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A Profile-Kernel Estimation with Diverging

Number of Linear Parameters

By Clifford Lam and Jiangqing Fan
Department of Operations Research and Financial Engineering
Princeton University, Princeton, NJ, 08544

May 26, 2006

Abstract

A generalization to the varying coefficient model, the generalized varying coefficient par-
tially linear model (GVCPLM) has gained significant attention because of its generality
and incorporated predictive and explanatory power. Since modern statistical problems
usually deal with data of vast dimensionality, a large model is usually unavoidable for
predictive purpose. In this paper we set foot on both theoretical and practical sides of
profile likelihood estimation when the number of linear parameters in the model grows
with sample size. Existence of profile likelihood estimator and asymptotic normality for
the linear parameters are established under regularity conditions. Profile likelihood ratio
statistic for the linear parameters is discussed and Wilk’s phenomenon demonstrated as
proposed by Fan, Zhang and Zhang (2001). We propose a profile-kernel based algorithm
for evaluating the varying coefficients and the linear parameters. Simulation study shows
that the resulting estimates are as efficient as the fully iterative profile-kernel estimates.
For moderate sample size, our proposed procedure saves much computational time over
the fully iterative profile-kernel one and gives stabler estimates. A set of real data has

been analyzed using the GVCPLM with our proposed algorithm.

1 Introduction

The generalized varying-coefficient models, proposed by Hastie and Tibshirani (1993),
has attracted more attention over the last decade. It is a form of semiparametric regres-

sion which extends the generalized linear model (e.g. McCullagh and Nelder (1989))
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naturally so that the linear parameters become nonparametric functions of a covariate
U, e.g. time variable in a longitudinal data analysis. For instance, see Cai, Fan and
Li (2000) for a detailed account on statistical inferences on such models and references
therein. A further generalization to the generalized varying coefficient model is to allow
for an additive parametric part, resulting in the generalized varying coefficient partially
linear model (GVCPLM). If Y is a response variable and (U, X,Z) is the associated
covariates, then by letting p(u,x,z) = E{Y|(U,X,Z) = (u,x,2)}, the GVCPLM takes

the form

(1) g{u(u,x,2)} =x"a(u) +2' B,

where g(+) is a known link function, 8 an unknown regression coefficient and a(-) an un-
known regression function. One of the advantages over the varying coefficient model is
that GVCPLM allows for estimation of effects more efficiently when they are not really
varying with U, after adjustment of other genuine varying effects. It also allows for more
interpretable model, where primary interest is focused on the parametric component.
This model is relatively new in the literature. Instead, a special case called the partially
linear model (PLM) is studied more extensively, where the vector x is set to the scalar 1.
See, for example, Engle, et al. (1986), Wahba (1984) and Speckman (1988). Severini and
Wong (1992) established theories in generalized profile likelihood approach for efficient
estimation of the parametric component without the need of undersmoothing, and Sev-
erini and Staniswalis (1994) proposed an iterative procedure for this profile likelihood
estimation. Carroll et al. (1997) studied the generalized partially linear single-index

model. More references can be found in Hérdle, Liang and Gao (2000).

The goals of this paper are two-fold: to establish theories in statistical inferences
when the dimension of the parametric component diverges with the sample size, and to
compute the estimates efficiently without sacrificing accuracy.

For the estimation aspect, Zhang, Lee and Song (2002), Li, Huang, Ki and Fu (2002)
and Xia, Zhang and Tong (2004) considered the varying coefficient partially linear model
(VCPLM, g being the identity link) and proposed different methods of estimation. Ah-
mad, Leelahanon and Li (2005) considered a series approximation approach for estimat-
ing the nonparametric component in the VCPLM, while Fan and Huang (2005) proposed
a profile-kernel approach for the VCPLM which has closed form solutions. Li and Liang
(2005) considered a backfitting-based procedure for estimating a GVCPLM (a general
link g).

In this paper we propose a profile-kernel procedure for the GVCPLM in (1) based
on Newton-Raphson iterations. Computational difficulties (e.g. Lin and Carroll (2006))

of the profile-kernel approach is overcome by introducing modifications to updating of
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the parametric component. For moderate sample size the computational expenses are
then greatly reduced while nice properties of profile-kernel approach over backfitting
(e.g. Hu et al. (2004)) are retained. This will be further demonstrated in section 4,
where Poisson and Logistic GVCPLM are considered for simulations. We also introduce
a difference-based estimation for the parametric component of the GVCPLM, which
serves well for an initial estimate of our proposed profile-kernel procedure. Such an idea
for estimation is used, for example, in Yatchew (1997) for the partial linear model.

For estimation with diverging number of parameters, early of such works include
Huber (1973) (more of his work can be found in Huber (1981)) which gave related
theories on M-estimators, and Portnoy (1988) which analyzed a regular exponential
family under the same setting. Fan and Peng (2004) analyzed a general parametric
model using the penalized likelihood approach under such setting. Donoho (2000) gave
a full introduction on how high dimensional data affects the trend of data analysis, with
examples in various fields of applications. Fan and Li (2006) proposed the penalized
likelihood method to achieve both estimation and variable selection simultaneously in
various fields involving high dimensional data analysis. We give two examples where a

large number of parameters is to be estimated relative to the sample size.

Example 1 (Framingham Heart Study (FHS)). In this classical study initiated in 1948,
the FHS follows a representative sample of 5,209 adults and their offspring aged 28-62
years in Framingham, Massachusetts. One goal of the study is to identify major risk
factors associated with heart disease, stroke and other diseases. The study lasted for
more than half a century, with original participants’ adult children and their spouses
also participated in the study. There are around p = 100 variables for the study
and so the number of parameters is large relative to the sample size. For more in-
formation on this study, see the website of National Heart, Lung and Blood Institute

(http://www.nhlbi.nih.gov/about/framingham).

Example 2 (Computational Biology). DNA microarrays monitor the mRNA expres-
sions of thousands of genes in many areas of biomedical research. The cDNA microarrays
measures the abundance of mRNA expressions by mixing mRNAs of treatment and con-
trol cells or tissues. However, systematic biases due to experimental variations have to
be removed first before the expression data can be used for further analysis. Exam-
ple of such biases include efficiency of dye incorporation, intensity effect and print-tip
block effect, among others. The process of removing these experimental biases is called
normalization, and is critical to multiple array comparison.

Let Y, be the log-ratio of the intensity of gene g of the treatment sample over that

of the control sample. Denote A, the average log-intensities of gene g at the treatment



and control samples, r, and ¢, the row and column of the block where the cDNA of gene
g resides. Fan et al.(2004) proposed the following model to estimate the intensity and
block effect:

Yy=ag+ 8, +v, + f(Ag) +€6, g=1,--- N

where o is the treatment effect of gene g, 3,, and ~,, are block effects decomposed into
row and column components, f(A,) represents the intensity effect, and N is the total
number of genes. Even with replications of genes, we can see that the above model has
number of parameters p = O(N). However the number of significant genes is relatively
small, so that o, has a sparse structure. The goal is to find genes g with a4 statistically

significantly different from 0.

The outline of the paper is as follows. In section 2 we briefly review the profile
likelihood estimation with local polynomial modelling, as well as presenting asymptotic
results in sections 2.1-2.3. Section 3 turns to the computational aspect, and sections
3.1-3.4 discuss the elements of our proposed profile-kernel procedure, as well as how to
choose smoothing parameters. A simulation study is given in section 4, as well as an
analysis of a real data set using the proposed methodology. The proofs of our results is

given in section 5, and technical details in the appendix.

2 Properties of profile likelihood estimation

Let (Yyi5 Xy, Zni, U )1<i<n be a random sample where Y,,; is a scalar response variable, U;
is a scalar variable, X; € R? and Z,; € RP" are vectors of explanatory variables. Note

that Y,; and Z,,; depends on n, and p,, — 0o as n — oo.

The model we consider for the data is the generalized varying coefficient partially
linear model(GVCPLM), as in model (1), with 3, and Z,, having dimensions depending

on n now. The quasi-likelihood function for the response Y is

Qu,y) = /y %d&

where V(+) is the variance function for Y. As in Severini and Wong (1992), we denote
by ag (u) the ‘least favorable curve’ of the nonparametric function a(u) when we fix

the linear parameter to be 3, for estimation purpose. It can be defined such that

0

(2) o Lo QU ("X 48,7 2,). Y)IU = u} ln-ap, 0 = 0.



where Ej means expectation is taken under the true parameters og(u) and 3,,. Note
that ag, (u) = ap(u). The global likelihood function for the data is then

(3> Z Q{g )TX + ﬁTan)v Ym}

To estimate the parameters in (3), we first treat (3, as a constant. The model
then becomes purely nonparametric and estimation of agg, (U;) is done through a local

polynomial regression of order p for the j** component of ag, (U;), which approximate

a;(U) = aj(u)+ &%iu)(U—u) +-+ ap;—iiu)(U—u)f”/p!

= ag; +a1;(U—u)+ -+ a,(U—u)?/p

for U in a neighborhood of u. Denote a, = (a1, ,a,)" for r =0,...,p , noting that
they depend on 3,,. We then maximize the local likelihood

(4> ZQ{g_l Zar i iU /T' +ﬁTZm) Yn%}Kh( )

with respect to ag,---,ap. K(-) is a kernel function, and Kj(t) = K(t/h)/h is a re-
scaling of K with bandwidth h. So we get estimate &g (U;) = ao(U;) for j =1,...,n

Plugging our estimates into the global likelihood function (3), we have

(5) Z Q{g_l )TX + BTZm)> Yoi}-

This is now a pure parametric model with parameter 8,. Maximizing Q,(8,) with
respect to 3,, to get Bn, which amounts to solving VQn(ﬂn) = 0. With Bn, we estimate

our varying coefficients as ag (u).
n

One property of the quasi-likelihood is that the first and second order Bartlett’s
identities hold. In particular, if we define the marginal global likelihood for 3,, as in (3),
then

oQn 0Q,, 00, 92 .
0 ) () )

where [,,(8,) is the marginal Fisher Information of a single observation for 3, (See

Severini and Wong (1992) for more details).
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Note that equation (2) is true for all 3,,, and so by differentiating w.r.t. 3, we get

the following important formulas:
) Eo(q1(mn(B8,), Ya)X|U = u) =0,
Eo(g2(mn(B,,), Yn)X(Zy + a,ﬁn(U)X)T|U =u) =0,

dag, (u —
where ajg (u) = 85,5: ) and q(z,y) = %Q(g Hz),y).

