)

(C.26) > 1I5(dg (0, 00) < 6n, |0 — Oollgr(ry) < M),

(C.27) > T2([0 — follee < K 0w, 110 — b0l g2 1) < M),
(C.28) > ¢ 1" 1 (0100 < K20, 10 01r,) < M),
(C.29) > ¢ CONTL (10 o < K310l 12(ry) < M),

where we used the Gaussian correlation inequality, see [45, Theorem 6.2.2], and the relation
100l = Knollfoll7, for the last line. We also note that K depends on M;. Lemma C.3
implies

(C.30) —logTIa(0 : [|0]loe < K '6n) = —logTIa(0 : [|6]| poo(r,) < ks K '0n)

Krna\?
(C.31) < C(r) 10g< 5N’ ) ,
(C.32) = O(r) log (K\/N 1og(N)*2)2,

2

(C.33) < C(r) [log(K) + %log(N) - 210g(log(N))} ,
(C.34) < O(K,7)log(N)?,
(C.35) < C(K,r)Né&%,

for a sufficiently large constant C' = C'(K,r). Equation (C.24) shows

1 1
a0+ 6l acey) < M) 21— 5 = 5.

The three last displays shows (i) for (C.15) and a constant C7 = Cy (6o, K, My, 7).
(74) Lemma C.1 implies there exists M = M (q, M) such that

{f € Ay(Tp) : Ifllg < Mo} C Ro(M),
and hence by (C.21) we can pick M large enough dependent on Co such that

(C.36) Ty (Ro(M)°) < —e~C2NoY,

DN | =
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We simply pick ¢ = r/2 to fix constants. Then it suffices to prove
(C.37) Il (B, (M) + Boo(Méy)) > 1 — %e—@wir.
We prove the stronger bound

(C.38) Iy(By, (M) + Boo(Mby)) > 1 — e~ 202N,

By similar computations as with (C.35) for M > 1, we find

(C.39) —logThy( : [|0]lee < Mn) < C(r)log(63"),

(C.40) < O(r)(1/21og(N) — loglog(N)),
(C.41) < 2Cylog(N)?,

(C.42) < 209N 6%,

for any given Cy > 0 and N sufficiently large. As in [45, Theorem 2.2.2] we denote
By = —2(1371(67202]\[612\7),
where @ is the standard normal cumulative distribution function. Then by [25, Lemma K.6]

we have
By < 24/21log(e2C2N0%) < 4./Cyv/Noy.

Then for M > 4/C5 such that By < M+/Ndy we use the isoperimetric inequality [26
Theorem 2.6.12] to conclude that

(C.43) Ty (B, (M) 4 Boo (M) = Ha(By, (MVNON) + Boo(MVNGY)),
(C.44) > a( By, (BN) + Boo(MVNGR)),
(C.45) > (7 [z2(Boo (MVNGX))] + Bn),
(C.46) > ([ 2NN 4 By),

(C.47) = B(—@ ! [e 2NN,

(C.48) =1— @O e 202NR)),

(C.49) =1 - ¢ 202Ny

using also ®(—z) =1 — ®(z).
(7i1) We recall that By, (M) C A(M;) for some M; = M;(M,r) by Lemma C.1 so that Lemma
C.2 gives

(C.50) log N (B, (M), ]| - llos ) < C(r, M) log(d5")?,
(C.51) < C(r,M)(1/21log(N) — loglog(N))?,
(C.52) < C(r, M)N&%;,
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for N large enough. Then using Lemma 2.3 with mg = my(K, M) sufficiently large and (C.20)
we get

(C.53) log N (O, dg, modn) <log N(On, || - [loe, K~ 'modn),

(C.54) < log N(Byy (M), |- oes (K~ 'mo — M)3y),

(C.55) < C(r, M)N&%;,

Note M depends only on r and Cy through Mj. |

Remark C.5. Extending Lemma C.3 and C.4 to m > 1 and other exponential decay is
straightforward. Indeed, define a Gaussian prior by the restriction to I'g C [—m, 7)™ of the
random series

(C.56) 0 = Z gee 2 Fop,  gr TN(0,1).
kezm

This is an element of Ay, (I'g) a.s for ¢ < r and its RKHS is Hy = A, »,(I'3). Then Lemma
C.3 follows in the same way by noting By, C A(M;) for some M; = M;(r) by Lemma C.1
(i). Given a Lipschitz continuous forward map G, Lemma C.4 follows for 6y = N~/ log(N)¢
for some exponent ¢ dependent on m.

