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Abstract

This paper examines the process and outcomes of democratic decision-
making in clubs where a club is defined by its set of members whose
preferences and decisions relate to the set of members in the club: the
electorate to endogenous. Examples range from international
organizations like the European Union and NATO to firms, workers’
cooperatives and trade unions. Although the policy space is infinite, a
majority voting equilibrium exists under plausible conditions and the
equilibrium rule and the dynamics of clubs are characterized. Two types
of club, one where a group funds some public good and the other where
a given benefit is shared by the group, are analysed in detail.

Keywords: Cooperatives; local public goods; majority voting; median
voter; organization size; partnerships; trade unions.

JEL Nos.: C72, D71, D92, H41, L20.

© by Kevin Roberts. All rights reserved. Short sections of text, not to
exceed two paragraphs, may be quoted without explicit permission
provided that full credit, including © notice, is given to the source.



1

Introduction

The purpose of this paper is to investigate organizations where the decision makers

are a group of members within the organization and decisions involve changing the group of

members; more specifically, the paper examines the process and outcomes of democratic

decision making in clubs where clubs are taken to be defined by a set of members whose

preferences relate, directly or indirectly, to the set of members in the club.  Democratic

decision taking is interpreted to be majority voting by club members.

The literature on clubs initiated by Buchanan (1965) and further developed by Ng

(1973) and Stiglitz (1977) views clubs as the providers of impure public goods: there is

excludability so that provision may be restricted to members and there is partial rivalness

through crowding and/or congestion.  If the cost of provision is shared among members then

individual preferences over club size will incorporate a trade-off between per capita cost

reductions and increased congestion with increases in size.  Whilst the literature has

concentrated on concrete examples of public good provision, there are many other diverse

examples.  For instance, the costs and benefits of membership of international organizations

like the European Union depends both directly on the set of States which form the Union and

indirectly on the set of States through the decisions they take together relating to, for

example, economic and legal matters.  As can be evidenced by the recent Amsterdam Treaty,

the size and composition of the Union is of dominant concern within the Union.  At a

different level, a trade union or a partnership may also be viewed as a club: it is interested in

ensuring employment and high wages for its members; the larger the union membership, the

more the goal of high wages may need to be compromised to ensure employment.  The

overall effect will be that union members or partners have preferences over the size of the

union.

A club with democratic decision making is a paradigm for organizations where there

is no single decision maker and decisions, particularly about the size of the organization,

involve interests in the different parts of the organization.  An example of this is where a firm

expands by the construction of new plants and managers from these plants are involved in

subsequent decision making. As multiple decision makers is a commonplace, this paper

provides some insight into the growth and size of organizations

The early club literature focussed on (welfare) optimal public good provision and club



1 Tiebout’s (1956) classic analysis may be viewed as showing that competition between clubs may lead
to optimality even though decisions are taken through a voting process.  The literature on public good provision
and voting can be traced back to Bowen (1943).
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size whereas it is clear that decisions are often taken through the operation of some voting

procedure.1  However, unlike voting over a conventional policy space, voting over club size

gives rise to decisions over time that are time-inconsistent.  A majority of members of a club

may wish to change the club size and then fix it at the new level.  But when the membership

changes, a majority of the reformed club may wish to choose a new club size.  Rational

members will take account of future changes induced by their decisions when initially voting

and this will affect the operation of the voting procedure.  Previous analyses of voting with an

endogenous electorate have ignored the dynamics induced by the voting mechanism.  Stiglitz

(1977) looked at a median voter choice where it is assumed that decisions will not induce

further changes.  Klevorick and Kramer (1973) adopt a similar approach and motivate a

median voter rule by assuming one-period single-peaked preferences over the decision

variable.  Layard (1990) looks at a specific democratic trade union model and, assuming that

voting is equivalent to a median voter choice, provides a restricted analysis of equilibrium

under the assumption of zero discounting.    It is also possible that present decisions affect

future preferences and dynamics can be induced with a fixed electorate.  An example of this

which is fully consistent with forward looking voters is the interesting work of Krusell and

Rios-Rull (1996).

It is well-known that majority voting can fail to produce a ‘preferred’ outcome and

Arrow’s impossibility theorem shows that this problem can be inherited by a very wide class

of voting procedures.  To overcome this, it is common to place restrictions on voters’

preferences which use a dimensionality restriction on the policy space.  Restrictions then take

the form either of limiting individual preferences to be single-peaked (Black (1948)), or of

placing a (single-crossing) restriction across preferences which allows individuals to be

ordered by their marginal preference for the policy variable (Roberts (1977), Grandmont

(1978), Rothstein (1990),Gans and Smart (1996)).  However, with time-inconsistency,

membership size may change many times and it will be impossible to restrict the



2 It is well-known that single-peakedness is not sufficient to ensure a majority winner when the policy
space is not uni-dimensional and conditions for existence are restrictive e.g. Tullock (1967), Caplin and
Nalebuff (1988).  The single-crossing property is similar to that used a principal agent analysis.  In that
literature, the single-crossing conditions loses much of its usefulness when the dimensionality of the problem
increases. One example of multi-dimensionality, where the dimensionality increases by allowing stochastic
contracts, is Moore (1988).  Variation over state of nature is similar to variation over time as studied here.
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dimensionality of the policy space to apply a single-peakedness or single-crossing property.2

Despite this, a major purpose of this paper is to show that majority winners exist in

dynamic voting problems if a plausible single-crossing condition is satisfied in a one-period

version the problem.  In addition, such a condition allows us to determine the nature of

equilibrium - a median voter result applies even though the median voter is endogenous to

choices that are being made - and the character of steady states and of the transition paths

taken towards a steady state can be exposed.

The model is set up in the next section and section 3 investigates the characteristics of

equilibrium in the model.  The transition paths and steady states associated with equilibrium

are examined in section 4.  In the following two sections, two classes of example are

developed and analysed.  Section 5 looks at ‘expansionist clubs’ where, whatever the size of

the club, a median voter would always prefer an increase in size.  It is suggested that clubs

providing public goods, and the European Union can be viewed as one such example, may

possess this feature.  In contrast, section 6 looks at ‘contractionist clubs’ where median voters

always prefer a reduction in club size and a standard model of a democratic trade union is an

example of this.  Welfare implications of the club decisions are examined in section 7 and

section 8 contains concluding remarks.

2. The Model

We consider a finite group X of infinitely lived individuals who are potential club

members, X = {1,2...x2}.  These individuals always wish to be members of the club though

some may be excluded.  It is assumed that there is a natural seniority system with regard to

membership of the club such that when the club is of size x, its members are the set

{1,2,...,x}.  Thus, at any date t, the club is defined by its size xt.  If at some date the club size

is x then the instantaneous utility of individual  is given by u(x,) and individual  wishes to

maximise.
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where , the discount factor satisfies 0 <  < 1.  As utilities are defined over a finite set, (1) is

defined as long as  < 1.

Individual utility can be a direct function of club size through the sharing of the cost

of provision of a public good or through congestion effects, and an indirect function of a club

size through decisions taken by a club with a particular membership, e.g. the level of public

good provision.  An example of this will be considered in section 5.  The function u(x, ) is

assumed to incorporate both elements and is assumed to satisfy the following restriction:

Strict Increasing Differences. For all x > x’,  > ’:

u(x, ) - u(x’, ) > u(x, ’) - u(x’, ’) (2)

This assumption is the critical assumption of the model.  It is a discrete version of a single-

crossing or Spence-Mirrlees condition and is sufficient to generate equilibria in static models

of voting (Roberts (1977)), Rothstein (1990), Gans and Smart (1996)). For examples of

dynamic games which utilize the weak and strong form of increasing differences, see

Fudenberg and Tirole (1991).

The Strict Increasing Differences condition embodies two different aspects.  First, and

most directly, it says that individuals may be ordered by their preference over club size.  This

is a mild assumption.  Second, it says that an individual who prefers a smaller club size will

be admitted to the club before somebody who prefers a larger size.  This feature is often

implied by more primitive considerations of preferences (see section 6 below) or follows

naturally from the problem under investigation.  For instance, in the case of the potential

expansion eastwards of the European Union, it is natural to believe that countries have a

preference to be towards the “centre” of the Union; in this case, more easterly countries have

a greater preference for an eastwards expansion and geographical location induces both a

ranking for admittance and a preference over size.  

The club size can vary over time.  We restrict attention to situations that give rise to



3  The third argument of V is the function y rather than the value of y evaluated at some x.
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Markov transition rules y that map from X to X: a transition rule defines the path of x

recursively such that for all t:  xt+1 = y(xt).  If there is an x such that x = y(x) then x is a steady

state.  The rule y(.) can be a deterministic rule but it is also permitted to be stochastic.  If

individual ’s discounted utility under y(.), starting at x, is given by V(x,,y) then V is defined

recursively by3

V(x, ,y) = u(x, ) + V(y(x), ,y) (3)

If y(.) is stochastic then (1) is assumed to be the von Neumann-Morgenstern utility function

and the second term in the right-hand side of (4) is replaced by an expectation over V.