In the subsequent sections we need some regularity conditions, which are presented

in section 5, for our results to hold.

2.1 Asymptotic normality and consistency of ,@n

Theorem 1 (Existence of profile likelihood estimator). Assume that conditions (A)-
(G) are satisfied. If pi/n — 0 as n — oo and nh?*™? = O(1) with nh?** — oo, then

there is a local mazimizer 3, € Q, of Qn(8,) such that HB" — Booll = Op(y/pn/n).

This consistent rate is the same as the result of the M-estimator that was studied
by Huber (1973), in which the number of parameters diverges. This rate of convergence
is also obtained by Zhang, Lee and Song (2002) for p,, a constant. They also assumed
nh**2? = 0(1).

Since the usual optimal bandwidth for minimizing conditional MSE or weighted
MISE is h = O(n~"/®*3))(Fan and Gijbels (1996)), it does not satisfy the assump-
tion nh?*? = O(1). However, note that under the optimal bandwidth, we have
’Bn — Booll = Op(\/pn/n@+2/@+3)) (follow the same lines of proof in theorem 1

to get this). This rate is worse than \/n/p,, but with somewhat stronger assumption

p> /n2PHD/2r+3) — (1), a form of y/n-consistency can be recovered as in theorem 2. In
particular, if sup,, p,, < 0o, this stronger assumption is automatically satisfied, showing
that /n-consistency can be achieved under optimal bandwidth. This is in line with the

results, for instance, by Severini and Staniswalis(1994) or Carroll et al. (1997).

Theorem 2 (Asymptotic normality). Under Conditions (A) - (G), if p2/n — 0 as
n — 0o, then the \/n/p,-consistent local maximizer Bn in theorem 1 salisfies

where A, is an | X p, matriz such that A,AT — G, and G is a | x | nonnegative

symmetric matriz. Furthermore, if p> /n@PH/@r+3) 0 then the local mazimizer ,én
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in theorem 1, estimated under the optimal bandwidth h = O(n=YP+3)  still satisfies

the above asymptotic normality.

This result shows that profile likelihood estimation produces semi-parametric efficient
estimate of linear parameters when number of parameters diverges. To see this more

explicitly, let p, = r be a constant. Then taking A, = I,., we obtain

VB, = Bo) — N(0,1,(B)).

which shows that the variance of 3, achieves the efficient lower bound (See for example
Carroll et al. (1997)). This also agrees with the result by Fan and Huang(2005), who
studied the same type of model under the usual linear regression setting with p, a

constant. The result presented here can be considered a further generalization of theirs.

2.2 Hypothesis testing

After estimation of parameters, it is of interest to test the statistical significance of
certain variables in the parametric component. Consider the problem of testing linear
hypotheses:

Hy:A,B,,=0 vs H :A,8,,#0,

where A, is a | X p, matrix and A, AL = I, for a fixed I. Both the null and the alter-
native hypotheses are semi-parametric, with nuisance functions a(-). The generalized
likelihood ratio test (GLRT) has statistic of the form

T, =2 {sup Qn(B,) —  sup Qn(ﬁn)} ,
Q, ;A0 B, =0

where Q,,(,) is as defined in (5). It turns out that, even when the number of parame-

ters diverges with sample size, T), still follows a chi-square distribution asymptotically,

without reference to any nuisance parameters. This reveals the Wilk’s phenomenon,

as termed in Fan et al (2001). Hence under a semi-parametric model with increasing

number of parameters, traditional likelihood ratio theory continues to apply and testing

of linear hypotheses becomes easy.
Theorem 3 Assuming conditions (A) - (G), under Hy, we have
T, = xi,

provided that p>/n — 0 when nh**2 = O(1), or p>/nP+V/Cr3) — 0 when h =
O(n1/@0+8)),



2.3 Consistency of the sandwich covariance formula

The estimated covariance matrix for Bn can be obtained by the sandwich formula
2 = {V?Qu(B,)} v {VQu(B,) H{V?Qn(B,)}

where the middle matrix has (j, k) entry given by

(@A Qu(B) ) = {Z P }

=1

1 - a@nz(Bn) - a@nz(6n>

i=1 =1

With the notation ¥, = n~'I,1(8,,), we have the following consistency result for the

sandwich formula.

Theorem 4 Assuming conditions (A) - (G). If p>/n — 0 when nh***? = O(1) and

nh? — 0o as n — 0o, we have
&S AT T P
A YA — AN A, — 0 asn — o0

for any I x p, (I is a fived integer) matriz A, such that A, AL = G. The same conclusion
holds if p2 /n2P+2/(2p+3) — (1) when h = O(n~(+3),

This result provides a way for constructing confidence intervals for 3,. However
we stress the independence of such estimate in testing hypothesis as in section 2.2.
Simulation results show that this formula indeed provide good estimates of the variances
for Bn For more details on sandwich covariance formula, see Kauermann and Carroll
(2001).

The theorems presented so far have assumptions p? /n = o(1) or p> /n = o(1) which
are somewhat strong. However we will use p3 /n = O(1) in our simulation in section 4
to demonstrate a wider applicability of our theories in models like the generalized linear

models.

3 Computation of the estimates

A profile-kernel approach for estimating 3,, in (3) is to find ,Bn maximizing (5). Backfit-
ting algorithm, on the other hand, does not assume &g (u) in (5) to depend on 3,,, and
the maximization w.r.t. 3, is thus much easier to carry out. The updated 3,, is then

substituted into (4) to find &(u) again, and the iterations repeated until convergence.
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See Lin and Carroll (2006), Hu et al (2004) for more descriptions of the two methods
and some closed-form solutions proposed for the partially linear models.

In general, the profile-kernel estimation can be carried out through the use of the
Newton-Raphson algorithm on updating both 3, and ag (u) alternately. We will de-

scribe modifications and implementations of the following steps in subsequent sections:
Unmodified profile-kernel updating procedure

Step 0 (Initialization). Find 8, an initial estimate for 3,. Set k = 0.

Step 1. Compute b; = Zzzﬂgf). Replaces Z1.3, in (3) by b; and the problem becomes
purely nonparametric (generalized varying coefficient model). Efficient estimation

for & 4 (u) is available, for instance, in Cai, Fan and Li(2000).

Step 2. Replaces ag (u) in (3) by ég, (u) and the problem becomes purely parametric.
Perform a Newton-Raphson iteration

BT =B —{V2Q.(B)} 'V Qu(BY).

Here Q,(8,,) is as defined in (5). Derivative is taken with respect to 8, noting
that ag (u) depends on 3, as well. Set k to k4 1.

Step 3. Iterate steps 1 and 2 until convergence.
Section 3.1 gives a detail account of obtaining an initial estimate for 3,,.

For modifications, we introduce a quick implementation of step 2 in section 3.3,
which not only helps save vast amount of computational time for moderate sample size,
but also is much stabler comparing with the full procedure.

The idea behind the foregoing algorithm is to estimate a least favorable curve ag (u)
for ag (u) at B, = B in light of lemma 6, which then allow us to update 3% to @%+1
as in step 2. Step 1 involves nonparametric estimation and is discussed in section 3.2.

In step 3 we need to iterate steps 1 and 2 until convergence. In practice, as is
demonstrated in simulation study in section 4, only several iterations are needed for
practical accuracy. We name the estimates by doing step 0 and step 1 the one-cycle
estimates, and those obtained by iterating steps 2 and step 1 (m — 1) more times as the

m-cycles estimates.



3.1 Difference-based estimation for VCPLM

The idea of differencing to remove nonparametric part in a partially linear model (PLM)
has been applied, with different usages, in Yatchew (1997) and Fan and Huang (2005).
We generalize this idea and apply on the varying coefficient partially linear model (VC-
PLM).

Consider the VCPLM with the structure

(8) Y=aU)'X+8,"Z, +e,

where Y is a response variable and (U, X7, ZnT) is the vector of associated covariates,
with X being a ¢ dimensional and Z,, being a p,, dimensional vector. The error term ¢
has mean 0 and unknown variance o2. This is a special case of the GVCPLM where in
equation (3), g is the identity link and @ is the log-likelihood of normal density. However

it is only used to motivate our procedure.

Let {(U;, XT,ZT.Y;)}_, be a random sample from (8) above, with the data ordered

nu?

according to the U;’s. Under mild conditions, the spacing U; 1 — U; is Op(1/n), so that
a(Uit1) — a(U;) = vo + 71(Uis1 — U;). Using model (8),

q+1 q+1 q+1 q+1
T
E w;Yirj1 = E wi(Uij1) Xigjo1 + BE Y wiZngivjon) + > wigipj1.
=1 j=1

Here w; depends on ¢ as well, but we drop this subscript for simplicity. If we define

q+1 AT g+1 q+
= D ihi w1, Ly = Y5 Wil & = D) L wjeirj—1 and impose the

constralnt 2;1.:1 w;X;4;—1 = 0, then we can re-write the above equation as

g+1 g+1 g+1 g+1
* ooy T T Tryx *
Vimy' Y Y wiXiga " YD wiXigi1(Uieot = Uigr—a) + BYZ] + €7,
r=2 j=r r=2 j=r

which is a linear model with parameter (vo,71,3,). In our simulation study in section
4, we choose i to be 1,2, -+, n — ¢ so that we have exactly (n — ¢) ‘starred’ data points
and the €f’s are dependent in general, but with known dependence structure. So we
can perform a weighted least square fit to the starred data to find (%, 44, ,@n) To solve

qﬂ w;X;4;—1 = 0, we need to find the rank r of the matrix (X;,--- ,X;4,), and then
fix ¢ +1 — r of the w,’s so that the rest can be determined uniquely by just solving a

system of linear equations.

One concern of the above approximation is the sparsity of the U,’s, especially in

the tail regions. Then Op(1/n) spacing is not achievable in the tails. In this case
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we may want to remove these sparse data points first before aggregating with w;’s
to avoid deterioration of quality for the estimate Bn In section 4, we take U to be
uniformly distributed over (0, 1) so that sparsity problem can be avoided for the ease of

our demonstration.

