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On some functionals of the first passage times
in models with switching stochastic volatility

Pavel V. Gapeev*' Oliver Brockhaus? Mathieu Dubois?*

We compute some functionals related to the joint generalised Laplace transforms of
the first times at which two-dimensional diffusion-type Markov processes exit half strips.
It is assumed that the state space components are driven by constantly correlated Brow-
nian motions and the dynamics of the coefficients are described by a continuous-time
Markov chain. The method of proof is based on the solutions of the equivalent boundary-
value problems for systems of elliptic-type partial differential equations for the associated
value functions. The results are illustrated on several two-dimensional continuous mean-
reverting or diverting models of switching stochastic volatility.

1. Introduction

The main aim of this paper is to derive closed-form expressions for the functionals in (2.14)-
(2.15) of the first passage times of the two-dimensional diffusion-type process (S, Q) defined
in (2.1)-(2.2). These functionals are related to the joint generalised Laplace transforms in
(2.6)-(2.7) and (2.8)-(2.9) of the first times at which the continuous process (.5, @)) exits certain
regions forming half strips. It is assumed that the stochastic differential equations in (2.1)-(2.2)
for (S,Q) are driven by constantly correlated standard Brownian motions and the local drift
and diffusion coefficients of () are switching according to the dynamics of a continuous-time
Markov chain. Note that such a model can be used for the description of dynamics of the
risky asset prices with stochastic volatility rates which play a central role in the modelling of
financial assets (see, e.g. Fouque et al. [12], Kallsen [25] and Gatheral [17] for an overview).
For simplicity of presentation, we assume that the process @) solving the equation in (2.2)
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has a linear diffusion coefficient that particularly corresponds to the Black-Karasinski or Cox-
Ingersoll-Ross models which are usually used for modelling of dynamics of interest or volatility
rates (see, e.g. Shiryaev [35; Chapter III, Section 4a] for an overview). In the latter case, the
process (S, Q) forms the Stein-Stein or Heston model of stochastic volatility.

The models of financial markets in which the parameter values are switching according to
the dynamics of continuous-time Markov chains have recently found a considerable amount of
applications. For instance, the closed-form solutions to the perpetual American lookback and
put option pricing problems were obtained by Guo [18] and Guo and Zhang [19] in an extension
of such a diffusion model in which both the drift and volatility coefficients of the underlying asset
price process are switching between two constant values, according to the change in the state of
the observable continuous-time Markov chain. Jobert and Rogers [22] considered the perpetual
American put option problem within an extension of that model to the case of several states for
the Markov chain and solved numerically the corresponding problem with finite expiry. In the
model with a two-state Markov chain and no diffusion part, Dalang and Hongler [6] presented
a complete and essentially explicit solution to a similar problem, which exhibited a surprisingly
rich structure. These results were further extended by Jiang and Pistorius [21], who studied the
perpetual American put option problem within the framework of an exponential jump-diffusion
model with observable dynamics of regime-switching behaving parameters. A similar model for
the pricing of European options, in which the underlying dividend process is given by a diffusion
process with Markov-modulated coefficients, was considered by Di Graziano and Rogers [8] (see
also other related references therein).

Mixture models such as the local stochastic volatility model allow to blend features from
different models into a single model. In such models the weight of each model is specified
initially. For example, in the case of local stochastic volatility models this is achieved through
dampening volatility of volatility, (see, e.g. Brockhaus [5; page 85] and the reference therein). In
financial markets, one observes regimes. In other words, asset dynamics may be well described
by a set of parameters initially and by another set of parameters which prevail after a random
time. Regime switching models seem more satisfactory than mixture models since they switch
between different models at random times rather than blending two models into a single largely
homogenous model with fixed proportion.

The joint distribution law of the first hitting times of constant boundaries for two constantly
correlated drifted Brownian motions was obtained by Iyengar [20]. Analytic expressions for
the Laplace transforms of the first passage times of compound Poisson processes over linear
boundaries were computed in Zacks et al. [36] in the case of positive jumps and in Perry et
al. [31]-[30] in certain cases of positive and negative jumps. Kou and Wang [26] and Sepp
[34] derived closed-form expressions for the Laplace transforms of the first hitting times over
constant boundaries for double-exponential jump-diffusion processes. Other related stopping
problems arising from the computation of the Laplace transforms of the first passage times
of more complicated spectrally positive and negative Lévy processes over constant levels were
recently considered by Mijatovi¢ and Pistorius [28]. Monte Carlo schemes for the computation of
the distribution of the first exit times of jump-diffusion processes from two-sided intervals in the
general size distribution case were developed in Fernandez et al. [11]. The Laplace transforms
of the first passage times from intervals for mean-reverting and diverting one-dimensional jump-
diffusion processes were recently computed in Gapeev and Stoev [15]. Some functionals related
to the generalised Laplace transforms of the first times at which some two-dimensional jump-



diffusion processes exit half strips were recently computed in Gapeev and Stoev [16]. In the
present paper, we derive closed-form expressions for the functionals related to the generalised
joint Laplace transforms of the first passage times as stopping problems for two-dimensional
diffusion-type Markov processes with switching coefficients.

It is well known that optimal stopping problems for multi-dimensional continuous-time
Markov processes are analytically more difficult than the corresponding problems for the one-
dimensional ones and their solutions are very rarely found explicitly. Some necessarily multi-
dimensional optimal stopping problems arising mostly from the problems of quickest change-
point detection were studied by Bayraktar and Poor [3] and Bayraktar et al. [4] for discontinu-
ous Poisson processes, Dayanik et al. [7] for mixed jump-diffusion processes with mean-reverting
components, as well as in Gapeev and Shiryaev [13]-[14] and Johnson and Peskir [23]-[24] for
purely continuous diffusion processes. Some analytical results for such optimal stopping prob-
lems were recently obtained by Assing et al. [2]. In the present paper, we obtain closed-form
solutions to the boundary-value problems for systems of elliptic-type partial differential equa-
tions, which are equivalent to the original stopping problems in two-dimensional continuous
models of switching stochastic volatility.