An individual’s preferences over club size will be given by V and will be conditional

on the transition rule y(.).  We first define a

Markov Voting Equilibrium MVE.  Given any transition rule y*(.), for each x  X, let Y*(x)

be the set of y such that for all z  X:

# { :  # x & V(y, ,y*) > V(z, ,y*)}
(4)

$ # { ,  # x & V(y, ,y*) < V(z, ,y*)}

If y*(x)  Y*(x) for all x then y*(.) is an MVE.

This condition says that, given that y*(.) is followed in the future, no club size defeats

y*(x) in pairwise majority voting as the choice for the next period - y*(x) is the Condorcet

winner for the club of size x.  (If y*(.) is stochastic then (4) must hold for all realisations of

y*(.) that occur with non-zero probability).  Voting for the state that maximises V is a weakly

dominant strategy for each member - there are degenerate Nash equilibria where, for instance,

everybody votes for the status quo (because no single member can disrupt such an outcome)

but such possibilities are ruled out by assumption.   Note that as the electorate at t+1 will be

{1,...y*(x t)}, the majority winner chosen by this group will in general be different to that

chosen by {1,....xt} and so y*(y*(xt)) may differ from y*(xt).

In the next section we will wish to compare an MVE with a median-voter rule where,
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for every club size, an individual with median seniority chooses the club size for the next

period.  A median voter is a function m(.) such that, at club size x, m(x) is (x+1)/2 when x is

odd and either x/2 or (x/2)+1 when x is even.  The group of individuals both below and above

the median voter, including the median voter, constitute a weak majority.

We can now define a

Median Voter Rule.  Given any transition rule y:(.), for each x  X, let Ỹ (x) be the set of y

such that for all z  X:

x odd: V(y,m(x),y:) $ V(z,m(x),y:)

x even: either V(x,m(x),y:) $ V(z,m(x),y:) for each m(x) (5)

or V(x,m(x),y:) > V(z,m(x),y:) for some m(x)

If y:(x)  Ỹ (x) for all x then y:(.) is a median voter rule.

The connection between an MVE and a median voter rule will be investigated in the next

section.

3. Equilibrium

The difficulty in the analysis of voting equilibria comes from the dynamics induced by

a changing electorate.  Consider, first, what would happen if a club of size x could choose a

new size which would be implemented forever.  In this case, preferences would be based

upon instantaneous utility and the median voter choice y: would satisfy (applying (5)):

x odd: u(y:,m(x)) $ u(z,m(x))

x even:  eitheru(y:,m(x)) $ u(z,m(x)) for each m (6)

or u(y:,m(x)) > u(z,m(x)) for some m.

Such a y: exists as X is finite: trivially when x is odd, and when x is even, let y: be a best

choice for m(x) = (x/2)+1 from among the best outcomes for m(x) = x/2.  Assume that y: > z

for some z (the alternative case z > y: is treated similarly).  Applying the strict increasing

differences condition, we have
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u(y:, ) > u(z, ) (7)

for all  > x+1, x odd, and  > x, x even - both median voters cannot be indifferent when
                  2                           2
x is even.  Thus

# { :  # x & u(y:, ) > u(z, )}$#{ , #x&u(y:, ) < u(z, )} (8)

and y: will be a (majority) voting equilibrium: a voting equilibrium exists which is a median

voter rule.  This is, in essence, the approach taken in Roberts (1977).4

When future club sizes are not fixed, the situation is less straightforward.  Assume

that if a club size of y1 is chosen next period then there will be very little future variability

whereas the opposite is true if y2 is chosen.  There will be a tendency for individuals with

more concave utility functions to prefer y1 and those with less concave functions to prefer y2. 

But as concavity bears no necessary relationship to increasing differences, there will be no

natural order of preference across individuals and y2 may be chosen over y1 because it is

preferred by a coalition of low  and high  individuals whereas a median voter prefers y1 to

y2.

To proceed, we look at the implications of the increasing differences condition with

regard to variable club sizes and then consider whether the dynamic path of club sizes that

result from an MVE can be restricted.  A straightforward implication of increasing

differences is:

Lemma 1.     Given any x  X, let (y0,....,yt,...) be a sequence such that yt  X and yt $ x(yt

< x, resp.) for all t, yt > x(yt < x, resp.) for some t.  If an individual  weakly prefers a

constant x to the stream (yt) then there is strict preference for all ’, ’ < ( ’ > , resp.):

    

(9)
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Proof. We consider the case where yt $ x.  Using increasing differences, we have

u(yt ) - u(x, ) $ u(yt, ’) - u(x, ’)

with the inequality strict from some t.  Weighting by t and summing over all t gives (9) �

An immediate strengthening of Lemma 1 is

Lemma 1’.   Let (y0,y1,....),(y’0,y’1,....) be two sequences such that y’t $ yt (y’ t # yt resp.)

for all t with the inequality strict from some t.  If an individual weakly prefers the

stream (yt) to the stream (y’t) then there is strict preference of (yt) over (y’t) for all ’, ’ <

,( ’ > , resp.).  

We now turn our attention to the characteristics of an MVE, y*, and a median voter rule, y:. 

The following result is central to our characterization (proofs not provided in the text are

given in the Appendix).

Proposition 1.  Consider a dynamic path (yt) generated by an MVE, y*: yt+1 = y*(yt ), t $

0 or by a median voter rule y:: yt+1 = y:(yt), t $ 0.  It is impossible that either y0 > y1 # yt, t

$ 2 with y1 < y   for some  $ 2 or  y0 < y1 $ yt, t $ 2 with y1 > yt for some  $ 2 (if y* is

stochastic then there are no strictly positive probability realisations of this form).

Proposition 1 rules out extreme turning points in the size of club membership.  We

use it first to investigate the occurrence of cycles.  A transition rule y(.) generates a cycle if

there is a dynamic path (yt), yt+1 = y(yt) for all t $ 0, such that ys=yt, s < t and y  =*  ys,yt for

some , s <  < t.  A stochastic rule generates cycles if a cycle occurs with strictly positive

probability.
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Proposition 2.  An MVE transition rule y* generates no cycles and a median voter rule y:

generates no cycles.  

This result follows from Proposition 1. If there is a cycle then let x be the lowest membership

size belonging to the cycle.  If y(.) is the transition rule then x = y(x’) for some x’ > x

(equality is ruled out because x would then be a steady state (x = y(x)) which rules out a

cycle).  If y(.) is stochastic then there is a strictly positive realisation with these properties. 

From the definition of x, the transition path (yt) starting at x’(y0 = x’) satisfies the property

that y0 > y1 # yt, t $ 2 with y1 < yt for some t, e.g. t = 2.  Using Proposition 1, cycles are not

possible if the transition rule is an MVE or a median voter rule.

Proposition 2 shows that the transition rules under consideration do not give rise to a

perpetual cycle and, as x is finite, the dynamic paths generated by y* and y: must, in a finite

time, reach a steady state x, x = y (x) where y(.) is y*(.) or y:(.).  An induction argument,

moving backwards from a steady state, allows us to apply Proposition 1 to show that

transitions to a steady state must involve a degree of monotonicity.  

Proposition 3.  Let (yt) be a dynamic path generated by an MVE or a median voter rule.

Then the path is monotonic:

for all t, ,  > t.

Proposition 3 does not show that all dynamic paths are monotonic in the same direction and

we will see in Section 4 that commonly there will be a mixture of monotonically increasing

and decreasing paths.  What can be shown is that paths do not cross and this is shown by a

similar induction argument to that used to prove Proposition 3:  

Proposition 4.  If (yt) and (y’t) are dynamic paths generated by an MVE or a median

voter rule then y0 $ y’0 => yt $ y’ t for all t $ 0.
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These results show that majority voting and median voter transition rules are not ‘too exotic’

and possess similar properties.  They also allow us to tie together the two rules.

Proposition 5.  An MVE transition rule y* is a median voter rule y: and vice versa.

This result has three purposes.  First, it allows a simple characterization of an MVE.  Second,

the computation of an MVE in any example is greatly eased by the ability to concentrate on

median voter rules.  Third, the result allows us to tackle the issue of the existence of

appropriate transition rules; thus far, our results have been predicated on the assumption that

rules exist.  Our route to the existence of Markov Voting Equilibria will be based upon

showing first that median voting rules exist by constructing a normal form game where Nash

equilibria correspond to median voter rules.

Proposition 6.   A (possibly stochastic) median voter rule y: (.) exists.

A combination of Propositions 5 and 6 give us a voting equilibrium existence result.

Proposition 7.   A Markov Voting Equilibrium MVE exists.

The equilibrium may involve mixed strategies.  In a similar though simpler problem of

bequest games, Leininger (1986) has shown the existence of pure strategy equilibria under

plausible conditions.  Under a weak further restriction on preferences, it is possible to show

that transition rules have a recursive structure which permits us to show that pure strategy

equilibria exist.  We return to this issue when we have better understood the dynamics paths

generated by transition rules (see Proposition 15 below).