Proof of 3.1 (ii). By Lemma C.4, conditions (1.32) and (1.33) of Theorem 1.3.2 [45] are
satisfied for the choice (C.18) of O . Lemma C.4 (4i) and the bound on the Hellinger distance
h(pg,py) < %dg(@, ), see [45, Proposition 1.3.1], implies

~ 1
(C.57) N(On,h, §m05N) < N(On,dg, medy) < eC(C2nIN

hence for all € > 2mgdn

N(éN7 h? Z) S 60(0277,)]\[512\]7

with

@N = {pg :0 € @N}.
Note the right-hand side of (C.57) is independent of such €. Setting ¢ = mdy for m > 2my,
Theorem 7.1.4 of [26] gives the existence of statistical tests U : (R x T')V — {0, 1} satisfying

Py (Un =1) =0,

as N — oo, and
sup EY(1-Ty) < e N
0€O N :h(pe,po,)>miN
for m large enough also depending on C(Cy,7) and k. Then the proof of Theorem 1.3.2 [45]
implies that for all 0 < b < Cy — C1 — 2 we can choose Cyp = Cy(Cy,Ca,r,mp,b,U) large
enough such that

PGJ(Y (HN(9 € 0Oy :dg(0,00) < Coon|Dy) <1— e_bNJJQV) — 0.
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Lemma 2.4 (ii) implies
{0 € On :dg(0,60) < Codn} C {0 € On : [0 — ol 2r,,) < KCTOX}
so that we also have
Py (HN(0 €On : 10— boll 2, ) < KCF6ZIDy) < 1 - e*bNJ?v) 0.
Then the argument of Theorem 2.3.2 [45] applies in the same way here to the effect that
IE2[0| Dx] — 6ol 12(r,,) = 0 in Py -probability

with rate 0%, as N — oo. [ |

Appendix D. Additional figures from experiments.

Chain values for N=100, matern regularisation

60,0 6o, -1 60,1 6o, -2 60,2
35 15
051 — Ground Truth | 291 — Ground Truth — Ground Truth || 4 o
1.5 309 10 '
0.0 ] 05
1.0 25 05
—0.5 ] 0.0
0.5 20 0.0
~1.0 ] -0.5
0.04 s —05
-1.5 ] -1.0
~0.54 109" — Ground Truth -10 — Ground Truth
201 - - - - - 0.5+ - - - - - -Lsi, - -
0 200000 400000 0 200000 400000 0 200000 400000 0 200000 400000 0 200000 400000
chain iteration chain iteration chain iteration chain iteration chain iteration
Chain values for N=1000, squared_exp regularisation
60,0 6o, -1 60,1 6o, -2 60,2
35 15
0.5 — Ground Truth | 207 — Ground Tuth || | —— Ground Truth — Ground Truth || 4 o —— Ground Truth
00 15 - 1.0 o
01 2.5 -
os 1.0 03 0.0
—057 2.0 -
7 | o.s—w WM 00| RN e B
-1.09 15 0.
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-151 1.0 -1
~0.5 -Lo
-2.04 05 -15
0 200000 400000 0 200000 400000 0 200000 400000 0 200000 400000 0 200000 400000
chain iteration chain iteration chain iteration chain iteration chain iteration

Figure D.1: Chains from the MCMC from the Laplace problem with respectively Matérn
regularisation and N = 100 and squared exponential regularisation and N = 1000. The
method used is adaptive Monte Carlo as described in 4.1.2, with a total of 500k iterations.
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MCMC results for N=100, squared_exp regularisation

6o, -1 601 6o, -2 6o.2

Ground truth Ground truth 6 Ground truth Ground truth
a5% CI 5 ]| Pt a5% I 5 Pt
M Chain mean [l @B chain mean Chain mean ( Chain mean

0.0 0.5 1.0
MCMC results for N=1000, squared_exp regularisation

60.0 6o, -1 601 6o, -2 6o.2

«

Ground truth 6 Ground truth Ground truth Ground truth Ground truth
95% C1 95% CI 95% CI 95% CI 6 95% CI
Chain mean Chain mean 6 Chain mean Chain mean Chain mean

Density
=

w

~

Density
ok N w & w o N
=
Density
Noow s

Figure D.2: Posterior densities from the Stokes experiments 4.3, constructed using 1000 sam-
ples taken equidistantly from the chain after removal of the burn-in.
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