To use the differencing idea to obtain an initial estimate of 3,, for GVCPLM, we apply
transformation of the data. If g is the link function, we use g(Y;) as the transformed
data and proceed with the difference-based method as for the VCPLM. Note that for

some models like the logistic regression with logit link and Poisson log-linear model,

adjustments needed to be made in transforming the data. We use g(y) = log <12ﬁ5)
for the logistic regression and g(y) = log(y + d) for the Poisson regression. Here §
is treated as a smoothing parameter like h in estimating varying coefficients, and the

choice of which are discussed in section 3.4.

3.2 One-step estimation for the nonparametric component

Given 3, = B;k), model (3) becomes purely nonparametric and we estimate the varying
coefficients ag (u) by using the one-step local MLE. The one-step estimates are as
efficient as the fully iterative ones but save considerable computational time. For more
theoretical properties, see for example Cai, Fan and Li (2000). We briefly describe the
method here.

The local likelihood is as defined in (4), denoted by lg (v, u), where v = (aOT, e ,apT)T.
Given an initial estimator 4, = o(ug) = (&o(uo)”,--- ,ﬁp(uo)T)T, one step of the

Newton-Raphson algorithm produces the updated estimator

Yos = Fo — {V7ls, (Yo, u0)} ' Vi, (Yo, o),

where derivatives are taken with respect to «. In univariate generalized linear models,
the least-squares estimate serves a natural candidate as an initial estimator. We adapt
a variation as described in Cai, Fan and Li (2000), where we first find a sub-grid points
of all the U;’s and obtain local MLE 4 on the sub-grid points. Then use these estimates
as initial values for carrying out the one-step local MLE procedure on the rest of the
Ui’s.

The matrix V2l5n (7, u) can be nearly singular for certain U;, due to possible data
sparsity in certain local regions, or when bandwidth is too small. We adapt the ridge

regression approach to overcome this problem. We omit the details here.
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3.3 Fast updating of 55[”")

The profile-kernel approach essentially treats ég (u) from step 1 as a function of both
u and B, (Lin and Carroll (2006)). Updating of 8% in step 2 needs the first and second
derivatives of ag (u) with respect to 3,, which can be computationally intensive to

) — 8aﬁn(

calculate. More precisely, denote dﬁ which is a p, by ¢ matrix, ozg) (u)

(u
the r** component of ag (u) and 1m,,;(8,) = ag (UZ-)TXi + Z%.3,,, we need to calculate

qu mm m)(Zm + aﬁ (U )X,),

r=1

The following lemma shows how to construct a consistent estimator of az (u). The

proof is in the Appendix.

Lemma 5 Under regularity conditions (A)-(G), provided \/p, <h + ﬁ) = o(1), we
have for each B, € Q,,

) & {Z o (g, ()X + ZL8,, Vi) Zi XT K, (U; — u)}

-1
{ZQZ ap (u)"X; + 278, V) XiXT K (U; — )}

being a consistent estimator of a’ﬁn(u) which holds uniformly in u € €.

In implementing step 2 of the profile-kernel procedure, the first and second derivatives
of & w.r.t. 3, are to be calculated at each U;, which post a computational challenge
to the profile-kernel procedure. On the other hand, the backfitting algorithm set
all such derivatives to zero in equation (9), thus reducing vastly the amount of
computations of each update. See Hu et al (2004) for a comparison of the two methods.

We propose a profile-kernel procedure which is ‘in between’ the full profile-kernel

procedure and backfitting, with two major modifications to the full profile-kernel one:

Modifications of step 2 in the proposed profile-kernel procedure

24,(m)
“By

(I) The second derivatives 33, 53T

are set to 0 in equation (9).

12



(IT) The first derivatives d’ﬁn(u) are calculated on a sub-grid points of the U;’s and

those on the rest of the U;’s are approximated by interpolation.

Since the function ga(+,+) < 0 by regularity condition (D), we see that the modified
V2Qn(ﬁn) in equation (9) is negative-definite. This ensures the Newton-Raphson update
in step 2 of the profile-kernel procedure can be carried out without trouble.

The idea behind modification (I) is that, for a neighborhood around the true parame-
ter 3,,, which is small enough, the least favorable curve ag () should be approximately
linear in 3,. In fact, to estimate such second derivatives, same amount of local data
around u is needed which has served to estimate the first derivative o/ﬁn (u) already, so
variability of the resulting estimates of 3, may increase by incorporating the second
derivatives into the updating procedure.

For modification (II), the idea is that ag (u) is approximately linear in a small neigh-
borhood of u. The bandwidth h in estimating ag (u) is a natural parameter to define
what is a ‘small’ neighborhood around w. In this paper where a constant bandwidth h
is used (see section 3.4), we calculate ajg (u) at the minimum and maximum values of
U;’s from the data (assuming sparsity of the tail regions is avoided, see section 3.1), as
well as calculating such on a grid of values of u with grid width approximately equals
to h. Then a’ﬁn(Ui) for data point U; is found by interpolating the nearest two points
on the grid. If variable type of bandwidth is used then the grid points can be defined
also according to how h varies.

With these modifications, the update of [37(1’“) is much faster than the original profile-

kernel procedure.

3.4 Choice of bandwidth

As usual the optimal bandwidth Ay for estimating aig_(u) given 3, is of order n=Y/@P+3),
which can be seen immediately from equation (18). The equation also gives the order
of the MSE to be n~(»t2)/(2P+3) wwhen such an optimal bandwidth is used. This optimal
bandwidth order can be used without affecting the asymptotic properties of our estima-
tor Bn, as shown in Theorems 1 and 2. We do not derive explicit expressions for the
theoretical optimal bandwidth and MSE here.

As mentioned at the end of section 3.1, we have an extra smoothing parameter o
to be determined due to adjustments to transformation of the response Y,,;. This two
dimensional smoothing parameter (J, ) can be found by doing a K-fold cross-validation.
Since we have suggested a quick profile-kernel procedure and practical accuracy can be
achieved in several iterations as demonstrated in section 4, for K not too large (e.g.

K=5 or 10) the cross-validation procedure is not too computationally intensive.
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4 Simulation Study

In this section we first demonstrate how our proposed iterative procedure saves compu-
tational time as well as being stabler over the fully iterative procedure. Then using our
iterative procedure, we demonstrate the finite sample performance of our estimates and

augment our theoretical results.

To evaluate the performance of estimator &(-), we use the square-root of average

errors (RASE)
Ngrid 1/2
RASE = {ngr}d Z | oe(uy) — a(uk)HQ} J
k=1

where {u,, k=1, -, ngiq} are the grid points at which the function é&(-) is evaluated.
The Epanechnikov kernel K (u) = 0.75(1 — u?)+ and ngiq = 200 are used in our simula-

tion. For assessing the performance of the estimator Bn, we use the generalized mean
square error (GMSE)

GMSE = (8, — B8,0) " EZ'Z" (8, — B,),
where Z* is a new realization of the random variable Z.

Simulation 1. In this simulation, we consider a semi-varying Poisson regression model.
The response Y, given (U, X, Zy, ), has a Poisson distribution with mean function u(U, X, Z,,)
where

log(1(U. X, Z,)) = X" a(U) + Z13,.

We simulate 50 samples of sizes 200 and 400 with p, = |1.8n'/3| from the above model,
meaning pego = 10 and pyo = 13. For the covariates, we take U ~ U(0,1),X =
(X1, X5)T with X; =1 and X3 ~ N(0,1) such that (Z1, X5)7 is a (p, + 1)—dimensional
normal distribution with mean zero and covariance matrix (o;;), where o;; = 0.5/,
For the parameters of the model, 3,,, = (0.5,0.3,—0.5,1,0.1, —0.25,0, - - - ,0)” which is

pn—dimensional, a(u) = (a1 (u), az(u))’ where
aj(u) =4 +sin(2mu), and as(u) = 2u(l — u).

Using a 5-fold cross-validation (CV), we calculate 4-cycles estimates using our proposed
profile-kernel procedure in order to obtain the CV value. We finally chose 6 = 0.1 and
h =0.1,0.08 for n = 200, 400 respectively.

The median GMSE and respective computing times of ,@n among the 4-cycles esti-
mators of backfitting, the proposed and full profile-kernel procedures are summarized

in table 1. The SD,.q is a robust estimate of standard deviation and is defined by
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Table 1: Simulation results of different fitting schemes for Poisson model

Median(SDyqq) GMSE (multiplied by 10000)
backfitting  profile-kernel, profile-kernel,
N Pn proposed full
200 10 | 10.72(6.47) 5.45(2.71) 9.74(14.67)
400 13 | 5.63(4.39) 2.78(1.19) 5.26(9.46)
Median(SDpmqq) of computing times in seconds
200 10 0.6(0.0) 0.7(0.0) 77.2(0.2)
400 13 0.8(0.0) 1.4(0.0) 463.2(0.9)
Relative Median RASE (%)
200 10 84.8 97.0 89.5
400 13 85.6 98.6 88.2

interquartile range divided by 1.349. We see that the proposed profile-kernel procedure
has the smallest GMSE. The full profile-kernel procedure performs only slightly better
than backfitting, but with much greater variability in the GMSE. In terms of comput-
ing times, backfitting wins against our proposed procedure slightly, but at the price
of doubling the GMSE on average. Hence the proposed profile-kernel procedure gains
the best trade-off between computational cost and accuracy. Comparing with the full
profile-kernel procedure, it saves a vast amount of computations as well on average, and
the savings grows as n increases. We also know (not shown in the table) that on average
backfitting needs more than 20 iterations to converge without improving the GMSE too
much. For a logistic data simulation (not shown here), our proposed procedure is still
better than backfitting in terms of accuracy, but not as large an improvement as in the
Poisson case.

The relative median RASE in table 1 is defined as RASE,/RASE;, where RASE,
is the RASE calculated from the fit with true value of 3, known in advance (oracle
estimate), and RASE; is the RASE calculated from different procedures. Clearly our

proposed procedure is closest to the oracle estimate on average.

Simulation 2. In this simulation 400 samples of sizes 200, 400, 800 and 1500 with
pn = | 1.8n/3] are drawn from the Poisson model introduced in simulation 1. Estimators

~

B, and & F (u) are obtained by the proposed profile-kernel procedure, but with variants:

OS Our proposed profile-kernel procedure, iterated until convergence.

FS Same, except that we don’t use the One-step procedure as in Cai, Fan and Li (2000)
to estimate the nonparametric component, but by iterating Newton-Raphson al-

gorithm until convergence.
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DBE The difference-based estimation, same as one-cycle estimate.

4C The four-cycles estimate.