4. Steady States and Transition Paths

We have seen that, starting from any level of club size, a steady state is attained in finite time

and the transition is monotonic.  In this section we investigate and characterize steady states
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and transition paths in greater detail.

It is easiest to uncover the structure of MVEs by looking at median voter rules.  Given

an x let µ(x) be the club size that would be optimal for a median voter who could commit the

club not to change its size in the future.  Then we have:

x odd: µ(x) = argmax u(.,x+1) (11)
                                                                 2

x even: µ(x)  [µ*,µ**] (12)

where

µ* = argmax u(.,x/2) µ** = argmax u(.,(x/2)+1)
                                       
For the purpose of illustration, Figure 1 plots an example of µ(x) with x treated as a

continuous variable.  The monotonicity of µ(x) follows from the condition of strict increasing

differences.

4.1 Steady States

Consider a club size like x* in Figure 1 where µ is unique.  We have

u(x*,m(x*)) > u(x,m(x*)) for all x, x =*  x* (13)

Let y:(.) be the median voter transition rule.  Now, if y:(x*)  =*  x* then

V(x*,m(x*),y:) = u(x*,m(x*)) + V(y:(x*),m(x*),y:) > V(y:(x*),m(x*),y:) (14)

as from (13)

As (14) violates (5), we have:

Proposition 8.  If there is a club size x* where the unique value of µ(x*) is x* then x* is a
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steady state of an MVE.

The intuition is straightforward - if a club size is reached which the median voter

views as optimal then he will not wish to vote for a change in its size and, as he is a median

voter, he can always enlist a majority in ensuring no change.  We call such a position an

extrinsic steady state because it is a steady state irrespective of the transition rule adopted

away from this state.  In Figure 1 there are three extrinsic steady states.

Are there steady states other than extrinsic steady states?  Consider a situation where

µ(x*) = µ(x*+1) = µ(x*+2) = x*

µ(x*+3) = x*+2   (16)

µ(x*+k) = x*+5, k $ 4

Here, x* is an extrinsic steady state.  When the club size is x*+1 or x*+2, the median voter

will choose a club size of x* in the knowledge that x* will be chosen forever and this must

dominate any other choice. At a club size of x*+3, a decision to increase the size to x*+4 will

lead the then median voter to raise it to x*+5 in the knowledge that it will remain at that level

forever; on the other hand, a decision to reduce the club size to x*+2 say, will then lead to it

falling to x*.  Let the median voter at x*+3 have preferences of the form.

u(x,m(x*+3)) = -(x-(x*+2))2     (17)

The future discounted utility of m(x*+3) from changing the club size is:



5 It is possible to have steady states as corner solutions, e.g. at x2 with µ(x2) > x2.  For interpretation
purposes, such a steady state can be viewed as being extrinsic.

6 Of course, there is no guarantee that S exists as there may be a discontinuity at =1.
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The optimal rule is

1) No change if   $ ¼

2) Reduce to x*+2 if  < ¼

If discounting is not too high, the club level of x*+3 is a steady state even though the median

voter would prefer a smaller club and this proves

Proposition 9.  There can be steady states of an MVE which involve club sizes that are

sub-optimal for the median voter at that club size.

Such steady states will be referred to as intrinsic steady states because they are

sustained as steady states by the transition rule operated away from the steady state rather than

by the preferences of the median voter for that steady state.5  The example developed to show

Proposition 9 also makes clear the role of discounting:

Proposition 10. If  is sufficiently small then there are no intrinsic steady states.

To see this, note that, with  small, the choice by m(x) of a utility maximising club

size followed by any dynamic path dominates any other possibility.

As steady states are reached in finite time, low discounting implies that the value of a

dynamic path is dominated by the value of the steady state that will be reached.  We thus have:

Proposition 11.  If S is the set of steady states for all values of the discount factor close to

unity, then6

(i) x  S => u(x,m(x)) $ u(z,m(x)) é z  S
(19)



7 This is the same as single peakedness but its role here is different because it is still the case that V
may not be single-peaked in its first argument.
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(ii) x  X/S => u(x,m(x)) # u(z,m(x)) for some z  S.

Proof.  To show (i), assume that u(x,m(x)) < u(z,m(x)) for some x  S.  Then at a club size of

x, the median voter would gain from changing the club size to z rather than remaining at x. 

This is true whatever the discount factor.  To show (ii), note that if u(z,m(x)) < u(x,m(x)) for

all z  S then with  close to unity, all dynamic paths will be inferior to remaining at x �

For an open and dense set of utility functions (in the Euclidean metric) the inequalities

in Proposition 11 will be strict and the set S will be defined by the given inequalities. 

Proposition 9 will then become an ‘if and only if’ statement and the inequalities will provide a

method for computing sets of steady states of voting equilibria.

4.2 Transition Paths

We now investigate transition paths and, in particular, transitions when close to a

steady state.  It is convenient to assume that µ(x) captures one period preferences - the median

voter prefers sizes closer to µ(x).  We thus adopt the following assumption: 

Strict Quasi-Concavity (SQC):7 Each individual has a strictly quasi-concave utility function

u(., ).

Consider, first, an extrinsic steady state x* and consider some x’ above x*.  Assume that for

all x, x* < x # x’:

µ(x) < x (20)

(recall that µ(x*) = x*).  Given (20), the median voter at (x*+1) most prefers a club size of x*

and this choice, as it involves x* then being chosen forever must dominate any other dynamic

path.  At (x*+2), the median voter most prefers a club size of x* or x*+1.  Given SQC, any

dynamic path starting above (x*+2) is dominated by choosing (x*+2) until the path drops

below (x*+2) and then replicating it.  The same applies to paths starting below x*.  Thus, the
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median voter at (x*+2) always chooses a club size between x* and (x*+2).  The same

argument applies inductively for all x up to x’ and a similar argument then applies below x*.

Proposition 12.  Assume SQC and let x* be an extrinsic steady state.  If µ(x) < x for all x,

x* < x # x’ then y*(x’) [x*,x’].  Similarly, if µ(x) > x for all x, x” # x < x* then

y*(x”) [x”,x*].  Under these conditions, the steady state is an attractor.

Returning to Figure 1, the two extrinsic steady states other than x* will be attractors.

The alternative situation is when µ(x) > x for all x, x* < x # x’ where x* is an extrinsic

steady state.  If it is optimal to reduce the club size from x’ then, as the MVE is monotonic (in

the sense of Proposition 3), it will continue to fall and this path will be inferior for the median

voter to remaining at x’ or, perhaps, to allowing the club size to increase.

Proposition 13.   Assume SQC and let x* be an extrinsic steady state.  If µ(x) > x for all x,

x* < x # x’ then y*(x’)  [x’,x2].   Similarly, if µ(x) < x for all x, x” # x < x* then

y*(x’) [0,x”].  Under these conditions, the steady state is a repeller.

In Figure 1, x* is a repeller steady state.  In Proposition 12 and 13, it is not guaranteed

that movement will be towards or away from the steady state: club sizes close to the steady

state may be intrinsic steady states.  However, let us now examine gradualism where voting

involves changes over a number of periods before a steady state is reached.  In particular, let

us look at the conditions under which the club size changes by the minimal amount (unity)

each period until the steady state is attained.  Let utilities be of the form

u(x’,m(x)) = (x’-(x*+ (x-x*)))� 
���

UQ�VJCV

z
Z����Z��
�<
Z�Z�� 
���

6JG�RTGHGTGPEGU�KP�
����OC[�DG�XKGYGF�CU�CP�CRRTQZKOCVKQP�VQ�OQTG�IGPGTCN�RTGHGTGPEGU

CTQWPF�VJG�GZVTKPUKE�UVGCF[�UVCVG�Z����+V�KU�CUUWOGF�VJCV�<�����UQ�VJCV�Z��KU�CP�CVVTCEVQT�

6Q�UGG�YJGP�ITCFWCNKUO�KU�NKMGN[��CUUWOG�VJCV�*�6����#�OGFKCP�XQVGT�YKNN�CNYC[U

YKUJ�VQ�EJQQUG�VJG�ENWD�UK\G�IKXGP�CEEQTFKPI�VQ�KPUVCPVCPGQWU�WVKNKV[�CPF�VJG�OGFKCP�XQVGT
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1 &
1
2k

> >1 &
3
2k

. (23)