The paper is organised as follows. In Section 2, we first introduce the setting and notation
of the model with a two-dimensional continuous process which has the price of a risky asset
and the (mean-reverting) volatility rate as the state space components. It is assumed that
the driving standard Brownian motions are constantly correlated and the local drift and linear
diffusion coefficients change according to the dynamics of a continuous-time Markov chain.
We define the functionals related to the generalised joint Laplace transforms of the first exit
times from half strips of the two-dimensional diffusion-type process and formulate the equivalent
boundary-value problem for an elliptic-type partial differential operator. In Section 3, we obtain
a closed-form solution to the elliptic partial differential boundary-value problem and show that
the value function represents the product of solutions of the associated ordinary problems. We
derive explicit expressions for the considered functionals in several classical models of switching
stochastic volatility. In Section 4, we show that the solutions to the boundary-value problems
provide the original functionals of the first exit times.

2 Preliminaries

In this section, we introduce the setting and notation in the problem of computation of
some functionals related to the generalised joint Laplace transforms of the first exit times in
diffusion-type models of switching stochastic volatility and formulate the associated boundary-
value problems.

2.1 The model. Let us consider a probability space ({2, F, P) supporting two constantly
correlated standard Brownian motions B® = (B{);>o, @ = 1,2, such that (B!, B?); = pt, for
some p € (—1,1) fixed, and a continuous-time Markov chain © = (0,);>¢ with two states, 0 and
1. Suppose that the processes B = (B})i>0, i = 1,2, and © are independent. Assume that ©
has the initial distribution {1—m, 7}, the transition-probability matrix {(Age™ R0+t 4N )/(Xg+
)\1), )\0(1 — 67()\0+)\1)t)/(>\0 + )\1); )\1(1 — 67(/\0+)\1)t)/()\0 + )\1), ()\167()\0+)\1)1L + )\0)/(/\() + )\1)}, and
the intensity-matrix {—MXg, Ao; A1, =A1}, for all £ > 0, and some 7w € [0,1] and A\; >0,i=0,1,



fixed. In other words, the Markov chain © changes its state from j to 1 — j at exponentially
distributed times of intensity \;, for every i« = 0,1, which are independent of the dynamics of
the standard Brownian motions B?, i = 1,2. Such a process © is called a telegraphic signal in
the literature (see, e.g. [27; Chapter IX, Section 4] or [10; Chapter VIII]). Assume that there
exists a process (S, Q) = (St, Qt)i>0 which provides a (pathwise) unique solution of the system
of stochastic differential equations

dSt = St 502(@1&) dt + St 5U(Qt) dBtl (SO == S) (21)
and

dQ; = ((1 — ;) Bo(Qr) + 64 ﬁl(@t)) dt + ((1 —O¢)% + 6, ’Yl) QidB;  (Qo=q), (2.2)

for some s,q > 0 fixed, where 6 € R, ¢ > 0, and ~; > 0, j = 1,2, are some constants, and
o(q) > 0 and B;(q) € R, j = 1,2, are continuously differentiable functions of at most linear
growth on (0,00) (see, e.g. [27; Chapter IV, Theorem 4.6] and [29; Chapter V, Theorem 5.2.1]
for the existence and uniqueness of solutions of such stochastic differential equations).
Observe that the process S solving the equation in (2.1) admits the representation

S, = s exp ( /0 t (- %2) o2(Qy) du + /0 ' eo(Qu) dB§>, (2.3)

for all ¢ > 0. Note that the process (@, ) forms a two-dimensional (strong) Markov jump-
diffusion process, while (S, @, ©) provides a three-dimensional Markov jump-diffusion process.
Without loss of generality and because of the nature of the problems as well as the examples
considered below, we can further assume that the state space of the process @ is (0,00), so
that the state space of the process (S, @, 0) is (0,00)? x {0,1}. In this case, the process S can
describe the price of a risky asset on a financial market and () can represent its volatility rate.
Let us finally define the associated with the processes S and @) first passage (stopping) times
7, =inf{t >0|S; <a} and 75 =inf{t >0[S; > b}, (2.4)

a

as well as
(; =inf{t >0|Q; < g} and ¢ =inf{t>0[Q, > h}, (2.5)

for some 0 < a < b < oo and 0 < g < h < o fixed. The main aim in the present paper is
to derive closed form expressions for some functionals related to the generalised joint Laplace
transforms of the random times 7,7, 7," and (;, ¢,

2.2 The generalised joint Laplace transforms. Let us first introduce the functionals
Vi(a;g,h) and Vy(b; g, h) given by

—nA _—xA
Vi(a;g,h) = E[e " & I(1, < o0, < Cg_) (2.6)
— E[e_(”+”)ATJ ¢ Vo) (1o <G <¢)

—(+)A 4 —n(A__—A
b MG T CX)I(C;<C;§TJ<OO)



and

Vabs g, h) = E[e_”A%* T I < o0,Gf <G )] (2.7)

[*(77+%)AT+ —(Ar—A_+)
= e b e h

oI <G <)

_(7’]+%)A<;r e—n(AT;—AC}T) I(

e §:<Cg_§7'b+<oo)],

as well as the functionals V;(a: g, h) and Va(b; g, h) given by

+7%A

Vilaig,h) = Ble " T 1(ns < 00, < ) (2.8)

— WA . —x(A4—A _
:E[e Ores)d o et Ta)I(Ta_<C,;L<Cg_)
- x)A —x(A _—A
e(n+)<ﬁre “r CI)I(C;<C9_§T@_<OO)}

and

~

Vabig,h) = Bl "o e 15 < o0,GF < )] 2.9)

— »)A —x(A +—A
E[e A TJ)I(TJ<C§<C§)

—(n+»)A —x(A L —A
6( )C}er (Tgr CFJ{)I(

g<g§¢<mw

for some 7, 3¢ > 0 fixed, where the process A = (A;)i>o is defined by

A= /Ot o*(Q.) du, (2.10)

for all ¢ > 0.