We compare median GMSE of the above procedures in table 2. The OS, 4C and
FS procedures perform as good as each other, meaning that the one-step updating of
nonparametric component works well and our proposed procedure converges early. In
fact (not shown in the table) the two-cycles estimates improve the DBE dramatically
already.

We summarized the effect of bandwidth choice and practical accuracy of estimated
parameters (two-cycles) in table 3. We denote hcy the choice of our bandwidth for
the nonparametric component. It is clear that the GMSE does not sensitively depends
on the bandwidth on average, as long as it is close to hcy. The right column of the
table shows the estimate for 5. Being close to the true parameter value at different
bandwidth choices with small variability (estimates of other (;’s are performing well
similarly, and are not shown), the two-cycles estimate works well.

To test the accuracy of the sandwich covariance formula, the standard deviations of
the estimated coeflicients (two-cycles esimates) are computed among the 400 simulations
at hoy. These can be regarded as the true standard errors (columns labeled SD in table
4), and the 400 estimated standard errors are summarized by their median (columns
SD,,) and the associated SDy,.q (interquartile range divided by 1.349). Note that we
have multiplied all values by 1000 for compact presentation. Clearly the sandwich
formula does a good job, and accuracy gets better as n increases.

Finally we want to examine if the GLRT in section 2.2 performs well in testing a

linear hypothesis on 3,,. To this end, we consider the following null hypothesis:

Hy:Br=0s=--=p, =0,

where we still have p, = [1.8n'/3]. The alternative hypothesis is indexed by a parameter

Table 2: Simulation results for variants of profile-kernel procedures

Relative Median GMSFE (%)
Poisson Logistic
n pn | FS/OS FS/DBE FS/4C | FS/OS FS/DBE FS/4C
200 10 | 100.0 8.2 99.9 99.8 64.1 101.7
400 13 | 100.2 6.0 100.2 99.9 52.7 104.7
800 16 | 100.1 5.0 100.1 100.0 50.9 102.6
1500 20 | 100.0 4.2 100.0 100.0 46.4 100.5
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Table 3: Summary statistics of two-cycles estimate

Poisson Logistic
Median(SDya4) /5’5 Median(SD,na4) 35
GMSE x10° mean(SD)x10* GMSE x10 mean(SD)

n Pn hcv 1.5hcy | 0.66hcy hcov 0.66hcy hov hcv 1.5hcy
200 10 | 5.9(3.0) 6.4(3.3) | 993(112) 995(105) | 8.2(4.4) 8.4(5.1) | 1.78(.40) 1.59(.37)
400 13 | 3.1(1.4) 3.0(1.4) | 1004(67) 1001(65) | 4.8(2.2) 5.4(2.5) | 1.81(.26) 1.64(.27)
800 16 | 1.7(0.7) L.7(0.6) | 999(47)  999(46) | 2.7(1.0) 2.7(L.1) | 1.94(.20) 1.85(.19)
1500 20 | 1.1(0.3) 1.1(0.4) | 1000(32) 1000(32) | 1.8(0.7) 1.8(0.6) | 1.97(.15) 1.91(.14)

0 as follows:
Hy: (B; = [ =0, ﬁjZOfOI‘j>8.

When ¢ = 0, the alternative collapses to the null hypothesis. The GLRT statistic is
computed for each simulation using the two-cycles estimates. Corresponding to 6 = 0,
the kernel density estimate of the finite sample null distribution of these statistics is
compared to the proposed asymptotic chi-squared density with d.f.= p,, — 6. Figure 1(a)
shows the comparison when n = 400. The finite sample null density is seen to be close
to the theoretical asymptotic chi-squared density.

To see the power of the test, we increases 0 in the alternative H; and calculate the
GLRT statistic in each simulation based on two-cycles estimates again. Three power
functions are calculated corresponding to three different significance levels: 0.1, 0.05
and 0.01, using the theoretical chi-squared distribution to find the corresponding critical
region. The proportion of rejection among the 400 statistics is the simulated power. We
see from figure 1(b) that the upper two power curves are of slightly higher significance
levels (corresponds to 6 = 0) than the theoretical significance levels 0.1 and 0.05. This
suggests slightly thicker tail regions in the null density as seen also in figure 1(a). The

power curves increase rapidly with , showing that the GLRT performs well.

Table 4: Standard deviations and estimated standard errors

Poisson, valuesx 1000 Logistic, valuesx 10
B Bs Ba B
SD,, SD., SD,, SD,,

n  pn | SD (SDmada) | SD (SDmad) | SD (SDmaa) | SD  (SDmad)
200 10 | 9.1 85(1.3) | 99 9.4(1.3) | 3.6 29(4) | 3.2 28(.4)
400 13 ] 6.0 5.6(0.7) | 6.5 6.1(0.7) | 23 2.1(.2) | 22 2.0(.2)
800 16 | 3.7 3.8(0.3) | 4.1 4.2(04) | 1.7 1.6(.1) | 1.5  1.5(.1)
1500 20 | 2.8 2.7(0.2) | 3.1 3.0(0.2) | 1.2 12(1) | L1 1.1(1)
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Figure 1: Plots for simulation 2 and 3. (a) and (b) are plots for the Poisson GVCPLM
while (¢) and (d) are plots for the Logistic GVCPLM. In (a) and (c), dotted lines are

the estimated null densities and the solid lines are x*—densities with d.f.=p, — 6. (7
and 10 resp.) (b) and (d) are power functions of GLRT.

Simulation 3. In this simulation, we consider a semi-varying Logistic regression model.
The response Y, given (U, X, Z,), has a Bernoulli distribution with success probability
p(U, X, Z,) where

p(U. X, Z,)) = exp{X" (V) + Z,, 8, }/[1 + exp{X (V) + Z,, 3, }].

Same as simulation 1, we simulate 400 samples of sizes 200, 400, 800 and 1500 with
pn = [1.8n'/3] from the above model. For the covariates, we take U ~ U(0,1),X =
(X1, X2)T with X; = 1 and Xy ~ N(0,1), and Z, is a p,—dimensional normal distri-
bution with mean zero and covariance matrix (oy;), where o;; = 0.57l. For the pa-
rameters of the model, 3,,, = (3,1,-2,0.5,2,—2,0,---,0)" which is p,—dimensional,

a(u) = (ai(u), az(u))? where
ar(u) = 2(u® + 2u® — 2u), and ay(u) = 2cos(27u).

Bandwidth (4, h) is chosen by a 5-fold CV, where 0 appears in the transformation
y+d ) We finally chose § — 0.005 and h = 0.45,0.4,0.25 and 0.18,

1—y+4
corresponding to n = 200, 400, 800 and 1500.

of data y — log <
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We compare median GMSE of the above procedures on the right of the table 2.
The OS and FS procedures perform similar to each other, meaning that the one-step
updating of nonparametric component works fine. The FS/DBE column shows that,
unlike in the Poisson regression case, one update of the initial estimate BS)) does not
decrease the GMSE by a very large proportion.

Similar to the Poisson case, the right side of table 3 shows that sensitivity of estimates
to bandwidth choice is not high. We also see a good accuracy of the sandwich covariance
formula from table 4.

To examine the performance of the GLRT for the Logistic GVCPLM we use the
same null and alternative hypotheses as defined in simulation 2. The estimated null
density is close to the theoretical x? density in figure 1(c) and the GLRT works well as

seen from figure 1(d).

Real data example. We used Example 11.3 and the accompanying data set of Al-
bright, Winston and Zappe (1999), where the Fifth National Bank of Springfield faced
a gender discrimination suit in which female received substantially smaller salaries than
male employees. (This example is based on a real case with data dated 1995. Only
the bank’s name is changed.) Fan and Peng (2004) has done such a salary analysis
using an additive model with quadratic spline, and did not find a significant evidence of
gender discrimination. We focus on another question: whether it was harder for female
employees to be promoted.

The data set consists of 208 employees which include the following variables:

e EdulLev: educational level, a categorical variable with categories 1 (finished school),
2 (finished some college courses), 3 (obtained a bachelor’s degree), 4 (took some

graduate courses), 5 (obtained a graduate degree).

e JobGrade: a categorical variable indicating the current job level, the possible levels
being 1-6 (6 highest).

e YrHired: year that an employee was hired.
e YrBorn: year that an employee was born.
e Gender: a categorical variable with values ‘Female’ and ‘Male’.

e YrsPrior: number of years of working experience at another bank prior to working
at the Fifth National Bank.

e PCJob: a dummy variable with value 1 if the employee’s current job is computer

related and value 0 otherwise.
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Table 5: Fitted coefficients (sandwich SD) for model (10)

Response Female PCJob Edu; Edusy Edug Eduy
HighGrade4 -1.66(.50) -0.11(.71) -4.32(.68) -4.12(.80) -2.33(.45) -2.44(.89)
HighGrade5 -1.66(.50) -1.25(.50) -3.86(.52) -3.92(.59) -2.41(.59) -0.95(.98)

We use JobGrade as the response variable and Gender as one of the covariates.
The aim is to find if the Gender variable, after controlling for other factors such as
educational level and years of prior experience, is significant in explaining JobGrade.
We want to fit as large a model as possible to reduce modelling bias, and our theories
allow us to interpret the model as usual. To simplify analysis, we create a response
variable HighGrade4 which is 0 if JobGrade is less than 4 and 1 otherwise. We
can then fit a logistic regression or a logistic GVCPLM to the data and then carry out
a GLRT to test the gender effect. From figure 2(a), the correlation between Age and
TotalYrsExp (the total years of relevant working experience, calculated from YrHired
and YrsPrior) is high, we use the following logistic GVCPLM

log (1 b ) = a1 (Age) + as(Age)Total YrsExp
— PH

(10) 4

+ i Female + B,PCJob + Z Bot Edu;

i=1
to reduce modelling bias, where py is the probability of having a job grade 4 or above.
Interaction terms such as that between Female and Edu; are considered, but tested
non-significant with GLRT so that we do not include those terms in the model above.

(Including interaction terms increases the number of linear parameters, but theorem 3
still applies.) We use a 20-fold CV and find hcy = 23.5, dcv = 0.1.

Table 5 shows the results of the fit. (Two-cycles estimates using our proposed profile-
kernel procedure.) It has a negative coefficient for Female and appears statistically
significant since the estimated sandwich SD is small. Figure 2(b) shows the standardized
residuals (y — pu)/+/pu(l — pu) against Age and the fit seems reasonable. (Other
diagnostic plots are not shown.) From figure 2(c), we see that as age increases one has a
better chance of being in a higher job grade. Figure 2(d) shows that the marginal effect
of working experience is large when age is around 30 or less, but start to fall as one gets
older.