CV�Z�
M�YKNN�OQUV�RTGHGT�Z�
M���KH

(QT�KPUVCPEG��YKVJ�M���KV�YKNN�DG�PGEGUUCT[�VJCV�<�����
C�TGUWNV�VJCV�KU�KPFGRGPFGPV�QH�*�

YJGTGCU�YKVJ�M�����KV�YKNN�DG�PGEGUUCT[�VJCV�X�,�=H�I?�YJKEJ�KU�KPEQORCVKDNG�YKVJ�X����

6JWU��ITCFWCNKUO�YKVJ�OKPKOCN�EJCPIGU�CV�GCEJ�RGTKQF�KU�NKMGN[�QPN[�QXGT�UOCNN�TCPIGU�

%QPXGTIGPEG�VQ�C�UVGCF[�UVCVG�KU�RQUUKDNG�GXGP�VJQWIJ�LWORU�OC[�DG�D[�FKUETGVG

COQWPVU�GZEGGFKPI�WPKV[���9KVJ�RTGHGTGPEGU�IKXGP�D[�
�����C�OGFKCP�XQVGT�CV�Z�
M�YKNN

CNYC[U�RTGHGT�Z��VQ�
Z�
M��KH�<������KP�VJKU�ECUG��C�LWOR�HKTUV�VQ�UQOGYJGTG�CDQXG�Z��YKNN

DG�QRVKOCN�YJGP�M�KU�NCTIG�GPQWIJ��G�I��YJGP�<��������VJG�OGFKCP�XQVGT�CV�Z�
��YKNN�OQUV

RTGHGT�VJG�ENWD�UK\G�VQ�HKTUV�FTQR�VQ�Z�
��CPF�VJGP�KV�YKNN�HCNN�VQ�Z��KP�VJG�UWDUGSWGPV�RGTKQF��

9JGP�< ���Z�
��YKNN�DG�CP�KPVTKPUKE�UVGCF[�UVCVG�CPF�VJGP�EQPXGTIGPEG�VQ�Z��YKNN�PQV

QEEWT�

9G�ECP�UWOOCTKUG�VJG�HQTGIQKPI�CPCN[UKU��KH�RTGHGTGPEGU�QH�FKHHGTGPV�OGFKCP�XQVGTU

CTG�UKOKNCT�
<����VJGP�CP�GZVTKPUKE�UVGCF[�UVCVG�KU�C�YGCM�CVVTCEVQT��KH�VJG[�CTG�XGT[�UKOKNCT


<����VJGP�EQPXGTIGPEG�CNYC[U�QEEWTU�VJQWIJ�VJG�VTCPUKVKQP�KU�KP�FKUETGVG�LWORU��KH�VJG[

CTG�NGUU�UKOKNCT�
��<����VJGP�EQPXGTIGPEG�FQGU�PQV�QEEWT�HTQO�UQOG�ENWD�UK\GU���VJGTG

YKNN�DG�KPVTKPUKE�UVGCF[�UVCVGU���9JGP�RTGHGTGPEGU�CTG�FKUUKOKNCT�
< ����VTCPUKVKQPU�CTG�CYC[

HTQO�VJG�UVGCF[�UVCVG�

(KPCNN[��YG�NQQM�CV�VTCPUKVKQP�ENQUG�VQ�CP�KPVTKPUKE�UVGCF[�UVCVG�YJGTG�z
Z�� Z���

%QPUKFGT�CP[�ENWD�UK\G�Z�DGVYGGP�Z��CPF�z
Z����Z�,�=Z��z
Z��?��#U�RTGHGTGPEGU�GZJKDKV�UVTKEV

KPETGCUKPI�FKHHGTGPEGU��z
Z��$�z
Z����UQ�VJG�OGFKCP�XQVGT�CV�Z�YKNN��WPFGT�53%��RTGHGT�VQ

MGGR�VJG�ENWD�CV�UK\G�Z�TCVJGT�VJCP�NGV�KV�HCNN�
KV�OC[�DG�FGUKTCDNG�VQ�KPETGCUG�KVU�UK\G���

/GFKCP�XQVGTU�CDQXG�Z�CNUQ�RTGHGT�C�UK\G�QH�Z�VQ�CP[VJKPI�UOCNNGT�UQ�VJCV�PQ�VTCPUKVKQPU�VQ�Z�

YKNN�QEEWT�CU�RCTV�QH�XQVKPI�GSWKNKDTKC���0QY�EQPUKFGT�CP�KPKVKCN�ENWD�UK\G�QH�Z�DGNQY�Z����+H

z
Z��$�Z��VJGP�C�OGFKCP�XQVGT�YKNN�RTGHGT�C�ENWD�UK\G�QH�Z��VQ�CP[�UK\G�DGNQY�Z����6JWU��KH

UQOG�F[PCOKE�RCVJ�UVCTVKPI�DGNQY�Z��KU�RTGHGTTGF�VQ�Z��VJGP�KV�OWUV�DG�DGECWUG�KV�KPXQNXGU�C

OQXGOGPV�CDQXG�Z���JQYGXGT��VJKU�YQWNF�DG�FQOKPCVGF�D[�OQXKPI�CDQXG�Z��FKTGEVN[��

(KPCNN[��KH�KV�YQWNF�DG�QRVKOCN�VQ�EJQQUG�C�F[PCOKE�RCVJ�UVCTVKPI�CDQXG�Z��VJGP��CU�F[PCOKE
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RCVJU�CTG�OQPQVQPKE��VJKU�RCVJ�YQWNF�CNUQ�FQOKPCVG�Z��HQT�VJG�OGFKCP�XQVGT�CV�Z��
.GOOC

����EQPVTCFKEVKPI�Z��CU�C�UVGCF[�UVCVG���9G�JCXG�VJWU�UJQYP�

2TQRQUKVKQP������#UUWOG�53%�CPF�NGV�Z��DG�CP�KPVTKPUKE�UVGCF[�UVCVG�YKVJ�z
Z�� Z��
VJG

ECUG�z
Z���Z��KU�U[OOGVTKECNN[�VTGCVGF����+H�VJG�KPKVKCN�ENWD�UK\G�KU�CDQXG�Z��VJGP�KV

PGXGT�HCNNU�VQ�Z����+H�VJG�KPKVKCN�ENWD�UK\G�Z�KU�DGNQY�Z��DWV�z
Z�$Z��VJGP�OGODGTU�YKNN

XQVG�HQT�C�ENWD�UK\G�QH�Z��

2TQRQUKVKQP����UJQYU�VJCV�KPVTKPUKE�UVGCF[�UVCVGU�JCXG�C� MPKHG�GFIG �RTQRGTV[���VJG[

CTG�UVCDNG�KP�QPG�FKTGEVKQP�DWV�WPUVCDNG�KP�VJG�QVJGT���+H�VJG�RCTCOGVGTU�QH�VJG�OQFGN�YGTG�VQ

DG�UWDLGEV�VQ�WPGZRGEVGF�UJQEMU�VJGP��YKVJ�VJGUG�F[PCOKEU��KPVTKPUKE�UVGCF[�UVCVGU�EQWNF�DG

GZRGEVGF�VQ�DG�DTQMGP�FQYP�QXGT�VKOG��EQPUKFGT�CP�WPGZRGEVGF�UJQEM�YJKEJ�NGCFU�Z��VQ�NQUG

KVU�UVCVWU�CU�CP�KPVTKPUKE�UVGCF[�UVCVG�DWV�z
Z�� Z��DQVJ�DGHQTG�CPF�CHVGT�VJG�UJQEM�

CFLWUVOGPV�KP�ENWD�UK\G�YKNN�DG�WRYCTFU�KTTGURGEVKXG�QH�VJG�HQTO�QH�VJG�UJQEM���+H��KPUVGCF�

VJG�UJQEMU�YGTG�GZRGEVGF�VJGP�VJG�UVCVWU�QH�KPVTKPUKE�UVGCF[�UVCVGU�YQWNF�DG�WPENGCT�
QPG

URGEKHKE�OQFGN�YKVJ�WPEGTVCKPV[�KU�CPCN[UGF�KP�4QDGTVU�
�����

6JG�HQTGIQKPI�CPCN[UKU�UJQYU�VJCV�GSWKNKDTKWO�VTCPUKVKQPU�ECP�DG�UQNXGF�TGEWTUKXGN[�

OQXKPI�CYC[�HTQO�UVGCF[�UVCVGU���#U�VJG�EJQKEG�URCEG��KP�VGTOU�QH�ENWD�UK\GU�VJCV�ECP�DG

EJQUGP��KU�HKPKVG��VJG�GSWKNKDTKWO�VTCPUKVKQP�ECP�CNYC[U�DG�C�RWTG�UGNGEVKQP�HTQO�UQOG� DGUV

UGV���6JKU�CNNQYU�WU�VQ�QDVCKP�

2TQRQUKVKQP������#UUWOG�53%��#�/CTMQX�8QVKPI�'SWKNKDTKWO�GZKUVU�KP�RWTG�UVTCVGIKGU�

+P�VJKU�TGUWNV��UVTKEV�SWCUK�EQPECXKV[�EQWNF�DG�TGRNCEGF�D[�SWCUK�EQPECXKV[���+P�PQTOCN

HQTO�ICOGU��C�SWCUK�EQPECXKV[�CUUWORVKQP�QP�RC[QHHU�ECP�DG�WUGF�VQ�UJQY�VJG�GZKUVGPEG�QH

RWTG�UVTCVGI[�GSWKNKDTKC�DWV�VJG�TQNG�RNC[GF�D[�SWCUK�EQPECXKV[�KU�YJQNN[�FKHHGTGPV�KP�VJG

RTGUGPV�EQPVGZV���6Q�UGG�VJKU��KV�ECP�DG�PQVGF�VJCV�VJG�EJQKEG�URCEG�KU�FKUETGVG�UQ�VJG�WUWCN

TQNG�QH�SWCUK�EQPECXKV[�VQ�QDVCKP�EQPVKPWQWU�QRVKOCN�EJQKEGU�KU�KPCRRNKECDNG��KP�CFFKVKQP��VJG

TGNGXCPV�RC[QHH�HWPEVKQPU�KP�QWT�CPCN[UKU�CTG�VJG�HWPEVKQPU�8�CPF�VJG[�FQ�PQV�KPJGTKV�SWCUK�

EQPECXKV[�HTQO�VJG�WPFGTN[KPI�QPG�RGTKQF�WVKNKV[�HWPEVKQPU�
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�� 'ZRCPUKQPKUV�%NWDU��0QP�4KXCN�2WDNKE�)QQF�2TQXKUKQP