Since the functionals in (2.6)-(2.7) and (2.8)-(2.9) may not generally admit closed-form
expressions, we further consider some modified generalised joint Laplace transforms of the
random times 7, ,7," and Cy s ¢;". For this purpose, let us now assume that the condition

1 tACG NG 2.2 02(Q,
E{exp (_/ " pw—ﬂ@)du>
0

5 s < o0 (2.11)

holds, for all ¢ > 0, where a;, i = 1,2, are some constants which are specified below. In this
case, the processes (M’ )e>0, ¢ = 1,2, with

tAG NG
. t . . ey . 1 [t p?e2a202(Q,
M;:expu M@j)df}g_/ Lﬁ@”d@i_/ L"imdu) (2.12)
o Ll—p 0 L—p 2 Jo L—p

are uniformly integrable martingales. Then, it follows from [32; Chapter VIII, Proposition 1.13]
that the probability measures P!, i = 1,2, defined by
dP
dP

=M (2.13)

tACy NG

fmgg /\(;Lr

5



for all ¢ > 0, are locally equivalent to P on the natural filtration (F, Nes /\C,T)tZU generated by
the driving processes B, i = 1,2.

By applying the change-of-measure arguments, let us now define the functionals V{*(a; g, h)
and Vy'(b; g, h) by

M}
X —(40)A__ TG (A4 —A ) _ _
Viasg,h) = E|e " e <Gi<g) (2.14)
— »n)A —-n(A _—-A
e TG QW&%«QSQ<“4

= Bl Bie

Fo e <dh <)

Ta

i e—(77+%)A<}T E [6—77(14,; _ACZ‘[)

For | 166 < ¢ < < o0)]
and

—(n+»)A + (A L —A
¢ T Gl TG A [ < F < ¢;) (2.15)

- —A
+e e T C;)I(C;T<C£§Tb+<00)]

_ E |:6—(77+%)A7_;. EQ [e_%(AC}T_AT;—)

—(nt+7) A+
h

Foll <df <)

te Bl )

fq] (G < ¢ <7f <oo)],

where E' denotes the expectation taken under the probability measure ﬁi, for i =1, 2.
Taking into account the strong Markov property, we observe that the values in (2.14)-(2.15)
take the form

Vi*(a;g,h) = E[(l - @0>V1fo(50> Qo) + @o‘ﬁf1(50, Qo)] =(1- 7r)Vf:0(s, q) + 7Tfo1(5> q) (2.16)
and
Vy(b;g,h) = E[(l - @o)szo(So’ Qo) + @o‘/z1(50, Qo)] =(1- 7T)V2f0(5> q) + 7TV2f1<37 q), (2.17)

for any s,q > 0 and 7 € [0,1] fixed. Here, the functions Vi*;(s,q) = V{';(s,q;a;9,h) and
Voii(s.q) = V5';(s,¢; by g, h) are defined by

‘/1fj<37 q) = Esqj [e_(nJr%)AT‘; ((1 - @T;) Uio(@r;) + @T; Uil(QT(;)) I(r, < C;r < Cg_) (2.18)
—(n+3)A * * - -
+e ! W ((1 - @g;;) W1,O<Sg,j> ngj) + @g; Wl,l(sc;[v QC}T)) [(Ci;r < Cg STa < OO)}

and

V;j (57 Q) = E&q,j [6_

T (1= 0, UsplQu) + 0, U3 (@) I(r < G < ;) (2.19)

te 1— @q) W;,()(SQ> Qgi) + @q W;,l(sgzrv Qg}j)) [(ij <, < Tb+ < OO)}



where the functions Wy (s,q) = W7 ,(s,q;a) and W3 ,(s,q) = Wy ;(s,¢;b), as well as U;(q),
1=1,2, 5 =0,1, are given by

—nA_4

Wij(s,q) =FEs 4 e M I(r, < oo)] and W;’j(s,q) =FEs 4 [e b I(TbJr < o0)|, (2.20)

as well as "
* i A _
Uii(a0) = Eq; [6 WG <G )], (2.21)

for n,sc > 0 fixed, and all s,¢ > 0 and every j = 0,1. We denote by E;” and Ej, ;

the expectations with respect to the probability measures ﬁi, 1 = 1,2, and P taken under
the assumption that the two-dimensional process (Q,©) and the three-dimensional process
(5,Q,0) start at (¢,7) and (s,q,j) with some s,q > 0 and j = 0,1, respectively. We finally
note that the stochastic differential equation in (2.2) for the process Y admits the representation

dQ; = ((1 — 0,) Bio(Q) + 0, Bin(Qn)) dt + (1 — ) 70 +©,m) QedB} (Qo=4q) (2:22)

with B”(q) = Bi(q)+peca;o(q)v,q, forall ¢ > 0, and every ¢ = 1,2 and j = 0,1. Here, by means
of Girsanov’s tkleorem ~for diffusion-type processes (see, e.g. [27; Chapter VII, Theorem 7.19]),
the processes B"F = (Bf’k)tzo, k =1,2, defined by

t
B' =B} and B}? = B? - peay / o(Q,) du (2.23)
0
are standard Brownian motions such that (E“, Ei’z)t = pt, for all t > 0 and every i =1, 2.