We have done another fit using a binary variable HighGrade5 which is similar to
HighGrade4 but is 0 only when job grade is less than 5. The coefficients are shown in

table 5 and the Female coefficient is very close to the first fit.
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(a) Total¥rsExp against Age (b) Standardsized Residuals against Age
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Figure 2: (a) and (b):TotalYrsExpand standardized residuals against Age. (c¢) and (d):
Varying coefficients for the logistic GVCPLM for the data.

Formally, we are testing
H05ﬁ120<—>H1251<0.

Table 6 shows significant test results no matter we are using HighGrade4 or High-
Gradeb as the response. Not shown in this paper, we have done the test again after
deleting 6 data points corresponding to 5 male executives and 1 female having many
years of working experience and high salaries. The test results are still similar. In fact
from the raw data, female staffs are usually having a lower job grade than male with
similar profile of educational level, working experience and age, even their salaries dif-
ference may not be apparent. The test results support that female staff of the Fifth
National Bank of Springfield is harder to be promoted to a higher job grade than male.

Table 6: Generalized likelihood ratio test for G; =0

Response x2-statistic  P-value
HighGrade4 13.8095 0.0002
HighGradeb 11.3544 0.0008
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5 Technical Proofs.

In this section proofs of Theorems 1-4 will be given. We introduce some notations and
regularity conditions for our results to hold. In the following and thereafter, the symbol
® represents the Kronecker product between matrices, and Apin(A), Amax(A4) denotes

respectively the minimum and maximum eigenvalues of the matrix A.

Denote the true linear parameter by 3,,, with parameter space €2, C RP". Let

pp = [uFK (u)du,  Ap(X) = (ptirj)o<ij<p @ XX, abn(u) = Mg’Tnn(w,
ol
" (w) )
agr)z”(u> B aﬁﬁébT and C_Il(l' y) dale( 1( )7y) for [ = 17 e ,4.

Regularity Conditions:

82 agn (u)

PTG are finite,

o u
(A) 1(Z)], IX], are Op(1) and || %
jak7l: 17 y Pn-

(B) In(ﬂno) = Eog [inl(ﬂnO)vTin(/BnO)]
= Eo { @ ma1(B,0), Yar) (B + 0y (U)X0)(Zs + @y (U1)X1)" }

83a,5n )
and H Br;0BrnrdBni

satisfies the condition

0<C1 < Min{Ln(Bro)} < Anax {In(B0)} < C2 < o0 for all n.

2

(C) Eg _O0uB) | < 0 < oo, Eg _O9uBy) |\ < ¢ < oo for some con-

n a]aaﬂﬁklaﬁnkl a]aaﬁnklafgnkl
stants (7, C) and for all n, with [ =1,--- ;4 and 7 =0, 1.

(D) The function ga(z,y) < 0 for z € R and y in the range of the response variable,
and Eq {g2(mn1(3,,), Yn1)A,(X1)|U = u} is invertible.

(E) The functions V"(-) and ¢"'(-) are continuous. The varying coefficient ag (u) is

three times continuously differentiable in 3,, and u.

(F) The random variable U has a compact support §2. The density function fy(u) of

U has a continuous second derivative and is uniformly bounded away from zero.

(G) The kernel K is a bounded symmetric density function with bounded support.

Note the above conditions are assumed to hold uniformly in v € ). Condition
(D) ensures a unique solution in the local likelihood (4). Condition (B) and (C) are
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uniformity conditions on higher-order moments of the likelihood functions. They are
stronger than those of the usual asymptotic likelihood theory, but they facilitate techni-
cal proofs. Condition (G) is imposed just for the simplicity of proofs. It can be relaxed
at the expense of longer proofs.

Before proving Theorem 1, we need two important lemmas concerning order approx-
imations to the varying coefficients. Let ¢, = (nh)~'/2, a%n (u) = WCELH’;(U). Define the

following:
~ T - (Ui —w)* (k) T
k=0 ’

o ~ A . hP T
P (<aoﬁn g (1)) Blasg, — ()7 (a0, — ) (u))T) |

U —u U, —u\"\"
X = (1.2 : X;.
’ (’ h ’ ’( h )) ®

Lemma 6 Under regularity conditions (A) - (G), for each B,, € 2, the following holds

uniformly in u € €2

R 1
aog, (u) — ag, (U)H = Op(hP™ 4+ —

N

Likewise, the norm of the k™ derivative of the above with respect to any B,;’s, k =

1,---,4, all have the same order uniformly in u € €.

Proof of lemma 6. Our first step is to show that, uniform in u € €2,

Ak

B = A 'W, + Op(h"! + ¢, 1og"?(1/h)),

where
Ar = fo(w)Eo {pales, (U)X +ZB)AX)IU = u},
W, = he, Z q1(Qtni, Yni) X5 Kp(Us — ),
i=1
i=1
Since expression (4) is maximized at (agg ,- -, a4, )", 3" maximizes
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= h Z {Q CnX*T/B + anz)7 Ynz) - Q(!fl(@m), Ynl)}
= WTB + ﬁ*TlAn/6 + _ZCB nuym X*T/B ) ( - U')

where 7; lies between @,; and a,; + ¢, X;T3*. The concavity of 1,,(8") is ensured by
condition (D). Note that K(-) is bounded, so under condition (C) the third term on the
right hand side is bounded by

Op(nhe;, Elgs(n1, Ya) | Xa [P Kn(Ur — u)| = Op(ca) = op(1).
Direct calculation yields

E()An = —An‘l‘O(l)a
Varo((An)ij) = O((nh)_1)7

so that mean-variance decomposition yields
An = _An + Op(]_).
Hence we have

— lﬁ*TAnﬁ* + op(1).

(1) L(B) =WIg" 3

Note that A, is a sum of i.i.d. random variables of kernel form, by lemma (A.2),
(12) A, = A, +op(l)+Op {h”“ + e dog?(1 /h)}

uniformly in u € €. Hence by the Convexity lemma (Pollard, 1991), equation (11) also
holds uniformly in 3* € C for any compact set C. Lemma A.1 then yields

(13) sup |8 — A'W,| — 0.

u€e)

Furthermore, by the definition of B*,

0

(14) g

In(87)

g =g = en qu(@m + e X B, V) XKy (U; — u) = 0.

i=1
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Expanding ¢ (&,; + ch;kTB*, -) at @i,

Ak h03 - ~ Ak
(15) W+ A8 +=* > 30 + G, Vo) X5 (X B K (Ui — u) = 0

i=1
where ¢; lies between 0 and chfT,@*. Using condition (C), the last term has order

Op(hn|B']|?) = Op(cal B1I?). By (13), we know that |37 < op(1) + A, W,|| <
op(1) +O(1) - ||[W,]||. Note that by direct calculation,

(16)

Vnhh? a(p+1)(u)T
(p+ 1)1 P

X Eo {pa(ap, (U)X +Z38,)X(pp1, - papn)” @ X|U =} + ofc, W),
VargW,, = O(1),

E[)Wn =

and hence ||[W,| = Op(1 + ¢, 'hA?*!) which implies Op(cn||,3*||2) = op(1). With this,
combining (12) and (15), we obtain

W= A" (14 0p W4+ cilog!2(1/h) | + 0p(1) = 0.
Hence,
(17) B =A'W, + Op(h"*! + ¢, log"?(1/h))
holds uniformly for v € Q by (13). As a direct consequence, by using (16),

(18)

1
aog (u) —ag (v)|| = Op(RPT + —
o9, (1) = exp, ()| = Op (W71 + =)
which holds uniformly for u € €.

Differentiate both sides of (14) w.r.t. (,;,

n _ ~x\ T
(19) hCn Z q2<dm' + CnX:TB*a Ym) aam + Cn 8& X;k X;kKh(Uz — u) = O,
i=1 86713‘ 85@‘

which holds for all u € Q. By Taylor’s expansion and similar treatments to (15),

0B

Ak

W! + W2+ (A, + B! +B?)
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where

- Dbty
1 — ne *
Wn — hcnzzlq2(anz7ynz>wwxl Kh(Uz - U),
‘Rf2 = hCn Zn: q3(dni7 Yn'L)CnX*TB*%X*Kh(Uz — ’U,),
n pa ) aﬁng )

B, = h2>  g5(00, Yar) e XTB XIXT K (Us — w),

i=1

1, oo 2 =~
B, = 3ha, Y @+ G YY) (X8 )X X KL (U — w),
=1

with ¢; lies between 0 and ch;‘TB*. The equation holds for all © € 2. Note that
Op(ca|B7)12) = op(1) uniformly for u € Q by (13). The order of W2 is smaller than
that of W, and the order of B! and B2 are smaller than that of A,. Hence

08 = A7'W! 4 0p(1 + ¢ thPHY)
aﬁnj

uniformly in v € {2, by noting that

o
EgW! = 3 EoW,, + o(c, ' hPTh),
nj

VargW. = O(1).

From this, for j =1, ,p,, we have

Oaos, (1) _ Dexs, (1) N

aﬁnj 8/6’”] m

uniformly in u € Q. Differentiating (14) again w.r.t. 3, and so on, and follow similar

(20) ‘ = Op(hP™ +

arguments as above, we get results for higher order derivatives. [

Lemma 7 Under regularity conditions (A) - (G), the following holds uniformly in u €
Q:

éogn(u)” = Op(l)

Likewise, the norm of the k™ derivative of the above with respect to any (,;’s, k =
1,---,4, all have order O(1) uniformly in u € §Q.

Proof of lemma 7. 1t follows immediately from lemma 6 and condition (A). O
Proof of Theorem 1. Let 7, = \/ps/n. Our aim is to show that, for a given € > 0,
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(21) P{ Sup Qn(ﬁno + fYnV) < Qn(ﬁno)} Z 1 — €,

lvl=C

so that this implies with probability tending to 1 there is a local maximum Bn in the
ball {8,y + 7V : [[v]| < C} such that |8, — 8,0l = Op(n).

By Taylor’s expansion,

. 1 . 1 .
= V'Qu(Bro)vin + §VTV2Qn(Bno)V%2L + EVT(VTWQn(ﬂZ)V)Vvi

= jl + fg + jg,
where 3; lies between 3,,, and 3,,, + 7, V, and ||v|| = C with C a large constant.