6JG�ENCUUKE�GZCORNG�QH�C�ENWD�CTKUGU�YKVJ�VJG�RTQXKUKQP�QH�GZENWFCDNG�CPF�PQP�TKXCN

RWDNKE�IQQFU���/CP[�QTICPKUCVKQPU�YJGTG�OGODGTUJKR�EQPHGTU�DGPGHKVU�CRRTQZKOCVG�VJKU

GZCORNG�KTTGURGEVKXG�QH�YJGVJGT�VJG�QTICPK\CVKQP�KU�UOCNN�UECNG�NKMG�C�NQECN�URQTVU�ENWD�QT

NCTIG�UECNG�NKMG�VJG�'WTQRGCP�7PKQP�CPF�QVJGT�KPVGTPCVKQPCN�QTICPK\CVKQPU�

9G�YKNN�EQPUKFGT�C�UKORNG�OQFGN�QH�RWDNKE�IQQF�RTQXKUKQP�CPF�UWIIGUV�VJCV�RCTVKEWNCT

RTGHGTGPEGU�YKVJ�TGICTF�VQ�OGODGTUJKR�UK\G�CTG�KORNKGF��)KXGP�VJGUG�KORNKGF�RTGHGTGPEGU�

YG�YKNN�VJGP�KPXGUVKICVG�GSWKNKDTKWO�XQVKPI�DGJCXKQWT���

#UUWOG�VJCV�VJG�GZVGPV�QH�RTQXKUKQP�QH�UQOG�RWDNKE�IQQF�KU�IKXGP�D[�S�YJGTG�S��C

UECNCT��FGPQVGU�SWCPVKV[��SWCNKV[��NQECVKQP�QT�QVJGT�CVVTKDWVG���9KVJ�VJG�EQUV�QH�RTQXKUKQP�%
S�

DGKPI�UJCTGF�GSWCNN[�COQPI�Z�OGODGTU��CUUWOG�VJCV�VJG�WVKNKV[�QH�UQOG�OGODGT�>�KU�IKXGP

D[�VJG�SWCUK�NKPGCT�HWPEVKQP

7���X
S�>����%
S��Z 
���

/GODGTU�FGVGTOKPG�EJCPIGU�KP�VJG�ENWD�UK\G�CPF�VJG�XCTKCDNG�S���#UUWOG�VJCV�S�KU�EJQUGP

GCEJ�RGTKQF�D[�OCLQTKV[�XQVG�CHVGT�VJG�ENWD�UK\G�HQT�VJG�PGZV�RGTKQF�JCU�DGGP�FGVGTOKPGF��

6JGP�YKVJ�C�/CTMQX�VTCPUKVKQP�TWNG��[���VJG�EJQKEG�QH�S�CV�VKOG�V�YKNN�DG�C�UVTCKIJVHQTYCTF

UVCVKE�EJQKEG�D[�VJG�ZV�OGODGTU���#UUWOG�VJCV

XS>� ��� 
���

%SS�$��� 
�������

%QPFKVKQP�
����KU�C�UKPING�ETQUUKPI�EQPFKVKQP�YJKEJ�UC[U�VJCV�KPFKXKFWCNU�YKVJ�C�JKIJGT�>

RTGHGT�C�JKIJ�NGXGN�QH�S���7UKPI�VJG�CRRTQCEJ�QWVNKPG�KP�UGEVKQP����C�OCLQTKV[�XQVKPI

GSWKNKDTKWO�YKNN�GZKUV�YKVJ�S�EJQUGP�VQ�DG�VJG�NGXGN�OQUV�RTGHGTTGF�D[�VJG�OGFKCP�XQVGT�
QT�C

NGXGN�DGVYGGP�VJG�VYQ�OQUV�RTGHGTTGF�NGXGNU�QH�VJG�VYQ�OGFKCP�XQVGTU�YJGP�Z�KU�GXGP����+P

VJG�ECUG�QH�Z�QFF��VJG�EJQKEG�S
Z��YKNN�UCVKUH[
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XS
S
Z��O
Z�����% 
���
��������������������������������������������Z

CPF�WVKNKV[�CU�C�HWPEVKQP�QH�OGODGTUJKR�UK\G�YKNN�DG�IKXGP�D[

W
Z�>����X
S
Z��>����%
S
Z���Z 
���

%QPUKFGT�W
��O
Z����VJG�OGFKCP�XQVGT U�WVKNKV[�QXGT�OGODGTUJKR�UK\G���%NQUG�VQ�Z��VJKU�OC[

DG�CRRTQZKOCVGF�D[�C�6C[NQT�GZRCPUKQP�

W
Z
F�O
Z��.�W
Z�O
Z��
=XS
S
Z��O
Z���% �Z?
S
Z
F��S
Z��
%�F 
���
�������Z�

9JGP�F�KU�UWKVCDN[�UOCNN��CPF�QP�VJG�CUUWORVKQP�VJCV�KPVGIGT�XCNWGU�QH�F�CTG� UWKVCDN[�UOCNN �


����KORNKGU�
WUKPI�
�����VJCV�

W
Z
F�O
Z�����W
Z�O
Z���.�%���F 
���
����������������������������������������������������������Z��

YJKEJ�VGNNU�WU�VJCV��KP�VGTOU�QH�UKPING�RGTKQF�WVKNKV[��VJG�OGFKCP�XQVGT�ICKPU�HTQO�C�JKIJGT

OGODGTUJKR�NGXGN�CPF�NQUGU�HTQO�C�NQYGT�NGXGN��6JWU

z
Z�� �Z 
���

CPF��YJCVGXGT�VJG�ENWD�UK\G��VJG�OGFKCP�XQVGT�CV�VJCV�ENWD�UK\G�YQWNF�OQUV�RTGHGT�VJG�UK\G�VQ

KPETGCUG���0QVKEG�VJCV�VJG�CTIWOGPV�NGCFKPI�VQ�
����FGOQPUVTCVGU�VJG�FQOKPCPEG�QH�VJG�EQUV

UJCTKPI�CURGEVU�QH�RWDNKE�IQQF�RTQXKUKQP���VJGTG�OC[�DG�QVJGT�FGEKUKQPU�DGKPI�OCFG�D[�VJG

ENWD�DWV�DGECWUG�VJGUG�CTG�EJQUGP�VJTQWIJ�OCLQTKV[�XQVKPI��VJG�OGFKCP�XQVGT�ECP�KIPQTG�VJG

GHHGEV�QH�ENWD�UK\G�QP�VJGUG�FGEKUKQPU��KP�GUUGPEG�YG�CTG�KPXQMKPI�CP�GPXGNQRG�EQPFKVKQP��

%NWDU�UCVKUH[KPI�
����YKNN�DG�VGTOGF�GZRCPUKQPKUV�ENWDU�

9G�PQY�GZRNQTG�VJG�F[PCOKEU�QH�ENWD�UK\G�HQT�CP�GZRCPUKQPKUV�ENWD�CPF�PQVG�HKTUV�VJCV



8 As noted in the last section, a corner steady state at x2 is best interpreted as extrinsic so (31) implies
that all interior steady states that are intrinsic.
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KH�
����JQNFU�HQT�CNN�Z�VJGP�CNN�UVGCF[�UVCVGU�OWUV�DG�KPVTKPUKE����.GV�Z��DG�CP�KPVTKPUKE�UVGCF[