2.3 The boundary-value problems. By means of standard arguments based on Itd’s
formula (see, e.g. [27; Chapter IV, Theorem 4.4] or [32; Chapter IV, Theorem 3.3}), it can
be shown that the infinitesimal operator L{SQ) of the process (5,Q) from (2.1)-(2.2) under

the probability measure P acts on a bounded function V(s,q) from the class C*?((0,00)?)
according to the rule

e%0*(q)

(Lgs,Q)V)(Sa q) = 00°(q) s 0;V (s,q) + 5204V (s, q) (2.24)

2.2

;4
+B,(0) 0,V (5.0) + L5 04V (5,0) + pea(a)s 1ja 0V (5,0),

for all s,q > 0 and every j = 0, 1. The infinitesimal operator ]ile of the process @ from (2.22)
under the probability measure P? acts on a function U(q) from the class C2((0, 0)) like

Viq?

(LY U)(q) = (8i(q) + pecio(a)y; q) U'(q) + 5

U"(q), (2.25)
for all ¢ > 0 and every 1 =1,2, j =0, 1.

In order to find analytic expressions for the unknown value functions from (2.18)-(2.19), let
us use the results of general theory of Markov processes (see, e.g. [9; Chapter V]). We reduce



the problems of (2.18)-(2.19) for the functions V;*.(s,q), i = 1,2, j = 0,1, to the equivalent

1,
boundary-value problems for the operator ]Lf 5.0) of the form

(L{SQ)V}J —(+3x+ X)) Viy)(s,9) = =\ Vii_j(s,q), for s>a or s<b, (2.26)
Vii(s,q) =U;j(q), for s<a or s>b and g¢g<g<h, (2.27)
Vij(s,q) =Wi;(s,q), for ¢<g and ¢>h and s>a or s<¥b, (2.28)
Vijla+,q) =Ui(q) or Va;(b—,q) =Us;(q), for g<gqg<h, (2.29)
Vij(s,g+) =Wy (s,9+) and Va,(s,h—)=Wy,(s,h—), for s>a or s<b, (2.30)

respectively. Here, the functions W;;(s,q), i = 1,2, j = 0,1, solve the problems for the
operator IL,{S o) of the form

(Lig oy Wij — no*(q)Wi;)(s,q) =0, for s>a or s<b, (2.31)
Wi,(s,q) =1, for s<a, and Wy;(s,q) =1, for s>, (2.32)
Wl,j(a'+> Q) =1 and WQJ(b_a Q) = 1a (233)

for all ¢ > 0, while the function U; ;(¢) solves the boundary value problem for the operator
]Lg of the form

(Engi,j — (%+ )\J) 02(q) Um-)(q) = —)\j Uiyl_j(q), for g <qg< h, (234)
Uijq)=0, for ¢<g, and U (q)=1, for ¢g>h, (2.35)
Uii(g+) =0 and U ;(h—) =1, (2.36)

fori=1,2 and 7 =0,1.

Observe that the continuity conditions of (2.29)-(2.30), (2.33), and (2.36) hold in the cases
in which the processes S and () can pass continuously through the points a,b and g, h, re-
spectively. On the other hand, for instance, when f;(¢) = 7;0 = 0 holds, for all ¢ > 0, the
stochastic differential equation in (2.30) and (2.2) for @ does not contain the local drift and
diffusion parts, so that, the process () remains constant until the Markov chain © changes its
state from 0 to 1. In this case, the function U;jo(q), 1 = 1,2, may be discontinuous at the
boundaries g or h, and thus, the conditions of (2.30) and (2.36) may fail to hold, for j = 0.

3 Solutions to the boundary-value problems

In this section, we derive closed-form expressions for the solutions of the boundary-value
problems associated with the value functions in (2.18)-(2.21).

3.1 Solutions to the system in (2.34)-(2.36). (i) Let us first assume that v; > 0 and
Aj > 0 holds, for every j = 0,1. In this case, since the coupled system of inhomogeneous second-
order linear ordinary differential equations in (2.34) with (2.25) is equivalent to a homogeneous
fourth-order linear ordinary differential equation, we may conclude from the general theory that
the general solutions take the form

Uij(@) =Cij1Uiji(q) + Cij2Uij2(q) + Ci s Uijs(q) + CijaUija(q), (3.1)

8



where C; 1, 1 =1,2, 7 =0,1, k =1,2,3,4, are some arbitrary constants. Here, the functions
Uijr(q),i=1,2,j=0,1, k =1,2,3,4, represent the four fundamental positive solutions of
the system in (2.34) with (2.25). Without loss of generality, it can be assumed that U, ; x(q), i =
1,2,5=0,1, k=1,2,3,4, are (strictly) decreasing and increasing (convex) functions satisfying
the properties U; ;x(0+) = 0o and U; ;x(00) = 40, for k = 1,2, as well as U; ;,(04+) = +0 and
Ui jr(0o) = oo, for k = 3,4, respectively. Moreover, because of the specific structure of the
coupled system of second-order linear ordinary differential equations in (2.34) with (2.25), we
may also assume that the fundamental solutions U, ;x(q), 7 = 0,1, k = 1,2,3,4, are chosen
such that the equation

(EgoUi,o,k — (524 Xo) Uiox)(Q) (EglUi,l,k — (e + M) Ui i)(@) = Mo Uior(q) Uink(q)  (3.2)

holds, for all g < g < h, and every i =1,2 and k=1,2,3,4.