Consider

[ = (i (Brg), Yoi) (Zni + &g (U)X3) v,

= q1(0i(Brg) . Yai) (Zns + ol (U)Xi) v,

=1
+ Z QI m?”LZ nO nZ>XT( ﬁnO(U ) aﬁnO (Uz))TvryT“
= D1 + D2

where ,,;(8,,) = &g (U;)"X; + B} Z,;. D has order smaller than D; by condition (A)

and lemma 6. Using Taylor’s expansion,

a ni
=, vl Z Q + /nK; + smaller order terms,

where K is as defined in lemma 8 so that within the lemma’s proof we have | K;| =

op(1). Using equation (6), we have by mean-variance decomposition

VoV T Z an

where last inequality follows from Cauchy-Schwarz and condition (B).

‘ = OV L (Bg)¥) < Op(yT IV,

Hence

11| < Op(yap)vallV]I-
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Next consider I, = I + (jg — I,), where

1
I, = §VTV2Qn(5no)V%2L

= =SV LBV + 5V {7 V2 Qu(B0) + 1u(B,0)} Va2

lemma 16 n T]

= =3V L(Bro) v + or (D VI

We want to show that I, — I, has order smaller than 2v71,(8,,)v72.
By Taylor’s expansion,
~ 1 ~
I =1 = v {9%Qu(B,0) — V*Qu(B,0) | v
1 —~ .
= §VTV2 {Z 1 (i (Brg), Yoi) X (G, (Ui) — aﬂno(Ui))} \an
i=1

1
= §VTBNV7721 + smaller order terms
where m,i(8,) = ag, (U;)" X+ 21,8, with ag (U;) lies between ég, (U;) and ag, (U;).
Denote ag (U;) = ag and so on. We have used condition (C) together with lemma 6

and 7 to arrive at the last equality, where

Bn - Z{QS(mm(/BnO)v Ym)(zm + alﬁnox )(an + aﬁ X, ) (aﬁ o aﬁno)TXi
=1

+ QQ(mm m Z X a(T)HXT — aﬁn)

2 (0i(Brg), Vi) s + 0y X)X (0 — aly )T
+ @2(Mni(Brg), Yui) (& | — g ) Xi(Zni + af@nOXi)T

q
Fanlmni(Bg): ¥oi) 3 K@ = g )
=1

(r)
with oy = 2% and o = O
Bn 9B, Ag, a8, 8BT’

conditions (A), (B), lemma 6 and 7,

r=1,---,q. Using Cauchy-Schwarz inequality,

VI Buvanl < Op(pa(WP + —=)) - Op(nyz [[vII*)

1
vnh
= op(n,IvI[).
By condition (B), we have

2
VL (B

> O(n Y Aumin (L (B I VII*)
= O(ny;[[v[).
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Finally consider I5. Note that

Q (/6 ) < Qn( nO + {Z Q1 mm /Bn[))?Ym)XT(aﬁno(U) aﬁno(U»

=1

+ Y 01 (1i(Ba): Yai) (Zui + g X1V H(1 + 0p(1)),

i=1

and by condition (C), lemma 6 and 7 again, we have

P L PQu(Bro)

I; = - Uivjv;wg + smaller order terms.

k=1 a/ﬁnzaﬁnjal@nk

Hence,

|5 < Op(npy >33 IVIP) < Op(np}/ 7 |vII*)

Pa
= Op(| ZHlIvIDnlvI® = or(Dnyaliv]

Comparing, we find the order of — m” vI'I,(8,,)v, which is negative, dominates all other

terms by allowing ||v|| = C to be large enough. This proves (21). O
Before proving Theorem 2, we need another lemma.

Lemma 8 Under regqularity conditions (A) - (G), if p3/n — 0 with nh?™? — oo and
nh?*%3 = O(1), then for each 3, € Qy,

19 Qu(B,) ~ V@B, = on).

Proof of lemma 8. Define

Ki= = e(mu(B,). Vo) (Zui + oy, (U)X0) (5, (U) = e, (U)X

1 A/ ’
Ky = 7 ; @1 (mai(By), Yni)(6g (Ui) — aig (Us)) X,

then by Taylor’s expansion, lemma 6 and condition (C),

1 A

T(in(IBn) —VQ.(8,)) = K; + Ky + smaller order terms,
n

where m,;(8,) = ag (U;)"X; + Z];3,. Define, for Q as in condition (F),

S={feC*(Q:|fllo <1},
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equipped with a metric
P(fl,fz) = ||f1 - f2||ooa
with || f]lec = Supyeq | f(u)|. We also let, for r =1,--- ;gand [ =1,--- | p,,

dag, (U)) |

An(y,u, X, Z,) = QQ(XTaBn (u) + ZZ,@H, y) X, <an + XTW
nl

B.(y,u,X,Z,) = q(X"ag, (u)+Z.B,,y)X,.

By lemma 6, for any 6 > 0 and as n — oo, we have

1 -1
P0<n_5 (hp+1 + \/—_h> (@g) — Oég)) S S) - 1,
n n n

- A (r) (r)
1 L o& o
P n‘;(hpﬂ—i——) —Bn B €S>—>1,
°< Vi) \ 0Bu 9B
:;’;rl
wherer =1,--- ,qand [ =1,--- ,p,. Hence for sufficiently large n, we have \,,v,; € S.

The following three points allow us to utilize Jain and Marcus (1975) to prove our

lemma.

I. For any v € S, we will view the map v — A, (y,u, X, Z,)v(u) as an element of
C(S), the space of continuous functions on S equipped with the sup norm. For

vy, V9 € S, we have

| Ay, u, X, Zin v () — An(y, u, X, Zn)va(w) | = [A(y, u, X, Z) (01 — v2)(u)]
S |ATl(y7u7 X) Zn)|”v1 - v2||'

Similar result holds for B, (y,u, X, Z,).
II. By equation (7), we can easily see that
Eo(An(Y,U, X, Zy)) =0
foreachr=1,--- ,gand [ =1, ---,p,. Also we have
Eo(Au(Y,U, X, Z,)?) < oo,
by regularity conditions (A) and (C). Similar results hold for B,.(Y,U, X, Z,).
III. Let H(-,S) denote the metric entropy of the set S w.r.t. the metric p. Then
H(e,S) < Cpe?

for some constant Cy. Hence fol H (e, S)de < oc.
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Conditions of Theorem 1 in Jain and Marcus(1975) can be derived from the three

notes above, so that we have
1 n
e Z A’rl(yh Ui7 Xi7 an)();
Vi

where A, (Y;,U;, X4, Zni)(+), i = 1,--- ,n being i.i.d. replicates of A.(Y,U,X,Z,)(-) in

C(S), converges weakly to a Gaussian measure on C(S). Hence, since A, 7, € S,
1 n
= A’r’ Y;y Ui7Xi7 Zni A’i" = Op(1 )
T 2o A ) = 0p(1)
which implies that
LiArl(Y; Us, X; Zm’)(@g) - O‘g)) =0Op <n5 (hp-i-l n 1 ))
Vn = " n vnh

Similarly, apply Theorem 1 of Jain and Marcus(1975) again, we have

Zn A~ (T) (r)

1 o5 ( 6( : ))
B, (Y, Ui, Xy, Zing n_ P ) = Op (0 | RPT 4+ .
s | (9% %) i ok

Then the column vector K; which is p,—dimensional, has the

q n
1 1
Son it ) o)
{ i=1 " " Vnh

I*" component equals

Z_

n
r=1 =

using the result just proved. Hence we have shown

i3l = 0r (vt (w1 + =12) ) = ot

since d can be made arbitrarily small. Similarly, we have ||Ks|| = op(1) as well. The

O

conclusion of the lemma follows.

Proof of Theorem 2. We first assume nh?*? = O(1) and nh?*? — oo as in Theorem 1,

so that ||3, — Broll = Op(y/pn/n). Since VQn(B,) = 0, by Taylor’s expansion,

V0u(Boo) + T QuB0) (B~ ) + 5B, — Bo) VH(VQUB))(B, — ) = 0.

where 3, lies between 3, , and Bn This implies

~

VQu(Bo0) By~ Ba) = -
= B0) VAV Q(B2) (B = Buo)):

>

(22)

D=3 =

_l’_
S
3

w
—_



Define C = %(Bn — ,BnO)TV2(VQn(,BZ))(Bn — B,o))- Using similar argument to
approximating I3 in Theorem 1, using lemma 6 and lemma 7, and noting |87 — Broll =

112
op(1), we have HVQM = Op(n?p?). Hence

~ 2
1 Qu(8y)
~10)12 < _ 4 |2 n\Pp
Pn
(23) < LOP (pjl) E Op(n2p2)
~ 2n? n? "
Jj=1

At the same time, by lemma 16 and Cauchy-Schwarz inequality,

H%v%}nwno)(fﬂn Bao) + L(Bro) (B — Bro)

< op <\/71L_m) +Op (@ (hp+1+\/%)>
cor () 0 (o (E )

where the second last line used nh**2 = O(1) and nh?*? — oo, and the last line used

assumption p3 /n — 0.

Combining (22),(23) and (24), we have

LB By~ Bu) = 29QB0) +or ()

(25) = %VQn(ﬂno) +or <%> ’

where the last line follows from lemma 8. Consequently, using equation (25), we get

\/ﬁAnITIL/2(18nO)(Bn - /8710)

_L -1/2 0 -1/2
(26) = AL (B,0)VQBr0) + 0p(AnT 2 (8,0)

1

NG

Anlglm(/@no)in(IBnO) + OP(1>7
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where the last equality holds since by condition of Theorem 2, ||A, I, Y 2(Bn0)\| is of
order O(1).