UVCVG���9G�MPQY�HTQO�2TQRQUKVKQP����VJCV�Z��YKNN�DG�CRRTQCEJGF�HTQO�DGNQY�CPF�FKXGTIGF

HTQO�CDQXG���6Q�DG�EQPETGVG��NGV

z
Z����Z�
�M

���

W
Z�O
>�������
Z�z
>���

6JGUG�OC[�DG�XKGYGF�CU�NQECN�CRRTQZKOCVKQPU�CTQWPF�Z��VQ�OQTG�IGPGTCN�HWPEVKQPU���6JG

GSWKNKDTKWO�XQVKPI�TWNG�[�
Z��OC[�DG�FGVGTOKPGF�D[�YQTMKPI�TGEWTUKXGN[�DCEMYCTFU�HTQO

Z��

.GV�\K���
�
*
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�����6JGP�VJG�XQVKPI�GSWKNKDTKWO�KU�
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CPF�VJKU�JQNFU�HQT�CNN�Z�DGNQY�Z��DWV�CDQXG�VJG�CFLCEGPV�KPVTKPUKE�UVGCF[�UVCVG�Z���YJGTG�VJG

RTQEGUU�TGUVCTVU���(KIWTG���UJQYU�VJKU�XQVKPI�TWNG�

6Q�WPFGTUVCPF�YJ[�VJKU�TWNG�YKNN�DG�EJQUGP�KP�GSWKNKDTKWO��EQPUKFGT�CP[�Z�KP�TGIKQP

+���6JG�OGFKCP�XQVGT�FQGU�PQV�YKUJ�HQT�VJG�ENWD�UK\G�VQ�IQ�CDQXG�Z��
YG�MPQY�VJKU�DGECWUG

VJG�OGFKCP�XQVGT�CV�Z��RTGHGTU�VQ�UVC[�CV�Z����CPF�VJG�DGUV�JG�ECP�FQ�VQ�TCKUG�VJG�ENWD�UK\G�CU

ENQUG�VQ�Z
M�CU�RQUUKDNG�YJKEJ�KPXQNXGU�EJQQUKPI�Z���VJG�UVGCF[�UVCVG���+P�TGIKQP�++��VJG

OGFKCP�XQVGT�MPQYU�VJCV�JG�ECP�GKVJGT�MGGR�VJG�ENWD�UK\G�EQPUVCPV�QT�CNNQY�KV�VQ�TKUG���6JG

DGUV�JG�ECP�CEJKGXG�KU�VQ�EJQQUG�JKU�OQUV�RTGHGTTGF�UK\G�YJKEJ�YKNN�TGOCKP�HQT�QPG�RGTKQF

DGHQTG�HWTVJGT�OGODGTU�CTG�CFOKVVGF�VQ�VCMG�VJG�ENWD�VQ�Z����4GIKQP�+++�KU�OQTG�KPVGTGUVKPI�

JGTG�VJG�OGFKCP�XQVGT�CV�Z�EJQQUGU�C�PGY�ENWD�UK\G�MPQYKPI�VJCV�VJKU�IKXGU�FKTGEV�DGPGHKVU

CPF�VJGP�CHHGEVU�VJG�ENWD�UK\G�VJCV�YKNN�DG�EJQUGP�KP�UWDUGSWGPV�RGTKQFU��6JG�QRVKOCN
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CFOKUUKQP�KU�M\��YJKEJ�QRVKOKUGU�VJG�VTCFG�QHH�QH�KPVGT�VGORQTCN�ICKPU�CPF�NQUUGU�

#UUWOG�VJCV�VJG�KPKVKCN�ENWD�UK\G�KU�Z �KP�(KIWTG�����6JGP�VJG�UK\G�YKNN�RCUU�VJTQWIJ

HQWT�NGXGNU�DGHQTG�GXGPVWCNN[�TGCEJKPI�Z��KP�HKXG�RGTKQFU�VKOG���9JGP�*�KU�ENQUG�VQ�WPKV[�

VJGTG�GZKUVU�CP�Z�KP�TGIKQP�+8�YJKEJ�KU�ENQUG�VQ�Z���M�YJGTG�VJG�OGFKCP�XQVGT�RTGHGTU�VQ

MGGR�VJG�ENWD�UK\G�EQPUVCPV�TCVJGT�VJCP�CNNQYKPI�KV�VQ�TKUG���VJGTG�KU�CPQVJGT�KPVTKPUKE�UVGCF[

UVCVG��VJGTG�ECP�DG�HQWT�EJCPIGU�KP�ENWD�UK\G�DWV�PQ�OQTG���#U�*�6����VJG�PWODGT�QH�TGIKQPU

VGPFU�VQ�KPHKPKV[�YKVJ�PQ�KPVTKPUKE�UVGCF[�UVCVGU�GZKUVKPI�DGNQY�Z���+P�VJKU�ECUG��OGFKCP�XQVGTU

CNYC[U�EJQQUG�VQ�KPETGCUG�VJG�ENWD�UK\G�D[�M�CPF�VJGTG�ECP�DG�OWNVKRNG�EJCPIGU���6JWU�

YJCVGXGT�VJG�NGXGN�QH�*��VJGTG�CTG�UVCTVKPI�RQUKVKQPU�VJCV�IKXG�TKUG�VQ�NGCUV�HQWT�EJCPIGU�KP

ENWD�UK\G�DGHQTG�C�UVGCF[�UVCVG�KU�TGCEJGF���+PVTKIWKPIN[��CRCTV�HTQO�VJG�NCUV�OQXGOGPV��VJG

OCIPKVWFG�QH�VJG�EJCPIG�KP�ENWD�UK\G�KPETGCUGU�YKVJ�GCEJ�UWDUGSWGPV�OQXGOGPV�VQYCTFU�VJG

UVGCF[�UVCVG�

�� %QPVTCEVKQPKUV�%NWDU��2WTG�%QPIGUVKQP

#U�QRRQUGF�VQ�VJG�ENWDU�GZCOKPGF�KP�VJG�NCUV�UGEVKQP��VJGTG�CTG�ENWDU�YJGTG

OGODGTUJKR�EQPHGTU�DGPGHKVU�DWV�GZENWUKXKV[�KU�RTGHGTTGF��(QT�KPUVCPEG�C�ENWD�OC[�QYP

EQUVNGUUN[�C�RWDNKE�IQQF�YJKEJ�KU�UWDLGEV�VQ�TKXCNPGUU���C�OGODGT�FGUKTGU�CEEGUU�VQ�VJG�IQQF

DWV�RTGHGTU�VJG�UOCNNGUV�UK\G�ENWD�VJCV�KU�EQORCVKDNG�YKVJ�TGVCKPKPI�OGODGTUJKR���1PG�ENCUU

QH�GEQPQOKE�GZCORNGU�TGNCVGU�VQ�VJG�CDKNKV[�QH�C�ITQWR�QH�YQTMGTU�VQ�GZVTCEV�UWTRNWU��G�I��C

YQTMGTU �EQQRGTCVKXG��C�RCTVPGTUJKR�QT�C�VTCFG�WPKQP���9QTMGTU�ICKP�HTQO�DGKPI�C�OGODGT

QH�VJG�ENWD�DWV�VJG�TGVWTP�RGT�YQTMGT�OC[�FGENKPG�YKVJ�QH�VJG�PWODGT�QH�YQTMGTU���+H

KPFKXKFWCN�RTGHGTGPEGU�CTG�QH�VJKU�HQTO��YJCV�ECP�DG�UCKF�CDQWV�VJG�F[PCOKE�QH�ENWD�UK\G!

#P[�KPFKXKFWCN�ENWD�OGODGT�JCU�C�WVKNKV[�HWPEVKQP�VJCV�FGENKPGU�YKVJ�OGODGTUJKR�DWV

KU�UWDLGEV�VQ�VJG�RTQXKUQ�VJCV�VJG�OGODGT�KU�PQV�GZENWFGF�HTQO�VJG�ENWD���6JWU�YG�JCXG�HQT�Z

$�>�

�� W
Z�>��FGENKPGU�KP�Z

���

�� W
Z�>�� �W



9 When agents are not members, the increasing differences will not be strict.  The results of previous
sections are not sensitive to this relaxation of strict increasing differences.
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CTG�KPVTKPUKE�YKVJ�VTCPUKVKQP�RCVJU�EJCTCEVGTK\GF�D[�TGFWEVKQPU�KP�ENWD�UK\G�

6JG�XQVKPI�GSWKNKDTKWO�ECP�DG�UQNXGF�TGEWTUKXGN[�CU�HQT�VJG�GZRCPUKQPKUV�ENWDU��6JG

RTKPEKRCN�FKHHGTGPEG�EQOGU�HTQO�VJG�RQUUKDKNKV[�QH�GZENWUKQP�CU�ENWD�UK\G�HCNNU���6JG

GSWKNKDTKWO�FGRGPFU�WRQP�VJG�EQUVU�QH�GZENWFCDKNKV[��9G�NQQM�CV�VYQ�ECUGU�
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�Z������Z���K�G���Z��KU�C�UVGCF[�UVCVG�

6Q�WPFGTUVCPF�VJGUG��EQPUKFGT�CP[�Z�DGVYGGP�Z��CPF��Z����6JG�OGFKCP�XQVGT�YKNN�PQV

YKUJ�VJG�ENWD�UK\G�VQ�HCNN�DGNQY�Z����VJG�OGFKCP�XQVGT�CV�Z��FQGU�PQV�YCPV�VJKU��D[

CUUWORVKQP��CPF��UWDLGEV�VQ�VJKU��Z��QHHGTU�VJG�JKIJGUV�WVKNKV[�CPF�FQOKPCVGU�CP[�F[PCOKE

RCVJ���6JWU��VJGTG�KU�C�UKPING�CFLWUVOGPV�VQ�C�UVGCF[�UVCVG�CV�Z����#V��Z��
����VJG�OGFKCP

XQVGT�ECP�XQVG�HQT�C�TGFWEVKQP�KP�VJG�ENWD�UK\G��QRVKOCNN[�VQ�O
�Z�
����DWV�VJKU�YKNN�DG



10  Specific models of democratic trade unions are examined in Roberts (1989)and Layard (1990).
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YJGTGCU�VJG�DGUV�RC[QHH�HTQO�PQP�TGFWEVKQP�KU�VQ�TGVCKP�VJG�ENWD�UK\G�QH��Z�
��CPF�QDVCKP
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��O
�Z�
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+H�ECUG�+�CRRNKGU��
����GZEGGFU�
����CPF�VJG�TGFWEVKQP�UVTCVGI[�KU�QRVKOCN���0QY�EQPUKFGT

�Z�
����6JG�OGFKCP�XQVGT�KU�GZENWFGF�YKVJKP�VYQ�RGTKQFU�KH�TGFWEVKQP�QEEWTU�UQ�VJG�UCOG

TWNGU�CRRN[���+P�HCEV��KH�VJG�TWNG�CRRNKGU�WR�VQ�CP[�Z�Z� ��Z���VJGP�VJG�UCOG�EQPUKFGTCVKQPU

CRRN[�VQ�Z���XQVKPI�HQT�C�TGFWEVKQP�KPXQNXGU�GZENWUKQP�YKVJKP�VYQ�RGTKQFU���1P�VJG�QVJGT

JCPF��YJGP�VJG�EQPFKVKQPU�HQT�ECUG�++�CRRN[��VJG�OGFKCP�XQVGT�CV��Z��RTGHGTU�VQ�MGGR�VJG�ENWD

UK\G�CV��Z��CPF�VJKU�DGEQOGU�CPQVJGT�UVGCF[�UVCVG���

�� 9GNHCTG�%QPUKFGTCVKQPU

6JG�CPCN[UKU�VJCV�JCU�DGGP�EQPFWEVGF�JCU�DGGP�EQPEGTPGF�GPVKTGN[�YKVJ�C�RQUKVKXG

CPCN[UKU�QH�ENWD�FGEKUKQPU���6JG�RWTRQUG�QH�VJKU�UGEVKQP�KU�VQ�EQORCTG�VJGUG�FGEKUKQPU�YKVJ

YJCV�YQWNF�DG�QRVKOCN�KP�C�YGNHCTG�OCZKOKUKPI�EQPVGZV�

�%QPUKFGT�VJG�EJQKEG�QH�C�ENWD�UK\G�KP�VJG�RWTUWKV�QH�OCZKOK\KPI�VJG�YGNHCTG�QH�

EWTTGPV�OGODGTU���9KVJ�C�WVKNKVCTKCP�QDLGEVKXG�CPF�RTGUGPV�ENWD�UK\G�QH�Z���VJG�QDLGEVKXG�KU�VQ
OCZKOK\G

YJGTG�[
���KU�VJG�WVKNKVCTKCP�RNCPPGT U�TWNG�VJCV�YKNN�DG�HQNNQYGF�KP�VJG�HWVWTG���0QVKEG�VJCV�KH

VJG�ENWD�UK\G�EJCPIGU�HTQO�Z��VJGP�VJG�QDLGEVKXG�YKNN�EJCPIG���VJG�RNCPPGT U�TWNG�YKNN�DG

VKOG�KPEQPUKUVGPV�
2JGNRU�CPF�2QNNCM�
���������#UUWOG�VJCV�VJG�FKUVTKDWVKQP�QH�FKUEQWPVGF

WVKNKV[�FKHHGTGPEGU�KP�VJG�ENWD�KU�PQP�UMGYGF�KP�VJG�UGPUG�VJCV�CXGTCIG�FKUEQWPVGF�WVKNKV[



11 However, as a society may respect the welfare only of the living when decisions about population
policy are taken, (37) may be reasonable in such contexts.
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1
[V(x(, ,y) & V(x, ,y]. (38)
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1
V(ỹ(x(), ,ỹ) $ j

x(

1
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[V(y(x(), ,y)&V(x, ,y)]] $ j

x(

1
V(x, ,y). (41)

FKHHGTGPEGU�KU�VJG�UCOG�CU�FKUEQWPVGF�WVKNKV[�FKHHGTGPEGU�HQT�UQOG�OGFKCP�KPFKXKFWCN��K�G��HQT

CNN�Z�

%QPUKFGT�VJG�OGFKCP�XQVGT�TWNG�[:�
�����+H�
����KU�UCVKUHKGF�VJGP��HQT�CNN�Z�

UQ�VJG�OGFKCP�XQVGT�TWNG�CPF��D[�KORNKECVKQP��VJG�OCTMQX�XQVKPI�GSWKNKDTKWO�CTG�
VKOG�

KPEQPUKUVGPV��WVKNKVCTKCP�QRVKOCN�VTCPUKVKQP�TWNGU�WPFGT�PQP�UMGYPGUU��VJG�PQP�QRVKOCNKV[�QH

OCTMQX�XQVKPI�GSWKNKDTKC�ECP�DG�VTCEGF�FKTGEVN[�VQ�VJG�UMGYPGUU�KP�VJG�FKUVTKDWVKQP�QH

RTGHGTGPEGU�

6JG�YGNHCTG�HWPEVKQP�
����HCKNU�VQ�DG�EQPUKUVGPV�YKVJ�TGICTF�VQ�HWVWTG�EJQKEGU�����#

OQTG�RNCWUKDNG�YGNHCTG�QDLGEVKXG�EQWNF�KPENWFG�DQVJ�EWTTGPV�CPF�RQVGPVKCN�OGODGTU�QH�VJG�

ENWD�CPF�UGGM�VQ�OCZKOK\G

#�TWNG�[
���KU�QRVKOCN�KH

6JG�VGTO�KP�DTCEMGVU�KU�VJG�ICKP�CEETWKPI�VQ�PQP�OGODGTU�HTQO�VJG�QRVKOCN�FGEKUKQP�CV�Z��CU

QRRQUGF�VQ�EJQQUKPI�UQOG�QVJGT�Z���#UUWOG�VJCV�WVKNKV[�KU�NKPGCT�KP�KPEQOGU��UQ�VJCV�WVKNKV[�KU

VTCPUHGTCDNG��CPF�VJCV�KPFKXKFWCNU�CTG�WPCHHGEVGF�D[�ENWD�UK\G�KH�VJG[�CTG�PQV�OGODGTU��

&KUEQWPVGF�WVKNKVKGU�YKNN�VJGP�QPN[�DG�PQP�\GTQ�HQT�KPFKXKFWCNU�YJQ�YKNN�DGEQOG�OGODGTU�KP

VJG�HWVWTG�CPF��HQT�C�RGTHGEVN[�FKUETKOKPCVKPI�ENWD��VJG�DTCEMGVGF�VGTO�KU�VJG�FKHHGTGPEG�KP
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[V(y(x(), ,ỹ)&V(x, ,ỹ)]] $ V(x,m(x(),ỹ) (42)

U ' j
x̄

1
u(x, ). (43)