Observe that, due to the fact that U, ;x(q), k = 1,2,3,4, represent a linearly independent
system of functions, for each ¢ < ¢ < h, and every i = 1,2 and j = 0,1, we may conclude
from the structure of the system in (2.34) with (2.25) that the equalities

Cinjx (Lg/ Ui g — (e 4+ A)Uig) ()
= — (3.3)
Cijk AUia—jk(q)
hold, for every «+ = 1,2, j = 0,1, and k = 1,2,3,4. Then, by applying the instantaneous-
stopping conditions of (2.36) to the function in (3.1), we obtain that the equalities

CijaUija(g+) + Cija Ui ja(g+) + Cijz Ui js(g+) + Cija Ui ja(g+) =0, (3.4)

hold, for every ¢ = 1,2 and j = 0,1. Hence, we obtain that the candidate solution for U; ;(q)
in the system of (2.34)-(2.36) admits the representation

Ui,j(q; g, h) = Ci,j,1(97 h)Uz’,j,l(Q> + Ci,j,Z(ga h)Ui,j,Q(Q) + Ci,j,?)(g? h>Ui,j,3(Q) + Cz’,j,4(97 h)Uz‘,j,4<<Q)a)
3.6
where the constants C; ;,(g,h), i =1,2, j =0,1, k =1,2,3,4, are uniquely determined from
the system of linear equations in (3.3) and (3.4)-(3.5). Note that, in the case of g = 0, we see
that C;;x = 0 should hold in (3.1), for ¢,k = 1,2 and j =0, 1, since otherwise U; ;(¢) — £o0
as ¢ | 0, that must be excluded, by virtue of the fact that the function U};(¢) in (2.21) is
bounded. Therefore, we may conclude that the candidate solution has the form of (3.6), where
Cijklg,h), i =12, j=0,1, k = 3,4, are uniquely determined by the system of (3.3) and
(3.4)-(3.5).
(ii) Let us now assume that v; > 0, for j = 0,1, and Ay > A\; = 0. In this case, in order
to solve the system of two inhomogeneous second-order linear ordinary differential equations in
(2.34) with (2.25), let us first consider the associated homogeneous equations

2.2
;4
5 Hij(a) + (B(a) + peaio(a)y; q) Hij(a) — (3 + Aj) % (q) Hij(a) = 0, (3.7)
for every 1 = 1,2 and 5 = 0, 1, the general solution of which takes the form

H;i(q) = 61‘,3’,1 H;;1(q) + 6@3’,2 H; ;2(q), (3.8)
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where 61‘,3‘,19, i,k =1,2, are some arbitrary constants. Here, we denote the functions H;,x(q),
i,k=1,2, j =0,1, as the two positive fundamental solutions (i.e. nontrivial linearly indepen-
dent particular solutions) of the second-order ordinary differential equations in (3.7). Without
loss of generality, we may assume that H,;x(q), i,k = 1,2, j = 0,1, are (strictly) decreasing
and increasing (convex) functions satisfying the properties H; ;1(04+) = oo and H; ;1(c0) = +0
as well as H; j2(04+) = 40 and H; j2(00) = oo, respectively (see, e.g. [33; Chapter V, Sec-
tion 50] for further details for the diffusion case).

Observe that the expression in (2.34) with (2.25), for j = 1, becomes a homogeneous
second-order ordinary linear differential equation of the form

2 2
Y54
5~ Uin(@) + (8j(a) + peio(9)7; 9) Uia(a) — 320°(q) Uialg) = 0, (3.9)
for g < q¢ < h and ¢ = 1,2, and its general solution takes the form

ﬁi,l(Q) = 6'1‘71,1 ﬁi,l,l(Q) + 6'@71,2 ﬁi,1,2(q), (3.10)

where @,Lk, 1,k = 1,2, are some arbitrary constants. Here, we have f[zlk(q) = H;14(q; %),
i,k =1,2, where we denote by H;,;i(q) = H;jk(q; 2+ A;), i,k =1,2, j =0,1, the (positive)
fundamental solutions of the equation in (3.7). Then, by applying the instantaneous-stopping
conditions of (2.36) to the function in (3.10), we obtain that the equalities

@,1,1 Ez’,l,l(g‘i‘) + @,1,2 ﬁi,1,2(9+) =0 and 6'2‘,1,1 ﬁi,1,1<h_> + 5@1,2 ]:L‘,Lz(h—) =1 (3.11)

hold, for ¢ = 1,2. Solving the system of linear equations in (3.11), we obtain that the candidate
solution for U;1(q) in the system of (2.34)-(2.36) admits the representation

- H H _H .
Ui,l(% g, h) — 171,2(g+N) 1,1,1<Q) Nz,l,l(g+) Nz,l,?(Q) ’ (312)
Hi19(9+)Hi11(h—) — Hi11(9+)Hi12(h—)

for all ¢ < ¢ < h and every ¢« = 1,2. Note that, in the case of g = 0, we see that @,071 =
@,071(0, h) = 0 should hold in (3.10), for ¢ = 1,2, since otherwise U;(q) — +oo as ¢ | 0, that
must be excluded, by virtue of the fact that the function U, (g) in (2.21) is bounded. Hence,
solving the right-hand equation in (3.11), we conclude that the candidate solution has the form

ﬁz‘,l((ﬂ(), h) = ﬁi,l,Q(Q)/ﬁi,IQ(h_)a (3.13)

for all 0 < g < h and every i =1, 2.
Observe that the general solution of the inhomogeneous second-order linear ordinary differ-
ential equation in (2.34) with (2.25), for j = 0, admits the general solution

Uio(q) = Cio1 Hipa(q) + @,0,2 Hip2(q) + Fio,(q;9,h), (3.14)
where @,M, 1,k = 1,2, are some arbitrary constants, and we set
Ui (r; 9, h) Hipa(r)

(vir?/2) Dio(r)
¢ >\0Uz‘,1(7“; 9, h)Hz‘,o,1(7’)
(7ir2/2) Dio(r)