Let an - \/LEAnIrL_IH(/BnO)inz(/Bn())? Where Qm(ﬁn> - Q(g_1<mnz</6n))7ym>7 1=
1,--- ,n. Given € > 0,

> EollBuil {1 Buill > €} = nEol| Bu |*L{|| Busl| > €}

=1

< 0/ Eol|Bur[* - (|| Byl > €).
Using Chebyshev’s inequality;,
2
< EollBui|
< 2

1
- @EHAnlgl/z(ﬁno)inl(ﬁnO) H2

(27) = %tr{lgl/Q(ﬂnO)AgAnjn_lm (IBnO)EO(Vin (BnO)Vin (BnO)T)}

1
= (I (B, ATALLY(8,))

= %tr(G) =0 <%) ,

where tr(A) is the trace of square matrix A. Similarly, we can show that

P([[ B[l > €)

l
- Eol| Bt ||* < ;—[QAfnax(AnAZ))\fnax(ﬂfl(@m))\/EOVin(ﬂno)TVin(ﬂno)
28

Therefore (27) and (28) together implies

S Eoll BulP1{l|Buill > ¢} = O (n L %) ~0 ( %) — o(1).

i=1

Also,

> Varg(By;) = nVarg(Bm) = Varo(AnL, /*(8,0) VQu (Bn))

=1

= Anlgl/Q (Bno)Eonnl (ﬁno)inl (ﬁnO)T[n_l/Q(IBHO)Az
= A AL — G
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Therefore B,,; satisfies the conditions of the Lindeberg-Feller central limit Theorem (see
for example, Van der Vaart(1998)). Consequently, asymptotic normality of " | By,

follows. Using (26), it means

VAL (B0) (B, — Bug) = N(0,G).

For the optimal bandwidth h = O(n~"/2*3)) we can follow same lines of proof in
Theorem 1 to arrive at HB” — Booll = Op(y/pn/n+2/(2+3)). Note that the proof of
Theorem 2 is affected only in (23) and (24). With the condition p? /n(P+1/Zr+3) _, 0
(23) becomes

B 1 721 Pn
el < hs0n (B w009} 3 0pot)
7j=1

2n2 n?

5
1
_ 0o (% ,n2/(2p+3)) = Op(p}/mre/er L)

o (Y)

For (24), since p>/n — 0, pl/n®+2/r+3) _, ( is automatically satisfied and so by

lemma 16,

1 N ~ ~
H V2Q0(B0) (B — Bro) + 1n(Br) (B, — Bro)

pl/ap+e) [ ’
— IR —(p+1)/(2p+3) . [£n 1/(4p+6)
= Op (pnnl/(4p+6) n ) + Op <2pnn p P - n P )
1 1 Py
= op (\/n_pn) +Op (% : n(2p+1)/(2p+3))

~or(5)-

Hence conclusion of Theorem 2 still follows. [

Refer back to section 2.2, let B, be a (p, — ) x p, matrix satisfying B,B; = I,
and A,BL = 0. Since A,3, = 0 under Hy, rows of A, are perpendicular to 3, and the

orthogonal complement of rows of A, is spanned by rows of B,, by A,BI = 0. Hence
B, =B,

under Hy, where « is an (p, — ) x 1 vector. Then under H, the profile likelihood

estimator is also the local maximizer 4,, of the problem
Qu(BT%,) = mix Qu(5,)
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To prove Theorem 3 we need the following lemmas, the proofs of which are given in the

appendix.

Lemma 9 Assuming regularity conditions (A) - (G). Under the null hypothesis Hy as
in Theorem 3, if nh?**? = O(1), then under p2 /n = o(1),

Bz(’% - 7n0) = %BZ{BHIH(ﬂno)Bg}_lBZVQn(IBnO) + Op(n_1/2),

Moreover, if h = O(n=Y+3)) then under p> /nP+D/Cr+3) = o(1), the same con-

clusion still holds.

Lemma 10 Under regularity conditions (A) - (G) and p? /n = o(1), we have

1 N A 1
LT 0B, = V08,01 = or =)

if nh®*2 = O(1). Moreover if h = O(n~Y@r3) then assuming further p3 /n(2r+2)/(2p+3) —

o(1), the same conclusion still holds.

Lemma 11 Assuming the conditions of Theorem 3, under the null hypothesis Hy, we

have

2B, — BI4,) T(Br) (B, — BA,) + o (1).

Proof of Theorem 3. Adapting the notation in lemma 11, substituting equation (30)

into its conclusion we get

A ~ N R n _ _
Qn(Ba) = Qn(Br,) = 5,0,125,0,1 2@, + op(1),

where 0, = I,(8), ®n = 2VQ.(8,,) and S, = I, — 6;/*BT(B,0,B7)"'B,0)/>.
Since S, is idempotent, it can be written as S, = DI'D,, where D, is a [ x p, matrix
satisfying D, DT = I,.

By the proof of Theorem 2, substituting A, there with D,,, using equation (26), we

D

have already shown that \/ﬁDn@ﬁl/QCI)n — N(0, ;). Hence

2{6271(/@71) - Qn(ﬂno)} = n(Dn@;1/2q)n)T(Dn@;1/2q)n> — Xl2~ U

To prove Theorem 4, we need two lemmas. The proofs are given in the appendix.
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Lemma 12 Assuming the conditions of Theorem 4, we have

1 IV2Qu(B,) — V2Qu(Boo)|l = 0p(1).

Lemma 13 Assuming the conditions of Theorem 4, we have for each B3, € 1,

n | V2Qn(B,) — V2Qu (B, = op(1).

Proof of Theorem 4. Let A, = —n"'V2Q,(8,,), B, = cv{VQ,(3,)} and C = I,,(8,,).
Write

L=A'B,-0A"', L=A'C-A)A', L=A'(C-A,)C",
then we can rewrite
S, =%, =1, + I, + Is.

Our aim is to show that, for all i =1,--- | p,,
Ai(Zn — 2,) = op(1),

so that A, (3, — X,)AT — 0, where \;(A) is the ith eigenvalue of a symmetric matrix

A. Using the inequalities

/\min(ll) + )\min(I2) + Amin(]?)) S Amin(ll + I2 + I3)
S )\max(jl + [2 + IS) S )\max([1> + )\max<12) + )\max([i});

it suffices to show that \;(/;) = op(1) for j = 1,2, 3. From the definition of Iy, I, and I3,
it is clear that we only need to show \;(C — A,) = op(1) and A;(B, — C) = op(1). Let

Kl = [n(ﬁno) + n71v2Qn(/6n0)7
Ky = n{(VQu(B,) = V*Qu(Bno)).
Ky = 07 (VQu(B,) = VZQu(B,)),
then
C—An:Kl‘i‘KQ—'—Kg
Applying lemma 16 on K7, lemma 12 on K, and lemma 13 on Kj, we have ||C — Al| =
op(1), and so \;(C—.A) = op(1). Hence the only thing left to show is A; (B, —C) = op(1).

To this end, consider the decomposition

~

36



where

1 09Qu(B,) 9Q0i(B,) |
Be = {n; OBn; OBk } 1n(Bro);

1 & 0Qu(B) | [ L 0Qui(B)
K5 = _{nz 0Bn; }{nz OBk }

i=1 i=1

Our goal is to show that K, and Kj are op(1), which then implies A;(B, — C) = op(1).
We consider K, first, which can be further decomposed such that

K, = K¢+ Ko,

where

1 o= 0Qni(B,) 00mi(B,) 1 = 0Qni(B,) 0Qni(B,,)
K6 = {ﬁz _EZ 0 0 }7

i—1 3@13 aﬂnk i—1 aﬁn] aﬁnk
1N 9Qui(Bg) 9Qui(Buo) |
e {”; O OB } 1 (Bno)-

Observe that

Ky = {% 3 2nilByg) {a@m@) B aczmwno)}

i—1 aﬁnj aﬁnk aﬁnk
T Z O OBy
aﬁnk 8ﬂnk 8571] aﬁn] ’
and this suggests that an approximation of the order of Wik(@m(@n) — Qni(B,,)) for
eachk=1,--- ,p,andi=1,---,n is rewarding. Define

then 52— (Qm(ﬁ ) — Qni(Brg)) = air + bi,. By Taylor’s expansion,

Qi) =

a -~ 7 A
= g (@ 07mi(B,), i) (@ (1) — exg (U))7X0)

dés (U, Ak
aﬁnk

day (UL) a%ﬂ(Ui))TX,
aﬁnk aﬁnk v
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n

+ 1 (Mni(B,,), Yoi) (



where m.;(3,) = ag (U)TX; + 2% 3, and ap (U;) lies between ay (U;) and ey (Uy).
Using lemma 6, 7 and conditions (A) and (C'), with argument similar to the proof of

lemma 13, we then have

a; <0 hp+1+—).
aa] < < N

Similarly, using Taylor’s expansion and lemma 6, 7, regularity conditions (A) and

(C)7

0Qni(B,)  0Qui(Byy)

8 (U
2 .
+ q1(Mni(Brg)s Yi) (X?%> }(Bn — B,,0) + smaller order terms,

which implies that, by Cauchy-Schwarz inequality, together with Theorem 1 and regu-
larity conditions (A) and (C) again,

P {1 itk = 0(1).
b < O (\/nT) - where dn = { 242 i 2t = O(1).

2p+3°
Hence using the approximations of a;; and b;;, above,

1 n
SEZ

=1

0 U;
q1(Mni(Brg), Yni) <Zm'j + X?agnTo()) ‘ <@g, + bik]
nj

< sup laix + bik| - {Eo (|Q1(mm'(,3no), Yol

1<k<pn,1<i<n

dag, (Ui)
Zpis + X —mon 72
’ 8ﬁnj

o)

<Oop(mtt 4 — 4 I )
- P( vVnh  v/ndn

where the second last line follows from mean variance decomposition and conditions (A)
and (C). This shows that

1 pd
p+1 no) =
K| < Op(pn <h + \/%) +4/ ndh) op(1)

by the conditions of the Theorem.
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For K7, note that

1 0Qi(8,,0) 0Qni(B,,0)
P{| {E; OB ; OBk . } = 1(Byo)|| = 6}

N an n0 an(IB ) _ (an<13nO> an(ﬁnO)) }2
= ;kz1 ; { OBnj 9Bk b OBn; 9Bk

-0 (:fj;) -0 (%) = o(1),

which implies that ||K7|| = op(1). Hence using K, = K¢ + K7,

1 Py
||K4|| < OP(l) + Op <pn <hp+1 + \/Th) + E) = OP(U.

Finally consider K5. Define A; = 237" (aj4p,,) + >0, %@"0), where a;; and
nj

b;; are defined as before, we can then rewrite K5 = {A4;A;}. Now

anz
ZQ(ﬁ)

|A;] < sup lai; + bij| +

i On;
1 p
< Op (hp+1 — | +0p(n712),
—_ A\/_
where the last line follows from the approximations for a,;; and b;;, and mean-variance
decomposition of the term L 37" | %(Z_"O). Hence
1 i\’
Dn
|55)| < Op  p (h -+ —) — op(1),

and the proof completes. [

6 Appendix

Lemma 14 (Lemma A.1) Let C and D be respectively compact sets in R? and RP
and f(x,0) is a continuous function in @ € C and x € D. Assume that 6(x) € C
is continuous in x € D, and is the unique mazimizer of f(x,0). Let 0,(x) € C be a

mazximizer of fn(x,0). If

sup | fn(x,0) — f(x,0)] — 0, then sup |0,(x) —O(x)] — 0, asn — oo.
0eC,xeD xeD
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Proof: This is Lemma A.1 of Carroll et al. (1997).