HGGU�VJCV�EQWNF�DG�GZVTCEVGF�D[�EJQQUKPI�[
Z���KPUVGCF�QH�Z�YKVJ�VJG�VJTGCV�VJCV�OGODGTUJKR

YKNN�DG�FGPKGF���#UUWOG�VJCV�HGGU�CTG�UJCTGF�DGVYGGP�EWTTGPV�OGODGTU���+H�[:�
���KU�VJG

OGFKCP�XQVGT�TWNG�VJCV�TGUWNVU�HTQO�VJKU�UJCTKPI�VJGP��HQT�CNN�Z�

CPF�KH�WVKNKV[�FKHHGTGPEGU�CTG�PQP�UMGYGF�VJGP�
����KP�
����VGNNU�WU�VJCV�
����KU�UCVKUHKGF�D[�[:�

VJG�OGFKCP�XQVGT�TWNG�CPF�OCTMQX�XQVKPI�GSWKNKDTKWO�CTG�TWNGU�VJCV�OCZKOK\G�
����KH�VJGTG�KU

���PQP�UMGYPGUU�CPF����NKPGCT�WVKNKV[�KP�KPEQOG�CPF�RGTHGEV�GZVTCEVKQP�QH�UWTRNWU�HTQO

LQKPKPI�OGODGTU���7PFGT�VJGUG�TGUVTKEVKXG�DWV�KPVGTRTGVCDNG�EQPFKVKQPU��YGNHCTG�CPF�XQVKPI

GSWKNKDTKWO�VTCPUKVKQP�TWNGU�YKNN�EQKPEKFG�

.GV�WU�PQVG�QPG�KORNKECVKQP�QH�VJKU�GSWKXCNGPEG���'SWCVKQP�
����KU�VJG�FKUEQWPVGF�UWO

QH�GXGT[DQF[ U�WVKNKV[�CPF�VJG�QRVKOCN�RQNKE[�YKNN�DG�VQ�EJQQUG��KOOGFKCVGN[��C�OGODGTUJKR

UK\G�VJCV�OCZKOK\GU

�

6JWU��KH�VJG�PQP�UMGYPGUU�CUUWORVKQP�KU�UCVKUHKGF��VJG�EQORNGZ�F[PCOKE�UVTWEVWTG�QH�ENWDU

KPFWEGF�D[�XQVKPI�ECP�DG�VTCEGF�VQ�VJG�KORGTHGEV�KPCDKNKV[�VQ�GZVTCEV�HGGU�HTQO�PGY�OGODGTU��

7PFGT�UWEJ�EQPFKVKQPU��GSWKNKDTKWO�KU�GSWKXCNGPV�VQ�VJG�OCZKOKUCVKQP�QH�C�VKOG�KPEQPUKUVGPV

YGNHCTG�HWPEVKQPU�YJGTGCU�RGTHGEV�GZVTCEVKQP�YQWNF�NGCF�VQ�C�UKORNG�GSWKNKDTKWO�YJGTG�VJG

UVGCF[�UVCVG�KU�CEJKGXGF�KP�QPG�UVGR�CPF�CEEQTFU�YKVJ�VJG�OCZKOK\CVKQP�QH�C�VKOG�EQPUKUVGPV

YGNHCTG�HWPEVKQP�

�� %QPENWFKPI�4GOCTMU

6JKU�RCRGT�JCU�GZCOKPGF�VJG�UVTWEVWTG�QH�XQVKPI�RTQDNGOU�YJGP�VJG�GNGEVQTCVG�KU

GPFQIGPQWU���6JKU�PGEGUUKVCVGU�VJG�GZCOKPCVKQP�QH�XQVKPI�KP�C�F[PCOKE�EQPVGZV�YJKEJ

KPVTQFWEGU�EQORNGZKVKGU�PQV�RTGUGPV�KP�UVCVKE�RTQDNGOU��FGURKVG�VJKU��KV�JCU�DGGP�UJQYP�VJCV

F[PCOKE�OCLQTKV[�XQVKPI�GSWKNKDTKC�GZKUV�WPFGT�EQPFKVKQPU�PQ�UVTQPIGT�VJCP�VJQUG�VJCV�JCXG

DGGP�WUGF�EQOOQPN[�KP�UVCVKE�RTQDNGOU���#U�YGNN�CU�CFFTGUUKPI�VJG�GZKUVGPEG�KUUWG��KV�JCU
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DGGP�UJQYP�VJCV�OCLQTKV[�XQVKPI�KU�GSWKXCNGPV�VQ�C�OGFKCP�XQVGT�TWNG�YKVJ�VJG�TGNGXCPV

OGFKCP�XQVGT�GPFQIGPQWU�VQ�VJG�RTQEGUU�DGECWUG�VJG�GNGEVQTCVG�KVUGNH�KU�GPFQIGPQWU���#U�VJG

OGFKCP�XQVGT�EJCPIGU�VJTQWIJ�VKOG��XQVKPI�QWVEQOGU�GODQF[�C� VKOG�KPEQPUKUVGPE[ �YKVJ

UVGCF[�UVCVGU�DGKPI�TGCEJGF�CHVGT�RCUUKPI�VJTQWIJ�UGXGTCN�KPVGTOGFKCVG�UVGRU��C�F[PCOKE

RTQEGUU�YJKEJ�KU�PGKVJGT�HQTEGF�WRQP�VJG�RTQDNGO�D[�GZQIGPQWU�EQPUVTCKPVU�NKMG�EQUVU�QH

CFLWUVOGPV��PQT�KP�VJG�KPVGTGUVU�QH�CP[�UKPING�XQVGT�

9G�JCXG�KPXGUVKICVGF�CPF�RTQXKFGF�C�EJCTCEVGTK\CVKQP�QH�DQVJ�VJG�VTCPUKVKQP�RCVJU�CPF

UVGCF[�UVCVGU�VJCV�TGUWNV�WPFGT�OCLQTKV[�XQVKPI���1H�RCTVKEWNCT�KORQTVCPEG�JCU�DGGP�VJG

EJCTCEVGTK\CVKQP�QH�KPVTKPUKE�UVGCF[�UVCVGU�YJKEJ�CTG�FGVGTOKPGF�D[�VJG�F[PCOKEU�QH�XQVKPI

TCVJGT�VJCP�D[�VJG�GZVTKPUKE�RTQRGTVKGU�QH�VJG�UVGCF[�UVCVG�KVUGNH���#U�VJG�ENCUUGU�QH�OQFGNU

GZCOKPGF�KP�UGEVKQPU���CPF���UJQY��KPVTKPUKE�UVGCF[�UVCVGU�CTG�NKMGN[�VQ�DG�RGTXCUKXG���6JGUG

UVGCF[�UVCVGU�GZJKDKV�C� MPKHG�GFIG �UVCDKNKV[�CPF�YQWNF�DG�DTQMGP�FQYP�QXGT�VKOG�VJTQWIJ

WPGZRGEVGF�UJQEMU�VQ�VJG�U[UVGO���#�EQORNGVG�CPCN[UKU�QH�F[PCOKE�XQVKPI�YKVJ�
GZRGEVGF�

UJQEMU�YQWNF�DG�XCNWCDNG�

6JGTG�CTG�VYQ�UGVU�QH�RTQDNGOU�YJKEJ�JCXG�DGGP�CUUWOGF�CYC[�D[�CUUWORVKQP�KP�QWT

CPCN[UKU�DWV�YCTTCPV�HWTVJGT�EQPUKFGTCVKQP���(KTUV��KV�JCU�DGGP�CUUWOGF�VJCV�VJG�QTFGTKPI�D[

YJKEJ�KPFKXKFWCNU�LQKP�QT�NGCXG�ENWDU�KU�RTG�RTGUETKDGF�VJTQWIJ�C�U[UVGO�NKMG�UGPKQTKV[���+V

YQWNF�DG�QH�KPVGTGUV�VQ�TGNCZ�VJKU�CUUWORVKQP�CPF�VJG�RQUUKDKNKV[�QH�OGODGTUJKR�HGGU�RTQXKFGU

QPG�OGEJCPKUO�VQ�FGVGTOKPG�ITQYVJ�QH�ENWD�OGODGTUJKR�YKVJ�VJG�KPFKXKFWCNU�YJQ�EQPUVKVWVG

PGY�OGODGTU�DGKPI�FGVGTOKPGF�D[�VJGKT�YKNNKPIPGUU�VQ�RC[���9JGVJGT�QT�PQV�VJG�EQPFKVKQP

QH�KPETGCUKPI�FKHHGTGPEGU�EQPVKPWGU�VQ�JQNF�YQWNF�DG�C�TGNGXCPV�SWGUVKQP���5GEQPF��VJG

CPCN[UKU�QH�VJKU�RCRGT�JCU�UJQYP�VJCV�GZKUVKPI�OGODGTU�QH�C�ENWD�OC[�HCEG�C�FKNGOOC

DGECWUG�QH�VJGKT�YKUJ�VQ�GPLQ[�VJG�DGPGHKVU�QH�VJG�NCTIGT�ENWD�YKVJQWV�UWHHGTKPI�HTQO�VJG

FGEKUKQPU�VJCV�YKNN�VJGP�DG�VCMGP�D[�VJG�NCTIGT�ENWD��6JG�VYQ�GHHGEVU�EQWNF�DG�FKXQTEGF�D[

EQPUKFGTKPI�VJG�RQUUKDKNKV[�QH�DQVJ�XQVKPI�CPF�PQP�XQVKPI�OGODGTU���9KVJQWV�VJG�GZKUVGPEG

QH�OGODGTUJKR�HGGU��VJG�UECNGU�CTG�VKRRGF�KP�HCXQWT�QH�GZKUVKPI�ENWD�OGODGTU�XQVKPI�VQ�CFOKV

QPN[�PQP�XQVKPI�OGODGTU���$WV�CU�OCLQTKV[�XQVKPI�FQGU�PQV�PGEGUUCTKN[�RTQFWEG� IQQF

QWVEQOGU��VJG�RQUUKDKNKV[�QH�KPVTQFWEKPI�XQVKPI�OGODGTU�EQWNF��VJTQWIJ�VJG�FGEKUKQPU�KP

YJKEJ�VJG[�CTG�KPXQNXGF��KORTQXG�VJG�QWVEQOG�QH�VJG�XQVKPI�RTQEGUU�VQ�GZKUVKPI�OGODGTU��
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(A.24)
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