A
Fi,O(QSQ» h) = Hi,O,l(Q)/ 0 dr (3-15)
q

dr,

+ Hio2(q) /
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and

Dio(q) = Hip1(q)H]g2(q) — Hip,1(q)Hio2(q), (3.16)
where the functions H, ;(q), i,k = 1,2, j = 0,1, are the fundamental solutions of the equa-
tions in (3.7), and the function U;1(q;g,h) is given by (3.12), for ¢ < ¢ < h and i = 1,2.
Then, by applying the instantaneous-stopping conditions of (2.36) to the function in (3.14), we
obtain that the equalities

éi,O,l Hio1(g+) + 51‘,0,2 Hio2(9+) + Fio(g+;9,h) =0, (3.17)

Cio1Hip1(h—)+ 52‘,0,2 Hioa2(h—)+ Fig(h—;9,h) =1 (3.18)

hold, for ¢ = 1,2. Solving the system of linear equations in (3.17)-(3.18), we obtain that the
candidate solution for U; ¢(g) in the system of (2.34)-(2.36) admits the representation

Uio(g:9,0) = Ci01(g,h) Hio1(q) + Cio2(g, h) Hio2(q) + Fio(g; g, h) (3.19)
with
~ F (h v 9, ) 2( +) 20(g+ g, ) zOQ(h ) H202(9+)
C, h) = =40 0 = , 3.20
o1(g:h) m< gl Huas ol (320)
-~ E + ) z h ; 7 z + + H’L +

H1,0,1<g+)Hz,0,2(h )—Hml( ) H;o2(9+)

for all g < q < h and every ¢ = 1,2. Note that, in the case of g = 0, we see that the function
U;1(q;0,h) takes the form of (3.13) with C;p1 = Ci01(0,h) = 0 should hold in (3.14), for
0 < g < handi=1,2, since otherwise U;o(q) — oo as ¢ | 0, that must be excluded, by
virtue of the fact that the function Uy(q) in (2.21) is bounded. In this case, the candidate
solution has the form

fji,o(q; 0,h) = @,0,2(0, h) Hio2(q) + Gio(q; 0, h) (3.22)
with
Gi,O(q; 0, h) = Hz',o,z(Q)

D, o(r) /r /\0171,1(]9;0771)1112‘,0,2(19) dp dr (3.23)

Hz‘2,0,2<7’) (7%]92/2)171',0 (p)
where the function H;2(q), i = 1,2, is the fundamental solutions of the equation in (3.7) such
that H,02(0+) = +0 and H,2(00) = oo holds, the function ﬁm(q;g, h) takes the form of
(3.13), and the function D;((q) is given by (3.16), for 0 < ¢ < h and ¢ = 1,2. Hence, solving

the linear equation in (3.18), we conclude that the candidate solution for U; o(g) in the system
of (2.34)-(2.36) has the form

Uio(q:0,h) = (1 — Gio(h—;0,h)) Hy2(q)/Hip2(h—), (3.24)

for all 0 < g < h, where G;(q;0,h) is given by (3.23), for every i = 1,2.

(iii) Let us finally assume that v > 0, 5,0(¢) = v =0, for all ¢ > 0 and every ¢ = 1,2,
and A\; > 0, for j = 0,1. In this case, the equation in (2.34) with (2.25), for j = 0, takes the
form

—(3¢+ o) Uio(q) = =X Uin(q), (3.25)

11



for ¢ < ¢ < h and i = 1,2. Then, substituting U, ¢(¢) = AoUi1(¢)/(5¢ + Ag) into the equation
of (2.34), for j =1, we get

(e + X+ A1)
%+)\0

i
9

U1 (q) + (Bi(q) + pecio(q)y q) Uy (q) — Uin(q) = 0, (3.26)

for g < g < h and ¢ = 1,2. Hence, the general solution of the second-order ordinary linear
differential equation takes the form

[71',1((]) = 61,1,1 ﬁi,l,l(Q) + ai,l,Z ﬁi,1,2(q), (3.27)

where avl,k, i,k = 1,2, are some arbitrary constants. Here, we have f]zlk(q) = H;1x(q; (32(3e+
X+ M)/ e+ X)), i,k =1,2, where H, jx(q) = Hijk(q; ¢+ M1), i,k =1,2, 5 =0,1, are the
fundamental solutions of the equations in (3.7). Then, by applying the instantaneous-stopping
conditions of (2.36) to the function in (3.27), we obtain that the equalities

ai,1,1 li\[i,l,l(g‘l') + 6i,1,2 ﬁi,lz(g-*—) =0 and ai,u ﬁi,l,l(h_) + 61'71,2 ﬁi,l,?(h_) =1 (3.28)

hold, for ¢ = 1,2. Solving the system of linear equations in (3.11), we obtain that the candidate
solution for U;1(¢) in the system of (2.34)-(2.36) admits the representation

Uir(g;9,h) = = 12095 Hia(q) = HiralgH) Hi2(a) : (3.29)

H;12(9+)Hi11(h—) — Hiq1(9+)Hi12(h—)

for all ¢ < ¢ < h and every ¢ = 1,2. Note that, in the case of g = 0, we see that @,171 =
@7171(0, h) = 0 should hold in (3.10), for i = 1,2, since otherwise ﬁijl(q) — £o00 as ¢ J 0, that
must be excluded, by virtue of the fact that the function U} (¢) in (2.21) is bounded. Hence,
solving the right-hand equation in (3.11), we conclude that the candidate solution has the form

[72‘,1(6];0, h) = ﬁi,l,?(Q)/ﬁi,l,Q(h_)a (3-30)

for all 0 < ¢ < h and every i = 1,2. Therefore, we may conclude from (3.25) that the candidate
solution for U, ¢(q) is given by

ﬁi,O(Q; g, h) = )\oﬁi,l(q; g, h)/(” + )\0), (3-31>

for all ¢ < g < h, as well as U;o(h) = 1, for every ¢ = 1,2. Thus, the function U, (q) is
discontinuous at h, that can be explained by the fact that the process ) remains constant
while the Markov chain © is located in the state 0.