Lemma 15 (Lemma A.2) Let (X1,Y7), -, (X,,Y,) be i.i.d. random vectors, where

the Y;’s are scalar random variables. Assume further that E|Y'|" < oo and supy [ |y|” f(x,y)dy <
oo where f denotes the joint density of (X,Y). Let K be a bounded positive function

with a bounded support, satisfying a Lipschitz condition. Then,

o, ( log<1/h>) |

Proof: This is a direct result of Mack and Silverman (1982).

sup
xeD

nt Z{Kh(xi = x)Y; — E[Ku(Xi - x)Yi]}

provided that n**~'h — oo for some e <1 — 7171,

Lemma 16 Under conditions of Theorem 1, when nh**2 = O(1),

(5
= op{— |,
Pn
1 1
= op|—)+0 (pn (hp+1+—)).
r (pn) r V nh
Moreover, if h = O(n="/®P+3)) then assuming p* /n(2P+2/2r+3) = (1),
B 1
= P\ pant/@nse) )

1 1
p+1
or <pnn1/(4p+6)> +0p (p” (h T Mnh)) )

Proof of lemma 16. First we assume p?/n — 0 and nh**? = O(1). Given € > 0, by
Chebyshev’s inequality,

H %VQQn(Bno) + 1.(B o)

1
P (pn Eszn</8n0) + In(/gno) > 6)
P o N~ [ PQuBay)  p PCQn(Bag) |
= nQGQEOijl{ 6ﬂmf9ﬁm ~E aﬁmaﬁn] }

ERICRT

which proves the first equation in the lemma. From this, triangle inequality immediately

gives

H V2Qu(Bo) + T(Br)

1 —1v2/ A _
o (p_> + 1107 V2(Qn(Bg) — Qu(Bug))-

n
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Note that by Taylor’s expansion,

n

VA @n(Brg) = QulBuo)) = Y Va1 (mni(Brg): Yur) X[ (éts,,(Ui) — e, (U)),

=1

where m,,;(8,,) = ag (U;) + ZL,8,, with ag (U;) lies between ag (U;) and ag (U;).
Expanding the above (details omitted), using lemma 2 and 3, Cauchy-Schwarz inequality

and condition (C), we can obtain

127 192(Qu(Bro) — @u(Bag))l| < Op (pn (h " J%)) |

and this yields the second equation in the lemma.

Now assume h = O(n~Y/®+3)) and p? /nP+2/(2+3) " Given € > 0,

P (pnnl/(4p+6) %VQQn(ﬂno) + [n</8n0) Z €>
2,,1/(2p+3) Pn 2 2 2
S nTt EO 8 Qn(IBTLO) o an Qn(ﬁn(})
n2e2 < 0Bni0Bn; 081i0Bn;

1,7=1

p4
=0 (n(2p+2)/(2p+3)> =o(l)

which proves the third equation. The fourth one follows from similar arguments as
before. [

Proof of lemma 16. In expression (4), we set p = 0, which effectively assumes ag (U;) ~
ag (u) for U; in a neighborhood of w. Using the same notation as in the proof of lemma
6, we have a;(u) = ag, (u)'X; + ZL.8,, B = ¢; (Ao, (u) — o, (u)) and X = X,
Following the proof of lemma 6, we arrive at equation (19), which in this case is reduced

to

830ﬂn (u)

Z 02(X{ a0, (1) + Z3:8,,, Yoi) | Znij + | —5 27—
i=1 " aﬁnj

)TXZ) X, K, (U; — u) = 0.

Solving for %’M from the above equation, which is true for j =1,--- | p,, we get the

same expression as given in the lemma.
. . 0a u) . . .
Hence it remains to show that OB'BT"() is a consistent estimator of g (u). However
n n

this is done by the proof of lemma 6 already, where equation (20) becomes

\ o (o ) e

41

Odup, ()
og,




and the proof completes. []
Proof of lemma 9. Since B, BT =1, ;, for each v € RP»~! we have

(29) 1B VIl < vl

Following the proof of Theorem 1, we still have ||BL (%, — ~v,)|| = Op (/2*) when
nh242 = O(1) (resp. | BE3, — 1)l = Op (/B - n/#9) when b = O(n-1/Cr+0))
Hence under p2 /n — 0 (vesp. p> /n?*+D/2r+3)) following the proof of Theorem 2,

1 (Bay) B G = ) = 29 Qo) + 0r =

1

L (B0) B B — V) = V@0 (Bag) + or (W>

1 1
B,I, Br'(%, — = —B,VQ, —
(6n0) n (771 7n0) n Q (/6110) +op (ﬁ)
1 _ 1
= B = Yag) = BB Boy) B BV Qu(B) +or ().
where the last line is true since B, I,(8,,)B; has eigenvalues uniformly bounded away
from 0 and infinity, like 7,,(3,,,) does. O

Eqn.(29
qnzé)

Proof of lemma 10. First we assume nh**? = O(1). By Taylor’s expansion and Cauchy-

Schwarz inequality,

=3 =

1 A A
ﬁ"VQQn(IBn)_VQQn(BnO)HZS (18, = Buol?

VI(V2Qu(8 >>1

where 3" lies between Bn and 3,,,. The second line follows from the result of Theorem

1 and the proof of order for || in the Theorem.
If h = O(n~Y®+3)) then
Ly on i 1 el
SIV20u(B,) = V2Qu(Bu) I < — | V(P2 Qu(B)|| - 18, — Bl

= iOP(nng) -Op (& : nl/(2p+3))
n? " n

4
— 0, (& . nl/(2p+3>) — op <i> ,
n Pn
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where the second line follows from the proof of Theorem 1 again. The last line holds

since we assumed pp /n2P+2/(2+3) 0. O

Proof of lemma 11. By Taylor’s expansion, expanding Q(Bg'?n) at Bn,

QTL(Bn) - Qn(BgAn) = VTQN(Bn)(Bn - BgAn)
1

+ VB, — BIA)TVQuB) (B, — BIA)}B, — BIA)
=T+ Ty + Ts.

Note T; = 0 by definition of 8,,. Denote ©,, = I,,(8,,) and ®,, = IVQ.(8B,,). Using
equation (25) and noting that ©,, has eigenvalues uniformly bounded away from 0 and

infinity (condition (B)), we have

. 1
/Bn - /6n0 = 67:1@” +op (%) :

Combining this with lemma 9, under the null hypothesis Hy,

B8,— B4, =0,"*{I,— ©}*B!(B,0,B) "' B,0,/*}6,"*®,

(30) L op(n V),

But S, .= I,, — @711/235(371@”35)_13”@,1/2 is a p, X p, idempotent matrix with rank
pn — (pn — 1) =1, it follows by s standard argument that

18, - B4, = 0 (ﬂ)
n

Hence using similar argument as in the approximation of order for |I3| in Theorem 1,

we have
I Ts] = Op(npl?) - 1B, — BaAnll’
13/2 p3/2l3/2
_ 32 YT\ n
=Op <npn n3/2) —Op( NG
= op(1)
Hence



Finally by lemma 16 and 10, we have

H;(B BTA ){VZQn(Bn) +7”L[n<18n0)}(6n . BZ;AW)

<o (i) nfor () w0 (04 ) )}

o () oo () -ot

and the conclusion of the lemma follows. [

Proof of lemma 12. Consider

2
. , 1 *Qu(B,)  0°Qn(Buy)
nHIV2Qn(8,) — VQu(Bo)|I* = 2 (agmagm aﬂmaﬁng >

2
L~ (N~ _9°Qu(B
i (Z ot O~ ﬁ%))

2,7=1
1 & 3PQu(B) .
P3PS (Gt ) B = sl

where 8" lies between Bn and 3,,,. Similar to approximating the order of I5 in the proof

of Theorem 1, the last line of the above equation is less than or equal to
1 2
(31) 0,18, ~ Bl
If nh?+2 = O(1), then by Theorem 1, we have ||3, — B,,|l = Op (v/Z*). Hence
31 = 50p(252)0p (22) = s (22) = 00(1)
= — n = _ = 0 .
2 pin p,)Up n P o P

If h = O(n~®*3 using similar arguments in the proof of Theorem 1 we have
18, — Buoll < Op (\/pn/n(2p+2)/(2p+3)). Hence

(31> _ —Op(n pn)OP <pn/n 2p+2) (2p+3)) — (pn/n(2p+2 (2p+3)) — Op(l). 0
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Proof of lemma 13. By Taylor’s expansion,

1 0

I y

(VQu(B,) — VQu(B,))

X XT(a,e (Ui) — e, (Us)

)
* % ZqQ(mm(Bn>’Yni) (M

iy o (0ag (U;) Oag (U;)
+ qu i ) (Zni + &5 (U)X,)X ( T T )
Oap, (UD\" |/ y
T Z‘D i (Bn); m)(kaJr(%(k)) Xi)(ag, (Ui) — ag (Ui)X;
dagg (Uy) o (Uy)
+ = ZQI mm nz) ( aﬁnk - aﬁnk > Xi7

where m,;(8,) = ag (U;)"X;+ZL,3,, with ag, (U;) lies between ag (U;) and ag (U).
By lemmas 6 and 7, the main order of the above sum comes from the non-tilde version

of individual terms in the sum. Together with regularity conditions (A) and (C),

1 0 A
7 8B Y @n(Bn) = VOu(B ”))H
<0(1)- (Slgp”éﬁﬁn(Ui) —ag (U]l —|—Sll}p ‘ aaﬂﬁn(k ) B a;ﬁn(k ) ‘

+sup || (Ui) — e (Ui)] + sup

coum (i )

where the last line follows from lemma 6. Hence

U V20u(B,) — V2Qu(B,)l < op ( \ (h s ﬁ)) — op(1)

’adlﬁn(Ui) B ag (Ui)

)

which follows from conditions on h in the lemma. [
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