3.2 Some examples. Let us further derive explicit expressions for the fundamental system
of solutions H;;r(q), i,k =1,2, 7 =0,1, from (3.8) for several volatility and drift rates o(q)
and ((q) in the stochastic differential equations of (2.1)-(2.2).

Example 3.1 Let v >0, \; =0, j = 2,3, 0(¢q) = Inq, and B(q) = q(Bo— 1 In g+~?/2), for all

g > 0 and some constants gy, 51 € R, so that () is an exponential Ornstein-Uhlenbeck process
and which represents an extended Black-Karasinski model, and thus, the process (S,In Q)
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constitutes a Stein-Stein model of stochastic volatility (see, e.g. [25; Subsection 4.1]). Then, by
performing the change of variable F'(¢) = Ing, it is seen from [37; Formulas 2.1.31 and 2.1.108]
that the fundamental solutions H, ¢ x(q), i,k = 1,2, from (3.8) take the form

Hioa(q) = g0 ™0 U (m;0,1/2; Rio(q)), Hipa(q) = ¢ 9"%0 & (m,0,1/2; Ry 0(q)), (3.32)
where we set
ﬁi,l - Nl‘%l + 2’}/2% 26 U; ~
2 o X0 = = - 7;) , Bin = B — peaiy, (3.33)
Bin — 2700
— Y0i0(Bi1 — 27%30)? 200v; 3; ?
Tio = Pox — v 0(Bin — 2774 p) . Riolg) = @ (lnq ___ DBobia > (330)
2(Bi1 — 27%v50)3 77Xi0 (Bi1 — 2720 0)?
for i« = 1,2. Here, ¥(z,y;z) and ®(x,y;z) are the Tricomi’s and Kummer’s confluent hy-

pergeometric functions (see, e.g. [1; Chapter XIII]), respectively, which admit the integral
representations

Vio =

1 o0
U(r,y;2) = —/ et 1+ v)Y " du, 3.35
(@) = 55 | (1+9) (3.35)
for y > 0 and all z > 0, and
I'(y) /1 -1 —z—1
O(x,y;2) = ———— e v (1 — )Y dw, 3.36
V- Y (330
for y > x >0, and all z € R. The latter function also has the series expansion
() 2"
P(z,y;2) =1+ —_— 3.37
(ey:2) =14 3T (3.37)

for y # 0,—1,-2,..., and the series converges under all z > 0 (see [1; Chapter XIII]), where
(u)g is the Pochhammer symbol defined as (u)y = u(u+1)---(u+k — 1), and (u)g = 1, for
u € R and k € N, and I'(z) denotes the Euler’s gamma function.

Example 3.2 Let v > 0, \; =0, j = 2,3, 0(q) = Ing/2, and B(q) = ¢(28, — S11n*q/2 +
v*(Ing —1)/2)/Ingq, for all ¢ > 0 and some constants 3y, 3; € R such that 3y > ~?/2, so that
@ is a diffusion process with state space (1,00), and In%Q /4 is a Feller square root process
which represents a Cox-Ingersoll-Ross model with state space (0,00), and thus, the process
(S,In* Q/4) constitutes a Heston model of stochastic volatility (see, e.g. [25; Subsection 4.2]).
Then, by performing the change of variable F(q) = In® ¢/4, it is seen from [37; Formula 2.1.108]
that the fundamental solutions H, ¢ x(q), i,k = 1,2, from (3.8) take the form

Hi,o,l(Q) = QZUi‘Olnq(IHQ Q/4)172'BO/W2 ‘I’(Xi,o, 2— 250/’72; Ri,O(Q))a (3-38)
Hi,o,z(Q) = QZUi‘Olnq(IHQ Q/4)172'BO/W2 CI)<Xi,07 2— 250/’}’2; Rz’,o(Q))7 (3-39)
where we set
3, 2(Bi1 — 272vig) In’
v Y2(Bin — 27v%vip) g

with v; o and @71, i =1,2, from (3.33), and the functions ¥(z,y;z) and ®(x,y; 2) are defined
as in (3.35)-(3.36).
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3.3 Solutions to the system in (2.31)-(2.33). Let us look for a solution of the partial
differential equation in (2.24) and (2.31) in the form

Wi ;j(s,q) = Wi(s) = Diy s + Digs™, (3.41)

where D;, i,k = 1,2, are some arbitrary constants and oy, k = 1,2, are given by

16 s (0 1\ 2
ak—§—€—2—i—(—1) \/(§—§> +8—2, (3.42)

so that a; < 0 < 1 < ay holds. Note that D;5 = Dy; = 0 should hold in (3.41), since
otherwise W;(s) — +oo, i =1,2,as s T oo and s | 0, respectively, that must be excluded, by
virtue of the fact that the functions W7(s), i = 1,2, in (2.20) are bounded. Then, by applying

the instantaneous-stopping conditions of (2.33) to the function in (3.41), we obtain that the
equalities

Dl,l a® =1 and D272 b2 =1 (343)

are satisfied. Hence, solving the equations in (3.43), we conclude that the candidate solutions
Wi(s,q;a) = Wi(s;a) and Wy(s, q;b) = Wa(s;b) have the form

Wi(s;a) = (s/a)® and Way(s;b) = (s/b)*2, (3.44)

for all s > a and s < b, respectively.

4 Main result and proof

In this section, taking into account the facts proved above, we formulate and prove the main
results of the paper. We present an analytic solution of the stopping problems of (2.18)-(2.19)
in the general case of switching stochastic volatility model of v; > 0 and A\; > 0, 7 = 0,1,
for the case of a single structural volatility change Ay > A; = 0, as well as for the constant
volatility case fy(q) = =0, for all ¢ > 0.

Theorem 4.1 Suppose that the coefficients o(q) > 0 and B(q) € R of the diffusion-type process
(S, Q) defined by (2.1)-(2.2) are continuously differentiable functions of at most linear growth,
for all ¢ > 0. Assume that the condition of (2.11) holds, for all t > 0, with «;, i = 1,2, given
by (5.42). Then, the functionals Vi";(s,q) = Vi';(s,q;a;9,h) and Vs ;(s,q) = V5';(s,4;b;9,h)
from (2.18)-(2.19) of the associated with (S, Q) random times 7, ,7," and {;, ¢ from (2.4)-
(2.5) admit the representations:

Vii(s,q 0,9, h) = Uy j(q; 9, h) Wij(s;a)  and  Vy'i(s,q;b;9,h) = Usj(q; 9, h) Waj(s;b) (4.1)

forall s >a or s <band g <y < h, and any 0 < a <b< oo and 0 < g < h < o0
fized, where the functions W1 ;j(s;a) and Wy ,(s;b), 7 = 0,1, are given by (3.44), as well as
Uij(g;9.h), i =1,2, are specified as follows:

(i) if v; >0 and A\; >0, j = 0,1, then the functions U, ;(¢;9,h), i = 1,2, j =0,1, are
gwen by (3.6), with C; k(9. h), i =1,2, 7 =0,1, k =1,2,3,4, being a unique solution the
linear system of algebraic equations in (3.3) and (3.4)-(3.5);
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(i1) if v; >0, 7=0,1, and A\g > Ay =0, then the functions U, j(¢;9,h), i=1,2, j=0,1,
are giwen by either (3.12)-(3.13) or (3.19)-(3.24), respectively;

(1it) if Bo(q) = v =0, for ¢ > 0, i = 1,2, and \; > 0, j = 0,1, then the functions
Uij(g;g,h), i=1,2, j=0,1, are given by either (3.29)-(3.30) or (3.31), respectively.

Since all the parts of the assertions formulated above are proved using essentially similar
arguments, we only give a proof for the two-dimensional stopping problem related to the value
function Vy*;(s, ¢;a; g, h) in (2.18).

Proof In order to verify the assertion stated above, it remains to show that the functions
defined in the right-hand side of (4.1) coincides with the value function in (2.18). For this,
let us denote by Vi(s,q,j7) = Vi,(s,q) the right-hand side of the first expression in (4.1), as
well as the notations Ui(q, j) = Ui ;(¢) and Wi(s,j) = Wy ;(s) for Uy ;(q; 9,h) and Wy ;(s;a),
respectively. Then, using the fact that the function Vi(s,q,j) is C**°((a,00) x (g, h) x {0,1}),
and taking into account the independence of the processes B, i = 1,2, and O, by applying
Ito’s formula to e~ M4V (S, Qy, ©,), we obtain that the expression

(A~ o+ )
e PRV ag aGiae @i ngg nc e O neg agine) = V18,65 7) + Moz o pgrme (4:2)

Ta NCg NGEAE
+ /0 e TN (Lo Vi — (0 + 52 4 de,) 07 (Qu)V1) (Su, Qu, Ou) + Ao, Vi(Su, Qu, 1 — ©,))du

holds for all s > a and g < ¢ < h, and the stopping times 7, and (;,¢; from (2.4)-(2.5).
Here, the process M = (M;);>o defined by

t
M= [ 005, Qur8) S 0(Qu) B} (43)
0
t
+ / 67(n+%)Au aq‘/l(s’m Qua @u) ((1 - @u) Yo + @u 71) Qu ng
0

t
+ / e~ A (Vi (S, Qur 1) = Vi(Suy Qu, 0)) dN,,
0

with N = (Vy)i>0 given by:
t
0

is a local martingale under P ;.

By virtue of straightforward calculations and the arguments from the previous section, it is
verified that the function Vi(s,q,j) solves the system of elliptic partial differential equations
in (2.26) with (2.24) and satisfies the boundary conditions of (2.27)-(2.30). Observe that the
process (M, - AT ACH )0 1s a uniformly integrable martingale, since the derivatives and the
coefficients in (4.3) are bounded functions. Then, taking the expectation with respect to P, ;
n (4.2), by means of the optional sampling theorem (see, e.g. [27; Chapter III, Theorem 3.6]

or [32; Chapter II, Theorem 3.2]), we get

Ta N
Esqj [6 Mg en 1t %(ST;/\CJ/\C;:/\U Q’T‘;/\C;/\C;/\t? GT;Achcht)] (4.5)

= ‘/1(37 Q>]) + Es,q,j [Mq-;/\g;/\g;r/\t} - %(Sa Q7])

—(n+x)A
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for all s > a and g < g < h, and every 7 = 0,1. Therefore, letting ¢t go to infin-
ity and using the instantaneous-stopping conditions in (2.27)-(2.30) as well as the fact that

Vl(ST;/\gAg,ja Qrrnernch @T;Acg*/\c;) =0 on {1, A(; AN( =00} (Psgy-a.s.), we can apply
the Lebesgue dominated convergence theorem for (4.5) to obtain the equalities

— w)A _ _ _
Eog|e” "% U@y, 0,) I(ms < G AGH (4.6)

()4~ . .
e TG WS et O ne) (G NG <7 )}

—(n+3x)A

= ne= et .
= s [6 M9 " VIS ner ncts Qoo ngy ach @T;Acg—Aq)] = Vi(s,q,J)

for all s >a and g < g < h, and every 7 = 0,1, which directly implies the desired assertion.
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